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Summary. We introduce some terminology for reasoning about memory used in pro-
grams in general and in macro instructions (introduced in [23]) in particular. The usage of
integer locations and of finite sequence locations by a program is treated separately. We de-
fine some functors for selecting memory locations needed for local (temporary) variables in
macro instructions. Some semantic properties of the introduced notions are given in terms of
executions of macro instructions.

MML Identifier: SF_MASTR.

WWW: http://mizar.org/JFM/Vol8/sf_mastr.html

The articles [17], [15], [6], [27], [18], [10], [19], [25], [26], [16], [7], [11], [1], [13], [2], [8], [28],
[4], [5], [9], [3], [12], [20], [14], [24], [21], [22], and [23] provide the notation and terminology for
this paper.

1. PRELIMINARIES

One can prove the following propositions:

(1) For all setsx, y, aand for every functionf such thatf (x) = f (y) holds f (a) = ( f ·(iddom f +·
(x,y)))(a).

(2) For all setsx, y and for every functionf such that ifx∈ dom f , theny∈ dom f and f (x) =
f (y) holds f = f · (iddom f +· (x,y)).

Let A be a finite set and letB be a set. One can check that every function fromA into B is finite.
Let A be a finite set, letB be a set, and letf be a function fromA into FinB. One can check that⋃

f is finite.
Let us mention that Int-Locations is non empty.
Let us observe that FinSeq-Locations is non empty.

2. UNIQUENESS OF INSTRUCTION COMPONENTS

For simplicity, we use the following convention:a, b, c, a1, a2, b1, b2 denote integer locations,l ,
l1, l2 denote instruction-locations ofSCMFSA, f , f1, f2 denote finite sequence locations, andi, j
denote instructions ofSCMFSA.

We now state a number of propositions:

(5)1 If a1:=b1 = a2:=b2, thena1 = a2 andb1 = b2.

1This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
1 The propositions (3) and (4) have been removed.
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(6) If AddTo(a1,b1) = AddTo(a2,b2), thena1 = a2 andb1 = b2.

(7) If SubFrom(a1,b1) = SubFrom(a2,b2), thena1 = a2 andb1 = b2.

(8) If MultBy(a1,b1) = MultBy(a2,b2), thena1 = a2 andb1 = b2.

(9) If Divide(a1,b1) = Divide(a2,b2), thena1 = a2 andb1 = b2.

(10) If goto l1 = goto l2, thenl1 = l2.

(11) If if a1 = 0 goto l1 = if a2 = 0 goto l2, thena1 = a2 andl1 = l2.

(12) If if a1 > 0 goto l1 = if a2 > 0 goto l2, thena1 = a2 andl1 = l2.

(13) If b1:= f1a1
= b2:= f2a2

, thena1 = a2 andb1 = b2 and f1 = f2.

(14) If f1a1
:=b1 = f2a2

:=b2, thena1 = a2 andb1 = b2 and f1 = f2.

(15) If a1:=lenf1 = a2:=lenf2, thena1 = a2 and f1 = f2.

(16) If f1:=〈0, . . . ,0︸ ︷︷ ︸
a1

〉= f2:=〈0, . . . ,0︸ ︷︷ ︸
a2

〉, thena1 = a2 and f1 = f2.

3. INTEGER LOCATIONS USED IN MACROS

Let i be an instruction ofSCMFSA. The functor UsedIntLoc(i) yielding an element of Fin Int-Locations
is defined as follows:

(Def. 1)(i) There exist integer locationsa, b such thati = a:=b or i = AddTo(a,b) or i =
SubFrom(a,b) or i = MultBy(a,b) or i = Divide(a,b) but UsedIntLoc(i) = {a,b} if
InsCode(i) ∈ {1,2,3,4,5},

(ii) there exists an integer locationa and there exists an instruction-locationl of SCMFSA such
that i = if a = 0 goto l or i = if a > 0 goto l but UsedIntLoc(i) = {a} if InsCode(i) = 7 or
InsCode(i) = 8,

(iii) there exist integer locationsa, b and there exists a finite sequence locationf such that
i = b:= fa or i = fa:=b but UsedIntLoc(i) = {a,b} if InsCode(i) = 9 or InsCode(i) = 10,

(iv) there exists an integer locationa and there exists a finite sequence locationf such thati =
a:=lenf or i = f :=〈0, . . . ,0︸ ︷︷ ︸

a

〉 but UsedIntLoc(i) = {a} if InsCode(i) = 11 or InsCode(i) = 12,

(v) UsedIntLoc(i) = /0, otherwise.

