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Summary. We introduce some terminology for reasoning about memory used in pro-
grams in general and in macro instructions (introduced_in [23]) in particular. The usage of
integer locations and of finite sequence locations by a program is treated separately. We de-
fine some functors for selecting memory locations needed for local (temporary) variables in
macro instructions. Some semantic properties of the introduced notions are given in terms of
executions of macro instructions.

MML Identifier: SF_MASTR.

WWW: http://mizar.org/JFM/Vol8/sf mastr.html

The articles[[17],[[15],[[6],[[27],[[18],[[10] [[19],[25]/[26]/ [16] [7] [11] 1] L113]/12] 18] [[28],
[4], [8], [@], [8], [L2], [2Ql, [14], [24], [21], [22], and [23] provide the notation and terminology for
this paper.

1. PRELIMINARIES
One can prove the following propositions:

(1) Forallsets,y, aand for every functiorf such thatf (x) = f(y) holdsf (a) = (f - (idgomf +*
x¥)))(@).

(2) For all set, y and for every functiorf such that ifx € domf, theny € domf andf (x) =
f(y) holds f = f - (iddoms +- (X,¥))-

Let A be afinite set and I& be a set. One can check that every function fédinto B is finite.

Let A be afinite set, leB be a set, and let be a function fromA into FinB. One can check that
U f is finite.

Let us mention that Int-Locations is non empty.

Let us observe that FinSeg-Locations is non empty.

2. UNIQUENESS OF INSTRUCTION COMPONENTS

For simplicity, we use the following conventiow; b, ¢, a3, az, by, by denote integer locations,
I1, I> denote instruction-locations &CMgsa, f, f1, f2 denote finite sequence locations, andg
denote instructions dCMgsa.

We now state a number of propositions:

()] If a;:=by = ap:=hy, thena; = a, andby = b,.

1This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
1 The propositions (3) and (4) have been removed.
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(6) If AddTo(ag,b1) = AddTo(ap,by), thena; = ay andb; = by.
(7) If SubFronias,b1) = SubFrontay, b,), thena; = a, andb; = by.
(8) If MultBy (a1,b;) = MultBy(az,by), thena; = a, andb; = by.
(9) If Divide(as,b;) = Divide(ap,by), thena; = a» andb; = by.
(10) If gotoly = gotol,, thenly =15.
(11) Ifif a; =0gotoly =if ap =0gotol,, thena; = ap andl; = 1».
(12) Ifif a1 > 0gotoly =if ap > 0gotol,, thena; = ap andl; = 1».
(13) Ifbii=f1, =bi="fz,,, thena; = a; andb; = by and f1 = f5.
(14) If f15:=b1 = f2,,:=bp, thena; = a; andb; = by and 1 = f5.
(15) |If ay:=lenf; = ax:=lenf,, thena; = ap and f; = f,.
(16) If fl::<9;',"—9> = f2::<u>7 thena; = ap and f; = fo.

a1 2]

3. INTEGER LOCATIONS USED IN MACROS

Leti be an instruction cBCMgsa. The functor UsedIntLa@) yielding an element of Fin Int-Locations
is defined as follows:

(Def. 1)(i) There exist integer locations, b such thati = a:=b or i = AddTo(a,b) or i =
SubFronta,b) or i = MultBy(a,b) or i = Divide(a,b) but UsedintLo¢i) = {a,b} if
InsCod¢i) € {1,2,3,4,5},

(i) there exists an integer locati@and there exists an instruction-locatioof SCMgsa such
thati = if a=0gotol ori =if a> 0gotol but UsedIntLo¢i) = {a} if InsCoddi) = 7 or
InsCodé€i) = 8,

(i)  there exist integer locationa, b and there exists a finite sequence locatfosuch that
i =b:=fy ori = fa:=b but UsedIntLo¢i) = {a,b} if InsCod€i) = 9 or InsCodéi) = 10,

(iv) there exists an integer locati@and there exists a finite sequence locatisuch thai =
a:=lenf ori = f:=(0,...,0) but UsedIntLo¢i) = {a} if InsCod€i) = 11 or InsCodé ) = 12,
N——

a
(v) UsedintLogi) = 0, otherwise.

The following propositions are true:

(17) UsedIntLo¢haltscmeg,) = 0.

(18) Ifi=a=bori=AddTo(a,b) ori = SubFronfa, b) ori = MultBy(a,b) ori = Divide(a, b),
then UsedIntLo@) = {a,b}.

(19) UsedIntLo¢gotol) = 0.

(20) Ifi=ifa=0gotol ori =if a> 0gotol, then UsedIntLo@) = {a}.

(21) Ifi=hb:=faori= fa=b, then UsedIntLo@) = {a,b}.

(22) Ifi=a=lenf ori= f:=(0,...,0), then UsedIntLof) = {a}.
~——

a

Let p be a programmed finite partial state ®EMrsa. The functor UsedIntLog) yielding a
subset of Int-Locations is defined by the condition (Def. 2).
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(Def. 2) There exists a functiod; from the instructions 06CMgsa into FinlInt-Locations such
that for every instructiom of SCMgsa holdsUs (i) = UsedIntLogi) and UsedIntLop) =

UUz-p).

