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Summary. We define afor type (going up) macro instruction in terms of thiei 1e
macro. This gives an iterative macro with an explicit control variable. fildremacro is used
to define a macro for the selection sort acting on a finite sequence locati®@Mfsa. On
the way, a macro for finding a minimum in a section of an array is defined.
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1. GENERAL PRELIMINARIES
One can prove the following two propositions:

(1) LetX be a setp be a permutation aX, andx, y be elements oK. Thenp+- (x, p(y)) +-
(y, p(x)) is a permutation oX.

(2) Letf be afunction and, y be sets. Supposec domf andy € domf. Then there exists a
permutationp of domf such thatf +- (x, f(y)) +- (y, f(X)) = f - p.

Let A be a finite non empty real-membered set. TheAicdn be characterized by the condition:
(Def. 1) infA € Aand for every real numbédrsuch thak € A holds infA < k.

We introduce mir as a synonym of in.

Let X be a finite non empty natural-membered set. Observe thaX nsiinteger.

Let F be a finite sequence of elementsZfind letm, n be natural numbers. Let us assume
that 1< mandm < n andn < lenF. The functor mif},F yields a natural number and is defined as
follows:

(Def. 3@] There exists a finite non empty subsétof Z such thatX = rng(F (m),...,F(n)) and
(min,F) +1 = (minX) «¢ (F(m),...,F(n))+m.

We follow the rules:F, F; are finite sequences of elementszbandk, m, n, my are natural
numbers.
We now state two propositions:

1 The definition (Def. 2) has been removed.
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(3) Suppose K mandm < nandn < lenF. Thenmy = min]} F if and only if the following
conditions are satisfied:

H m<m,
mp <n,

for every natural number such tham < i andi < n holdsF (m;) < F(i), and
(iv) for every natural numbersuch tham <i andi < my holdsF (my) < F(i).

(4) If1<mandm< lenF, then miffF =m.

Let F be a finite sequence of elementsZbfind letm, n be natural numbers. We say tHais

non decreasing om, n if and only if:

(Def. 4) For all natural numbeis j such tham<iandi < jandj < nholdsF (i) < F(j).

Let F be afinite sequence of elementsZbéind letn be a natural number. We say thats split

atnif and only if:

(Def. 5) For all natural numbeis|j such that I< i andi < nandn < j andj <lenF holdsF (i) <

F(J)-
One can prove the following two propositions:

(5) Suppos&+1<lenF andm; = mingfff)) F andF is split atk andF is non decreasing on

1,kandF; =F +- (k4 1,F(my)) +- (m, F(K+1)). ThenFy is non decreasing on k+ 1.
(6) Ifk+1<lenF andm = ming:ff;) F andF is split atk andF; = F +- (k+ 1,F(my)) +

(my, F(k+1)), thenFy is split atk+ 1.

2. SCMgsa PRELIMINARIES

For simplicity, we adopt the following ruless is a state ofSCMgsa, a, € are read-write integer
locations,as, by, ci1, di, X are integer locationsf is a finite sequence locatioh, J are macro
instructions]s is a good macro instruction, akds a natural number.

The following propositions are true:

(7) If I is closed on Initializés) and halting on Initializés) and| does not destrogy, then
(IExedl,s))(a1) = (Initialize(s))(a1).

(8) Ifs(intloc(0)) = 1, then IExe¢Stopscp,,,S) D = sID, whereD = Int-LocationsJ FinSeg-Locations.

(9) Stopscys, does not refeay.

(10) If &g # by, thenc;:=b; does not refea;.
(11) (Exeda:=fy,,s))(@) =s(f)sby)-
(12) (Exeqfa:=by,s))(f) =s(f)+-(Is(a1)],s(b1)).

Let a be a read-write integer location, letbe an integer location, and letJ be good macro

instructions. Observe thidta > bthen| elseJ is good.
The following propositions are true:

(13) UsedIntLo¢if a; > by then| elsed) = {aj,b; } UUsedIntLogl) U UsedIntLogJ).

(14) If 1 does not destrogy, thenwhile by > 0 do | does not destrog;.

(15) |Ifc1 # & andl does not destrog; andJ does not destrogs, thenif a; > by then | elseJ

does not destrog;.
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3. THE for-up MACRO INSTRUCTION

Let a, b, c be integer locations, ldtbe a macro instruction, and Ietbe a state 06CMgsa. The
functor StepForUfm, b, c,1,s) yields a function fronN into [ (the object kind ofSCMgsa) and is
defined as follows:

(Def. 6) StepForUfa,b,c,I,s) = StepWhile-O(a, |; AddTo(a, intloc(0)); SubFronfay, intloc(0)), s+-
(ag, (s(c) —s(b)) + 1) + (a,s(b))), wherea, = 1*-RWNotIn({a, b,c} UUsedIntLogl)).