The following propositions are true:

(17) UsedIntLoc(haltSCMFSA) = /0.

(18) If i = a:=b or i = AddTo(a,b) or i = SubFrom(a,b) or i = MultBy(a,b) or i = Divide(a,b),
then UsedIntLoc(i) = {a,b}.

(19) UsedIntLoc(goto l) = /0.

(20) If i = if a = 0 goto l or i = if a > 0 goto l , then UsedIntLoc(i) = {a}.

(21) If i = b:= fa or i = fa:=b, then UsedIntLoc(i) = {a,b}.

(22) If i = a:=lenf or i = f :=〈0, . . . ,0︸ ︷︷ ︸
a

〉, then UsedIntLoc(i) = {a}.

Let p be a programmed finite partial state ofSCMFSA. The functor UsedIntLoc(p) yielding a
subset of Int-Locations is defined by the condition (Def. 2).
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(Def. 2) There exists a functionU1 from the instructions ofSCMFSA into FinInt-Locations such
that for every instructioni of SCMFSA holdsU1(i) = UsedIntLoc(i) and UsedIntLoc(p) =⋃

(U1 · p).

Let p be a programmed finite partial state ofSCMFSA. One can check that UsedIntLoc(p) is
finite.

We adopt the following convention:p, r are programmed finite partial states ofSCMFSA, I , J
are macro instructions, andk, m, n are natural numbers.

We now state a number of propositions:

(23) If i ∈ rngp, then UsedIntLoc(i)⊆ UsedIntLoc(p).

(24) UsedIntLoc(p+·r)⊆ UsedIntLoc(p)∪UsedIntLoc(r).

(25) If domp misses domr, then UsedIntLoc(p+·r) = UsedIntLoc(p)∪UsedIntLoc(r).

(26) UsedIntLoc(p) = UsedIntLoc(Shift(p,k)).

(27) UsedIntLoc(i) = UsedIntLoc(IncAddr(i,k)).

(28) UsedIntLoc(p) = UsedIntLoc(IncAddr(p,k)).

(29) UsedIntLoc(I) = UsedIntLoc(ProgramPart(Relocated(I ,k))).

(30) UsedIntLoc(I) = UsedIntLoc(Directed(I)).

(31) UsedIntLoc(I ; J) = UsedIntLoc(I)∪UsedIntLoc(J).

(32) UsedIntLoc(Macro(i)) = UsedIntLoc(i).

(33) UsedIntLoc(i; J) = UsedIntLoc(i)∪UsedIntLoc(J).

(34) UsedIntLoc(I ; j) = UsedIntLoc(I)∪UsedIntLoc( j).

(35) UsedIntLoc(i; j) = UsedIntLoc(i)∪UsedIntLoc( j).

4. FINITE SEQUENCE LOCATIONS USED IN MACROS

Let i be an instruction ofSCMFSA. The functor UsedInt∗Loc(i) yielding an element of FinFinSeq-Locations
is defined as follows:

(Def. 3)(i) There exist integer locationsa, b and there exists a finite sequence locationf such that
i = b:= fa or i = fa:=b but UsedInt∗Loc(i) = { f} if InsCode(i) = 9 or InsCode(i) = 10,

(ii) there exists an integer locationa and there exists a finite sequence locationf such thati =
a:=lenf or i = f :=〈0, . . . ,0︸ ︷︷ ︸

a

〉 but UsedInt∗Loc(i) = { f} if InsCode(i) = 11 or InsCode(i) =

12,

(iii) UsedInt∗Loc(i) = /0, otherwise.

The following propositions are true:

(36) If i = haltSCMFSA or i = a:=b or i = AddTo(a,b) or i = SubFrom(a,b) or i = MultBy(a,b)
or i = Divide(a,b) or i = goto l or i = if a = 0 goto l or i = if a > 0 goto l , then
UsedInt∗Loc(i) = /0.