Let p be a programmed finite partial state ®EMgsa. One can check that UsedIntlL@) is
finite.

We adopt the following conventiorp, r are programmed finite partial statesSREMgga, |, J
are macro instructions, aglm, n are natural numbers.

We now state a number of propositions:

(23) Ifi erngp, then UsedintLo@) C UsedIntLogp).

(24) UsedIntLo¢p+-r) C UsedintLog¢p) U UsedIntLogr).

(25) If domp misses dom then UsedIntLotp+r) = UsedIntLog¢ p) U UsedIntLogr).
(26) UsedIntLo¢p) = UsedIntLogShift(p,k)).

(27) UsedIntLo¢i) = UsedIntLog¢IncAddr(i,k)).

(28) UsedIntLo€p) = UsedIntLog¢IncAddr(p,K)).

(29) UsedIntLo¢l) = UsedIntLo¢ProgramPafRelocatedl ,k))).
(30) UsedIntLo¢l) = UsedIntLogDirected|)).

(31) UsedintLo¢l; J) = UsedIntLog¢l) U UsedIntLogJ).

(32) UsedIntLoéMacrq(i)) = UsedintLoci).

(33) UsedIntLo¢i; J) = UsedintLogi) UUsedIntLogJ).

(34) UsedIntLo€l; j) = UsedIntLogl) U UsedIntLog j).

(35) UsedIntLogi; j) = UsedintLogi) U UsedIntLogj).

4. FINITE SEQUENCE LOCATIONS USED IN MACROS

Leti be aninstruction cBCMgsa. The functor UsedlritLoc(i) yielding an element of Fin FinSeq-Locations
is defined as follows:

(Def. 3)()) There exist integer locatiors b and there exists a finite sequence locaticsuch that
i =b:=fy ori = fa:=b but UsedIntLoc(i) = {f} if InsCod€i) = 9 or InsCodéi) = 10,

(i) there exists an integer locati@and there exists a finite sequence locatisuch thai =
a:=lenf ori = f:=(0,...,0) but UsedIntLoc(i) = {f} if InsCoddi) = 11 or InsCodé) =
N——

a

12,
(i)  UsedInt'Loc(i) = 0, otherwise.

The following propositions are true:

(36) Ifi =haltscmeg, Ori =a:=bori=AddTo(a,b) ori = SubFronta,b) ori = MultBy(a, b)
or i = Divide(a,b) or i = gotol or i = if a= 0gotol or i = if a > Ogotol, then
UsedInt Loc(i) = 0.

(37) Ifi=hb:=fz0ri= fa=b, then UsedIritLoc(i) = {f}.
(38) Ifi=a=lenf ori= f:=(0,...,0), then UsedlrtLoc(i) = {f}.
N——

a

Let p be a programmed finite partial state®EMgsa. The functor UsedlritLoc(p) yielding a
subset of FinSeq-Locations is defined by the condition (Def. 4).
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(Def. 4) There exists a functidgy from the instructions 05CMgsa into Fin FinSeg-Locations such
that for every instruction of SCMgsa holdsU; (i) = Usedint Loc(i) and UsedlritLoc(p) =

UUz-p).

Let p be a programmed finite partial stateR€Mpsa. Note that Usedlrit_oc(p) is finite.
We now state a number of propositions:

(39) Ifi erngp, then UsedlritLoc(i) C UsedInt Loc(p).
(40) UsedIntLoc(p+-r) C Usedint Loc(p) UUsedInt Loc(r).
(41) If domp misses dom then UsedlritLoc(p+-r) = UsedInt Loc(p) U UsedInt Loc(r).
(42) UsedIntLoc(p) = UsedInt Loc(Shift(p,k)).
(43) UsedIntLoc(i) = Usedint Loc(IncAddr(i,k)).
(44) UsedIntLoc(p) = UsedInt Loc(IncAddr(p,k)).
(45) UsedIntLoc(l) = UsedInt Loc(ProgramPatRelocatedl ,k))).
(46) UsedIntLoc(l) = Usedint Loc(Directed]l)).
(47) UsedIntLoc(l; J) = Usedint Loc(l) U UsedInt Loc(J).
(48) UsedIntLoc(Macrq(i)) = Usedint Loc(i).
(49) UsedIntLoc(i; J) = UsedInt Loc(i) UUsedInt Loc(J).
(50) UsedIntLoc(l; j) = Usedint Loc(l) UUsedInt Loc(j).
(

(51) UsedIntLoc(i; j) = UsedInt Loc(i) U UsedInt Loc(j).

5. CHOOSING AN INTEGER LOCATION NOT USED IN A PROGRAM

LetI; be an integer location. We say tHats read-only if and only if:
(Def. 5) 11 = intloc(0).

We introducd is read-write as an antonym bfis read-only.

One can verify that intlo@®) is read-only.

Let us note that there exists an integer location which is read-write.

In the sequel denotes a finite subset of Int-Locations.

