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Summary. A continuation of [10]. The propositions and theorems proved_in [10]
are extended to finite sequences. Several additional theorems related to semigroup operations
of functions not included in_[10] are proved. The special notation for operations on finite
sequences is introduced.
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The articles([11],[15],[112],11],[1216],[[17],141,[12],[1213],16],[16],[1B], [[®], [1D],[8], 7], and [14]
provide the notation and terminology for this paper.

For simplicity, we adopt the following rule<C, C’, D, E are non empty sets, c1, C;, C3 are
elements ofC, B, By, B, are elements of Fi@, A is an element of Fi@’, d, dy, dp, d3, ds, € are
elements oD, F, G are binary operations oD, u is a unary operation ob, f, f’ are functions
from C into D, g is a function fromC’ into D, H is a binary operation oE, h is a function fromD
into E, i, j are natural numbers,is a function,p, q are finite sequences of elementdnfandTy,
T, are elements db'.

We now state a number of propositions:

(BH If F is commutative and associative and# Cz, thenF-3 ¢, .., f =F(f(c1), f(c2)).
(4) If F is commutative and associative andBf£ 0 or F has a unity and it ¢ B, then
F-Ysuiep f =F(F-3sf, f(c)).
(5) If F is commutative and associative amd # ¢, and ¢; # c3 and ¢ # c3, then
F-3(acest f = F(F(f(c), f(c2)), F(ca)).
(6) If F is commutative and associative andBif # 0 andB, # 0 or F has a unity and iB;
missesB,, thenF-3g g, f =F(F-Yg, f,F-35, f).
(7) Suppose that
(i) F is commutative and associative,
(i) A#0orF has a unity, and
(iif)  there existss such that dorm= A and rngs = B andsis one-to-one and/A= f -s.
ThenF-yag=F->gf.

(8) If H is commutative and associative andBif4 0 or H has a unity and iff is one-to-one,
thenH-S jogh=H-3gh- f.

1 The propositions (1) and (2) have been removed.
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(9) If F is commutative and associative andBif# 0 or F has a unity and iff B = f'|B, then

F-Sgf=F-3gf"
(10) If F is commutative and associative and has a unity ard1r and f°B = {e}, then
F_ZB f=e

(11) Supposé is commutative and associative and has a unity @ardlr andG(e e) = e
and for alldj, dz, d3, ds holds F(G(d1, d2), G(ds, ds)) = G(F(dy, d3), F(dz, ds)). Then
G(F-3sf,F-3pf)=F-3sG(f, f').

(12) If F is commutative and associative and has a unity, tRéR-Sgf,F-Spf’) =
F-ygF°(f, f').

(13) Supposéd- is commutative and associative and has a unity and an inverse operation and
G =F o (idp,the inverse operation w.rk.). ThenG(F-3g f,F-Sgf') =F-3gG°(f, f').

(14) Supposé is commutative and associative and has a unityeadir andG is distributive
w.r.t. F andG(d, e) = e ThenG(d, F-3gf) =F-55G°(d, f).

(15) Supposé& is commutative and associative and has a unityesrdr andG is distributive
w.r.t. F andG(e, d) =e ThenG(F-5g f,d) =F-3gG°(f,d).

(16) Supposé is commutative and associative and has a unity and an inverse operatién and
is distributive w.r.t.F. ThenG(d,F-Sgf) =F-3gG°(d, f).

(17) Supposé is commutative and associative and has a unity and an inverse operati@n and
is distributive w.r.t.F. ThenG(F-5Sgf,d) =F-3gG°(f,d).

(18) Suppose that
(i) F is commutative and associative and has a unity,
(i) H is commutative and associative and has a unity,
(i)  h(1f) =1n, and
(iv) forall di, d» holdsh(F(di, d2)) = H(h(d1), h(dy)).
Thenh(F-ygf) =H-Sgh-f.

(19) If F is commutative and associative and has a unitya(d) = 1r andu is distributive
w.r.t. F, thenu(F-yg f) =F-Sgu-f.

(20) Supposé is commutative and associative and has a unity and an inverse operati@n and
is distributive w.r.t.F. Then(G°(d,idp))(F-3g f) = F-3gG°(d,idp) - f.

