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Summary. Definitions of functional sequences and basic operations on functional se-
guences from a domain to a domain, point and uniform convergence, limit of functional se-
quence from a domain to the set of real numbers and facts about properties of the limit of

functional sequences are proved.

MML Identifier: SEQFUNC.
WWW: http://mizar.org/JFM/Vold/seqfunc.html

The articles[[10],[[12],[[a],[[1n],14],113],12],114],183],17],18].16].15], and [9] provide the notation

and terminology for this paper.
For simplicity, we adopt the following conventioby, D1, D, denote non empty sets, k denote

natural numbersp, r denote real numbers, ariddenotes a function.
Let us consideb4, D,. A function is called a sequence of partial functions frbminto D if:

(Def. 1) domit=N and rngitC D;—D>.

In the sequeF, F1, I, are sequences of partial functions fr@m into Ds.
Let us considebs, Dy, F, n. ThenF(n) is a partial function fronD; to Da.
In the seque, H, H1, Hy, J denote sequences of partial functions frbrmto R.

Next we state two propositions:

(1) fisasequence of partial functions frddg into D if and only if domf = N and for every
n holds f (n) is a partial function fronD; to D».

(2) ForallF, R such that for every holdsFi(n) = Fx(n) holdsF = F,.

The schemé&xFuncSegleals with a non empty set, a non empty seB, and a unary functor

F yielding a partial function fron® to B, and states that:
There exists a sequen&eof partial functions from4 into B such that for every

holdsG(n) = F(n)
for all values of the parameters.
Let us consideb, H, r. The functorr H yields a sequence of partial functions framnto R

and is defined by:
(Def. 2) Foreverynholds(rH)(n) =rH(n).

Let us consideD, H. The functorH ! yielding a sequence of partial functions frddninto R
is defined as follows:

(Def. 3) For everyn holdsH(n) = -

1
n
The functor—H yielding a sequence of partial functions frdrinto R is defined as follows:
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(Def. 4) For evenyn holds(—H)(n) = —H(n).
The functor|H| yields a sequence of partial functions fr@rinto R and is defined as follows:
(Def. 5) For everyn holds|H|(n) = |H(n)|.

Let us consideD, G, H. The functorG+ H yielding a sequence of partial functions frdbn
into R is defined as follows:

(Def. 6) For evenyn holds(G+H)(n) = G(n)+H(n).

Let us consideD, G, H. The functorG — H yielding a sequence of partial functions frdbn
into R is defined by:

(Def.7) G—H=G+—H.

Let us consideD, G, H. The functorG H yields a sequence of partial functions frdrinto R
and is defined by:

(Def. 8) For everyn holds(G H)(n) = G(n) H(n).

Let us consideD, H, G. The functor% yields a sequence of partial functions fr@ninto R
and is defined by:

(Def.9) & =GH™L

The following propositions are true:

=

(3) Hy = g iff for every n holdsHy(n) = %

i -
(4) Hi=G—H iff for every n holdsHi(n) = G(n) —H(n).

(5) G+H=H+Gand(G+H)+J=G+(H+J).
(6) GH=HGand(GH)J=G(HJ).

(7) (G+H)I=GJI+HJand) (G+H)=JG+JH.
8 —H=(-1)H.

(9) (G—H)J=GJ-HJandJG—JH=J(G—H).
(10) r(G+H)=rG+rHandr (G-H)=rG-rH.
(11) (r-pH=r(pH).

(12) 1H=H.

(13) ——H=H.

(14) G 'Ht=(GH)L

(15) Ifr#0,then(rH)t=r"1HL

(16) [H|"t=[H"1.

(17) |G H| =G| [H].

(18) [§1= 77

(19) [rH[=r|[H].

In the sequek denotes an element BX, X, Y denote sets, anfldenotes a partial function from
DtoR.
Let us consideb1, Dy, F, X. We say thaKX is common for elements &f if and only if:
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(Def. 10) X # 0 and for everyn holdsX C domF(n).
Let us consideb, H, x. The functorH#x yields a sequence of real numbers and is defined by:
(Def. 11) For evenn holds(H#x)(n) = H(n)(x).

Let us consideb, H, X. We say thaH is point-convergent oX if and only if the conditions
(Def. 12) are satisfied.
(Def. 12)(i) X is common for elements ¢, and
(i) there existsf such thatX = domf and for everyx such thatx € X and for everyp such
thatp > O there exist&k such that for every such than > k holds|H (n)(x) — f(x)| < p.
We now state two propositions:

(20) H is point-convergent o if and only if the following conditions are satisfied:
() Xis common for elements ¢, and
(i) there existsf such thalX = domf and for every such thak € X holdsH#x is convergent
and limH#x) = f(x).
(21) H is point-convergent o if and only if the following conditions are satisfied:
(i) Xis common for elements ¢4, and
(i) for everyxsuch tha € X holdsH#x is convergent.
Let us consideb, H, X. We say thaH is uniform-convergent oKX if and only if the conditions
(Def. 13) are satisfied.
(Def. 13)()) X is common for elements ¢, and
(i) there existsf such thatX = domf and for everyp such thatp > 0 there exist& such that
for all n, x such than > k andx € X holds|H (n)(x) — f(x)| < p.