We now state several propositions:
(16) If s(intloc(0)) = 1, then(StepForUga, by, c1,1,s))(0)(intloc(0)) = 1.
(17) (StepForUga,bs,cy,l,s))(0)(a) = s(by).
(18) If a# by, then(StepForUpa, by, c1,1,))(0)(b1) = s(by).
(19) If a# cy, then(StepForUga, bs,cy,l,s))(0)(c1) = s(ca).
(20) If a#ds andd; € UsedintLogl), then(StepForUja, by, c1,1,5))(0)(d1) = s(d1).
(21) (StepForUga,bs,cy,l,s))(0)(f) =s(f).

(22) Supposes(intloc(0)) = 1. Let a, be a read-write integer location. by =
15t-RWNotIn({a, by, c; } UUsedIntLogl)), then IExe€(az:=c1); SubFrontay, by ); AddTo(az,intloc(0)); (a:=b1),s)|
(s+-(az,(s(c1) —s(b1)) +1) +- (a,8(b1))) D, whereD = Int-LocationsJ FinSeqg-Locations.

Leta, b, c be integer locations, létbe a macro instruction, and Iebe a state 05CMrsa. We
say that ProperForUpBody b, ¢, I, sif and only if:

(Def. 7) For every natural numbeir such thati < (s(c) — s(b)) +1 holds | is closed on
(StepForUga, b, c,1,s))(i) and halting on(StepForUga, b, c,1,s))(i).

We now state several propositions:

(23) For every parahalting macro instructibholds ProperForUpBodg, by, ¢, 1, S.

(24) If (StepForUga, by, cq,11,5))(k)(intloc(0)) = 1 andl; is closed or{StepForUga, by, ¢, 11,)) (K)
and halting or{StepForUga, by, c1, 11, ) ) (k), then(StepForUga, by, c1, 11,5)) (k+1)(intloc(0)) =
1.

(25) Suppose(intloc(0)) = 1 and ProperForUpBodg, by, c1, 11, S. Let givenk. Suppose
k < (s(c1) —s(b1)) +1. Then

() (StepForUpa,bs,c,l1,9))(K)(intloc(0)) = 1,

(i) if 11 does not destroya, then (StepForUga, b, ci,l1,s))(k)(a) = k+ s(b;) and
(StepForUpa, by, cy,11,9))(k)(a) < s(c1) + 1, and

(i)  (StepForUga,by,c,11,8))(K)(15*-RWNotin({a, by, c; }UUsedIntLogl1))) + k= (s(c1) —
s(b1)) +1.

(26) Supposes(intloc(0)) = 1 and ProperForUpBodg, bi, ci, I1, s. Let givenk. Then
(StepForUpa, by, 1, 11,5)) (k) (15-RWNotin({a,bs,c; } U UsedIntLogl1))) > 0 if and only
if k< (s(c1) —s(b1))+1.

(27) Supposes(intloc(0)) = 1 and ProperForUpBodw, b, c1, 11, s and k < (s(c1) —
s(b1)) + 1. Then (StepForUga, by, c1,11,9))(k+ 1)[({a,b1,c1} U UsedIntLogl;) U F) =
IExed(I1; AddTo(a, intloc(0)), (StepForUga, b1, c1,11,9))(K)) [ ({a,b1,c1} UUsedIntLogl1) U
F,), whereF, = FinSeg-Locations.

Let a, b, c be integer locations and létbe a macro instruction. The functor for{apb,c,1)
yields a macro instruction and is defined by:
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(Def. 8) for-uga,b,c,1) = (ap:=c); SubFronfay,b); AddTo(ay,intloc(0)); (a:=b); (while a, >
0 do (I; AddTo(a, intloc(0)); SubFrontay, intloc(0)))), wherea, = 15-RWNotIn({a, b, c} U
UsedintLogl)).

The following proposition is true
(28) {a1,b1,c1} UUsedIntLogl) C UsedIntLogfor-up(ay, by, ¢, 1)).

Let a be a read-write integer location, It c be integer locations, and létbe a good macro
instruction. One can check that for{apb,c, 1) is good.
We now state four propositions:

(29) If a# a; anday # 15'-RWNotIn({a,by,c;} UUsedIntLogl)) andl does not destrogy,
then for-uga, by, c1,1) does not destrog;.

(30) Supposes(intloc(0)) = 1 ands(b1) > s(cy). Then for everyx such thatx # a andx €
{b1,c1} UUsedIntLog¢!) holds(IExeqfor-up(a,bs,cs,1),s))(X) = s(x) and for everyf holds
(IExedfor-up(a, b1, cy,1),9))(f) = s(f).