LetL be a finite subset of Int-Locations. The functor FirstN@tnyielding an integer location
is defined as follows:

(Def. 6) There exists a non empty subsebf N such that FirstNotlfL) = intloc(mins;) ands; =
{k;k ranges over natural numbers: int{l&r ¢ L}.

Next we state two propositions:
(52) FirstNotIr(L) ¢ L.
(53) If FirstNotIn(L) = intloc(m) and intlogn) ¢ L, thenm < n.

Let p be a programmed finite partial state ®EMgsa. The functor FirstNotUsgg) yielding
an integer location is defined by:

(Def. 7) There exists a finite subsgtof Int-Locations such thas, = UsedIntLog¢p) U {intloc(0)}
and FirstNotUsefb) = FirstNotin(s;).

Let p be a programmed finite partial stateREMgsa. Note that FirstNotUseg) is read-write.
One can prove the following propositions:
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(54) FirstNotUse(p) ¢ UsedIntLogp).

(55) If aa=b e rngp or AddTo(a,b) € rngp or SubFronfa, b) € rngp or MultBy(a,b) € rngp
or Divide(a, b) € rngp, then FirstNotUsefb) # a and FirstNotUsetb) # b.

(56) Ifif a=0gotol e rngporif a> 0gotol € rngp, then FirstNotUse(h) # a.
(57) Ifb:=fyerngpor fa:=b € rngp, then FirstNotUseh) # a and FirstNotUsefh) # b.
(58) Ifa=lenf erngpor f:=(0,...,0) € rngp, then FirstNotUse(h) # a.

N——

a

6. CHOOSING A FINITE SEQUENCE LOCATION NOT USED IN A PROGRAM

In the sequel is a finite subset of FinSeqg-Locations.
Let L be a finite subset of FinSeq-Locations. The functor Fisttin(L) yielding a finite se-
guence location is defined as follows:

(Def. 8) There exists a non empty subsetof N such that FirstNotIn(L) = fsloc(mins;) and
s1 = {k; k ranges over natural numbers: fslkp¢ L}.

Next we state two propositions:
(59) First NotIn(L) ¢ L.
(60) If First"NotIn(L) = fsloc(m) and fslo¢n) ¢ L, thenm < n.

Let p be a programmed finite partial state®EMgsa. The functor FirstNotUsed p) yields a
finite sequence location and is defined by:

(Def. 9) There exists a finite subsgt of FinSeg-Locations such that = Usedint Loc(p) and
First' NotUsed p) = First*NotIn(sp).

Next we state three propositions:

(61) First NotUsedp) ¢ UsedInt Loc(p).

(62) Ifb:=fyerngpor fa:=b e rngp, then First NotUsedp) # f.

(63) Ifa=lenf erngpor f:=(0,...,0) € rngp, then First NotUsed p) # f.
——

a

7. SEMANTICS

In the seques, t are states 0BCMgga.
One can prove the following propositions:

(64) dom misses dom Start-Ainsloqn)).

(65) ICscmesy € dom(l+- Start-At(inslog(n))).

(66) (14 Start-Afinslogn)))(IC scmesa) = inslogn).
(67) If I4-Start-Atinslodn)) C s, thenlCs = insloc(n).
(68) If c ¢ UsedintLogi), then(Exedi,s))(c) = s(c).

(69) If I+ Start-Atinslo¢(0)) C sand for everym such tham < n holdsIC computatioris))(m) €
doml anda ¢ UsedIntLogl ), then(Computatioifs))(n)(a) = s(a).

(70) If f ¢ Usedint Loc(i), then(Exedi,s))(f) = s(f).
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(71) If 1+ Start-Atinsloq0)) C sand for everym such tham < n holdsIC computatioris))(m) €

doml andf ¢ UsedInt Loc(l), then(Computatioi(s))(n)(f) = s(f).

(72) If sjUsedIntLogi) = t]UsedIntLo¢i) and s|UsedInt Loc(i) = t] UsedInt Loc(i) and

ICs=IC¢, thenlCgyeqis) = IC Exeqit) @nd Exegi, s)[ UsedIntLogi) = Exeqi,t) [ UsedIntLogi)
and Exe¢i,s) [ UsedInt Loc(i) = Exedi,t) [ UsedInt Loc(i).

(73) Supposé+- Start-Af(inslog0)) C sandl +- Start-At(inslog0)) Ct ands| UsedIntLogl) =

(1
(2]

(3]

(4

[5]

6]

[7]

8l

[0

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

t[ UsedIntLogl) ands| UsedInt Loc(l) =t| UsedInt Loc(l) and for everynsuch thatn< n
h0|d5|c(Computatior(\s))(m) € doml. Then

(i) for everymsuch tham < n holdsIC computatiort))m) € doml, and

(i)  for every msuch thatm < n holdsIC computatiors))(m) = !C (Computatiort))(m) and for ev-

eryasuch that € UsedintLogl ) holds(Computations))(m)(a) = (Computatioft))(m)(a)
and for every f such that f € UsedintLoc(l) holds (Computatiofis))(m)(f) =
(Computatiofft))(m)(f).
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