(21) Supposé is commutative and associative and has a unity and an inverse operation. Then
(the inverse operation w.rk.)(F-3Yg f) = F-Sg(the inverse operation w.ri) - f.

Let us consideD, p, d. The functorQq(p) yields a function fronN into D and is defined by:
(Def. 1) Qq4(p) = (N+——d)+-p.
Next we state several propositions:
(22) Ifi € domp, then(Qq(p))(i) = p(i) and ifi ¢ domp, then(Qq(p))(i) =d.
(23) Qua(p)[domp=p.
(24) Qu((p~q))domp=p.
(25) rgQq(p) = rngpu{d}.
(26) h-Qq(p) = Qna)((h-p)).
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Let us consider. Then Segis an element of Fil.
Let f be a finite sequence. Then ddris an element of Fily.
Let us consideb, p, F. Let us assume th&t has a unity or lep > 1 butF is associative and
commutative. Thelr ® p can be characterized by the condition:
(Def- 2) Fop= F'zdomeIF (p)
We introduce= & p as a synonym of © p.
The following propositions are true:
(35F] If F has a unity, thelf ©i — 1F = 1F .
(37 If F is associative and if> 1 andj > 1 orF has a unity, thek ©(i+ ) —d=F(Foi—
dFoj—d).
(38) If Fis commutative and associative and¥ 1 andj > 1 orF has a unity, thek © (i- j) —
d=Foj— (Foi—d).
(39) If F has a unity andH has a unity andh(1r) = 14 and for allds, d; holdsh(F(dy, d)) =
H(h(d1), h(dz)), thenh(F® p) =H®h-p.
(40) If F has a unity andi(1¢) = 1¢ andu is distributive w.r.t.F, thenu(F © p) =F ou-p.
(41) If F is associative and has a unity and an inverse operatiorandlistributive w.r.t.F,
then(G°(d,idp))(F ©® p) =F ©G°(d,idp) - p.
(42) Supposé is commutative and associative and has a unity and an inverse operation. Then
(the inverse operation w.rit.)(F @ p) = F © (the inverse operation w.ri.) - p.
(43) Suppose that
(i) F is commutative and associative and has a unity,
(i) e=1r,
(i) G(ee)=e
(iV) for all dl, d2, d3, d4 hOldSF(G(dl, dz), G(d3, d4)) = G(F(dl, d3), F(dz7 d4)), and
(v) lenp=lenq.
ThenG(Fop, Foq)=FoG°(p, q).
(44) Supposé is commutative and associative and has a unityendls andG(e, ) = eand

for all dy, dy, ds, da holdsF (G(dk, dp), G(ds, da)) = G(F (ck, ds), F(da, da)). ThenG(F ®
T;]_7 F @Tz) =F0 GO(T]_, Tz).

(45) If F is commutative and associative and has a unity ang letenq, thenF(F o p, F ©
q) =FoF°(p,q).

(46) If F is commutative and associative and has a unity, h@ho T, F © To) = F 0 F°(Ty,
T).

(47) IfF is commutative and associative and has a unity, hem— F(dy, dp) = F(F ©i— dj,
Foird).

(48) Supposéd- is commutative and associative and has a unity and an inverse operation and
G =F o (idp,the inverse operation w.rik.). ThenG(F © T, FOT2) =F © G°(Ty, T2).

(49) Supposé& is commutative and associative and has a unityesrdr andG is distributive
w.r.t. F andG(d, e) = e. ThenG(d, F ® p) = F ©G°(d, p).

(50) Supposé& is commutative and associative and has a unityeerdr andG is distributive
w.r.t. F andG(e,d) = e ThenG(F @ p,d) =F ©G°(p,d).

2 The propositions (27)—(34) have been removed.
3 The proposition (36) has been removed.
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(51) Supposé is commutative and associative and has a unity and an inverse operatién and

is distributive w.r.t.F. ThenG(d, F ® p) = F © G°(d, p).

(52) Supposé& is commutative and associative and has a unity and an inverse operatién and
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is distributive w.r.t.F. ThenG(F © p,d) =F ©G°(p,d).
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