(37) If i = b:= fa or i = fa:=b, then UsedInt∗Loc(i) = { f}.

(38) If i = a:=lenf or i = f :=〈0, . . . ,0︸ ︷︷ ︸
a

〉, then UsedInt∗Loc(i) = { f}.

Let p be a programmed finite partial state ofSCMFSA. The functor UsedInt∗Loc(p) yielding a
subset of FinSeq-Locations is defined by the condition (Def. 4).
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(Def. 4) There exists a functionU1 from the instructions ofSCMFSA into FinFinSeq-Locations such
that for every instructioni of SCMFSA holdsU1(i) = UsedInt∗Loc(i) and UsedInt∗Loc(p) =⋃

(U1 · p).

Let p be a programmed finite partial state ofSCMFSA. Note that UsedInt∗Loc(p) is finite.
We now state a number of propositions:

(39) If i ∈ rngp, then UsedInt∗Loc(i)⊆ UsedInt∗Loc(p).

(40) UsedInt∗Loc(p+·r)⊆ UsedInt∗Loc(p)∪UsedInt∗Loc(r).

(41) If domp misses domr, then UsedInt∗Loc(p+·r) = UsedInt∗Loc(p)∪UsedInt∗Loc(r).

(42) UsedInt∗Loc(p) = UsedInt∗Loc(Shift(p,k)).

(43) UsedInt∗Loc(i) = UsedInt∗Loc(IncAddr(i,k)).

(44) UsedInt∗Loc(p) = UsedInt∗Loc(IncAddr(p,k)).

(45) UsedInt∗Loc(I) = UsedInt∗Loc(ProgramPart(Relocated(I ,k))).

(46) UsedInt∗Loc(I) = UsedInt∗Loc(Directed(I)).

(47) UsedInt∗Loc(I ; J) = UsedInt∗Loc(I)∪UsedInt∗Loc(J).

(48) UsedInt∗Loc(Macro(i)) = UsedInt∗Loc(i).

(49) UsedInt∗Loc(i; J) = UsedInt∗Loc(i)∪UsedInt∗Loc(J).

(50) UsedInt∗Loc(I ; j) = UsedInt∗Loc(I)∪UsedInt∗Loc( j).

(51) UsedInt∗Loc(i; j) = UsedInt∗Loc(i)∪UsedInt∗Loc( j).

5. CHOOSING AN INTEGER LOCATION NOT USED IN A PROGRAM

Let I1 be an integer location. We say thatI1 is read-only if and only if:

(Def. 5) I1 = intloc(0).

We introduceI1 is read-write as an antonym ofI1 is read-only.
One can verify that intloc(0) is read-only.
Let us note that there exists an integer location which is read-write.
In the sequelL denotes a finite subset of Int-Locations.
Let L be a finite subset of Int-Locations. The functor FirstNotIn(L) yielding an integer location

is defined as follows:

(Def. 6) There exists a non empty subsets1 of N such that FirstNotIn(L) = intloc(mins1) ands1 =
{k;k ranges over natural numbers: intloc(k) /∈ L}.

Next we state two propositions:

(52) FirstNotIn(L) /∈ L.

(53) If FirstNotIn(L) = intloc(m) and intloc(n) /∈ L, thenm≤ n.

Let p be a programmed finite partial state ofSCMFSA. The functor FirstNotUsed(p) yielding
an integer location is defined by:

(Def. 7) There exists a finite subsets2 of Int-Locations such thats2 = UsedIntLoc(p)∪{intloc(0)}
and FirstNotUsed(p) = FirstNotIn(s2).

Let p be a programmed finite partial state ofSCMFSA. Note that FirstNotUsed(p) is read-write.
One can prove the following propositions:
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(54) FirstNotUsed(p) /∈ UsedIntLoc(p).

(55) If a:=b∈ rngp or AddTo(a,b) ∈ rngp or SubFrom(a,b) ∈ rngp or MultBy(a,b) ∈ rngp
or Divide(a,b) ∈ rngp, then FirstNotUsed(p) 6= a and FirstNotUsed(p) 6= b.

(56) If if a = 0 goto l ∈ rngp or if a > 0 goto l ∈ rngp, then FirstNotUsed(p) 6= a.