(31) Supposs(intloc(0)) =1 butk = (s(c1) —s(b1)) + 1 but ProperForUpBodg, by, ¢, 11, Sor

I1 is parahalting. Then IExéfor-up(a,bs,c1,11),5)[D = (StepForUga, by, ¢y, 11,S))(K) D,
whereD = Int-LocationsJFinSeq-Locations.

(32) Supposse(intloc(0)) = 1 but ProperForUpBodg, by, ¢, 11, sor |y is parahalting. Then
for-up(a, bz, c1,11) is closed ors and for-uga, by, ¢y, 11) is halting ons.

4. FINDING MINIMUM IN A SECTION OF AN ARRAY

Letss, f1, mp be integer locations and I&tbe a finite sequence location. The functor FinSedMis,, f1,mp)
yielding a macro instruction is defined by:

(Def. 9) FinSegMinf, sy, f1,mp) = (mp:=sy); for-up(cy, s1, f1, (azi="fc,); (au:="Tm,); (if as > a3 then Macra(mp:=c;) else
where ¢, = 39-RWNotln({s;, f1,mp}), as = 15-RWNotIn({s;, f1,mp}), and a; =
2"-RWNotIn({s;, f1,mp}).

Let s, f1 be integer locations, laty, be a read-write integer location, and letbe a finite
sequence location. Observe that FinSeqMlis;, f1,m) is good.
We now state several propositions:

(33) If c+# a3, then FinSegMiif, a;,bs, c) does not destrog.
(34) {a1,bs,c} C UsedintLo¢FinSegMin(f,a;,b1,c)).

(35) If s(intloc(0)) = 1, then FinSeqMi(f,a;,b1,c) is closed ors and FinSeqMi(f,a;, b1, c)
is halting ons.

(36) If a1 # candb; # c ands(intloc(0)) = 1, then (IExeqFinSegMir( f,ay, b1, ¢),s))(f) =
s(f) and(IExeq FinSeqMir(f,as,b1,c),s))(a1) = s(a1) and(IExeq FinSeqMir(f,az,b1,c¢),s))(b1) =
S(bl).

(37) If1<s(a)ands(a;) <s(b1)ands(by) <lens(f)anda; # candb; # cands(intloc(0)) =

1, then(IExeqFinSegMir(f, a1, b1, c),s))(c) = min}j(gig} s(f).
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5. A SWAP MACRO INSTRUCTION

Let f be a finite sequence location anddeb be integer locations. The functor swdpa, b) yields
a macro instruction and is defined by:

(Def. 10) swapf,a b) = (az:=fa); (as:=Tp); (fai=a4); (fn:=ag), whereag = 15*-RWNotin({a, b})
andag = 2"“-RWNotIn({a,b}).

Let f be a finite sequence location and &b be integer locations. Observe that s\Wh, b)
is good and parahalting.
One can prove the following propositions:

(38) Ifcy # 15-RWNotIn({ag, b1 }) andcy # 2"9-RWNotIn({ag, b1 }), then swapf, a;, by ) does
not destroyc;.

(39) If1<s(ag)ands(ar) <lens(f)and 1< s(b;) ands(b;) < lens(f) ands(intloc(0)) = 1,
then(IExec(swap(f,ay,b1),s))(f) = s(f) +- (s(ar), s()(s(b1))) +- (s(ba),s(f)(s(an)))-
(40) Suppose 1< s(a;) and s(a;) < lens(f) and 1< s(b;) and s(by) < lens(f)
and s(intloc(0)) = 1. Then (IExedswagf,a1,b1),s))(f)(s(a1)) = s(f)(s(b1)) and

(IExeq(swap(f,aq,b1),8))(f)(s(b1)) = s(f)(s(a1))-

(41) {ag,b1} C UsedintLo¢swag f,as,bs)).
(42) UsedIntLoc(swag f,a1,b1)) ={f}.

6. SELECTION SORT

Let f be a finite sequence location. The functor Selectionfsgitlding a macro instruction is
defined as follows:

(Def. 11)  Selection-soft= (fy:=lenf); for-up(cz,intloc(0), f1, FinSeqMir(f, ¢z, f1,mp); swag(f,c2,my)),
where f; = 1%-NotUsedswag f,c2,mp)), ¢z = 15-RWNotIn(Oint-Locationd, and mp =
2"9-RWNotIN(Dint-Locations) -

We now state the proposition

(43) LetSbe a state 06CMgsa. SupposeS = |IExed Selection-sort,s). ThenS(f) is non
decreasing on 1, €5 f) and there exists a permutatignof doms(f) such thatS(f) =

s(f)-p.
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