Let us consideD, H, X. Let us assume that is point-convergent oX. The functor linxH
yields a partial function fron to R and is defined as follows:

(Def. 14) domlinxH = X and for every such thai € domlimxH holds(limxH)(x) = lim (H#x).

We now state a number of propositions:
(22) Suppos# is point-convergent oX. Thenf = limyxH if and only if the following condi-
tions are satisfied:
(i) domf =X, and
(i) for everyxsuch thak € X and for everyp such thatp > 0 there exist& such that for every
n such than > k holds|H (n)(x) — f(x)| < p.
(23) If H is uniform-convergent oiX, thenH is point-convergent oiX.

(24) IfY C X andY # 0 andX is common for elements df, thenY is common for elements
of H.

(25) IfY C X andY # 0 andH is point-convergent o, thenH is point-convergent ol and
limxH FY = limyH.

(26) IfY C X andY # 0 andH is uniform-convergent oiX, thenH is uniform-convergent on
Y.

(27) If X is common for elements d¢f, then for everyx such thatx € X holds{x} is common
for elements oH.

(28) If H is point-convergent oiX, then for everyx such that € X holds{x} is common for
elements oH.
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(29) Suppose{x} is common for elements dfl; and {x} is common for elements dfl,.
ThenHy#x + Ho#x = (Hl + Hz)#X and Hi#x — Ho#tx = (Hl — Hz)#X and (Hl#X) (HZ#X) =
(H1 Ho)#x.

(30) If {x} is common for elements &1, then|H |#x = |H#x| and(—H )#x = —H#Xx.
(31) If {x} is common for elements &1, then(r H )#x =r (H#xX).

(82) SupposeX is common for elements dfl; and common for elements éf,. Let given
X. If x € X, then Hi#x + Ho#x = (H1 + Hp)#x and Hi#x — Ho#x = (H1 — Hp)#x and
(Ha#x) (Ha#x) = (Hq Ho)#x.

(33) If X is common for elements df, then for everyx such thatx € X holds |H |#x = |H#X]|
and(—H)#x = —H#x.

(34) If X'iscommon for elements &f, then for everk such thak € X holds(r H)#x=r (H#x).

(35) Supposé; is point-convergent oiX andHy is point-convergent oX. Let givenx. If x €
X, thenH#x + Ho#x = (Hl + Hz)#X andH#x — Ho#x = (Hl — Hz)#X and(Hl#x) (Hz#X) =
(H1 H2)#x.

(36) If H is point-convergent oiX, then for everyx such thatx € X holds |H|#x = |H#x| and
(—H)#x = —H#x.

(37) IfH is point-convergent oiX, then for every such thak € X holds(r H )#x = r (H#x).

(38) Suppos« is common for elements ¢f; and common for elements bl,. ThenX is com-
mon for elements oA; + H,, common for elements dfl; — Hy, and common for elements
of Hi Ho.

(39) If X'is common for elements &1, thenX is common for elements ¢H| and common for
elements of-H.

(40) If X is common for elements ¢, thenX is common for elements ofH.

(41) Supposed; is point-convergent oX andH, is point-convergent oX. Then
(i) Hi+H:is point-convergent o,

(i) limx(Hy+Hz2) =limxHg +limxHa,

(i)  Hi—Hy is point-convergent oiX,

(iv) limx(H1—Hz) =limxHi —limxHy,
(v) HiHzis point-convergent o, and

(vi) limx(H1 Hp) =limxHj limxHo.

(42) Supposé is point-convergent oiX. Then|H| is point-convergent oiX and limx|H| =
[limxH| and—H is point-convergent oX and limx(—H) = —limxH.

(43) IfH is point-convergent oX, thenr H is point-convergent oX and limx (r H) =r limxH.

(44) H is uniform-convergent oiX if and only if the following conditions are satisfied:
(i) Xis common for elements ¢,
(i)  H is point-convergent oX, and
(iii)  for every r such that O< r there existk such that for alh, x such thain > k andx € X
holds|H (n)(x) — (limxH)(x)| <.

In the sequeH is a sequence of partial functions frdgninto R.
One can prove the following proposition

(45) IfH is uniform-convergent oK and for everyn holdsH (n) is continuous oiX, then limxH
is continuous orX.
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