(57) If b:= fa ∈ rngp or fa:=b∈ rngp, then FirstNotUsed(p) 6= a and FirstNotUsed(p) 6= b.

(58) If a:=lenf ∈ rngp or f :=〈0, . . . ,0︸ ︷︷ ︸
a

〉 ∈ rngp, then FirstNotUsed(p) 6= a.

6. CHOOSING A FINITE SEQUENCE LOCATION NOT USED IN A PROGRAM

In the sequelL is a finite subset of FinSeq-Locations.
Let L be a finite subset of FinSeq-Locations. The functor First∗NotIn(L) yielding a finite se-

quence location is defined as follows:

(Def. 8) There exists a non empty subsets1 of N such that First∗NotIn(L) = fsloc(mins1) and
s1 = {k;k ranges over natural numbers: fsloc(k) /∈ L}.

Next we state two propositions:

(59) First∗NotIn(L) /∈ L.

(60) If First∗NotIn(L) = fsloc(m) and fsloc(n) /∈ L, thenm≤ n.

Let p be a programmed finite partial state ofSCMFSA. The functor First∗NotUsed(p) yields a
finite sequence location and is defined by:

(Def. 9) There exists a finite subsets2 of FinSeq-Locations such thats2 = UsedInt∗Loc(p) and
First∗NotUsed(p) = First∗NotIn(s2).

Next we state three propositions:

(61) First∗NotUsed(p) /∈ UsedInt∗Loc(p).

(62) If b:= fa ∈ rngp or fa:=b∈ rngp, then First∗NotUsed(p) 6= f .

(63) If a:=lenf ∈ rngp or f :=〈0, . . . ,0︸ ︷︷ ︸
a

〉 ∈ rngp, then First∗NotUsed(p) 6= f .

7. SEMANTICS

In the sequels, t are states ofSCMFSA.
One can prove the following propositions:

(64) domI misses domStart-At(insloc(n)).

(65) ICSCMFSA ∈ dom(I+·Start-At(insloc(n))).

(66) (I+·Start-At(insloc(n)))(ICSCMFSA) = insloc(n).

(67) If I+·Start-At(insloc(n))⊆ s, thenICs = insloc(n).

(68) If c /∈ UsedIntLoc(i), then(Exec(i,s))(c) = s(c).

(69) If I+·Start-At(insloc(0))⊆ s and for everym such thatm< n holdsIC (Computation(s))(m) ∈
domI anda /∈ UsedIntLoc(I), then(Computation(s))(n)(a) = s(a).

(70) If f /∈ UsedInt∗Loc(i), then(Exec(i,s))( f ) = s( f ).
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(71) If I+·Start-At(insloc(0))⊆ s and for everym such thatm< n holdsIC (Computation(s))(m) ∈
domI and f /∈ UsedInt∗Loc(I), then(Computation(s))(n)( f ) = s( f ).

(72) If s�UsedIntLoc(i) = t�UsedIntLoc(i) and s�UsedInt∗Loc(i) = t�UsedInt∗Loc(i) and
ICs= IC t , thenICExec(i,s) = ICExec(i,t) and Exec(i,s)�UsedIntLoc(i)= Exec(i, t)�UsedIntLoc(i)
and Exec(i,s)�UsedInt∗Loc(i) = Exec(i, t)�UsedInt∗Loc(i).

(73) SupposeI+·Start-At(insloc(0))⊆ sandI+·Start-At(insloc(0))⊆ t ands�UsedIntLoc(I)=
t�UsedIntLoc(I) ands�UsedInt∗Loc(I) = t�UsedInt∗Loc(I) and for everymsuch thatm< n
holdsIC (Computation(s))(m) ∈ domI . Then

(i) for everym such thatm< n holdsIC (Computation(t))(m) ∈ domI , and

(ii) for every m such thatm≤ n holds IC (Computation(s))(m) = IC (Computation(t))(m) and for ev-
erya such thata∈UsedIntLoc(I) holds(Computation(s))(m)(a) = (Computation(t))(m)(a)
and for every f such that f ∈ UsedInt∗Loc(I) holds (Computation(s))(m)( f ) =
(Computation(t))(m)( f ).
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