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Summary. A brief survey on semi-affine geometry, which results from the classi-
cal Pappian and Desarguesian affine (dimension free) geometry by weakening the so called
trapezium axiom. With the help of the relation of parallelogram in every semi-affine space
we define the operation of “addition” of “vectors”. Next we investigate in greater details the
relation of (affine) trapezium in such spaces.
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The article[1] provides the notation and terminology for this paper.
Letl1 be a non empty affine structure. We say thds semi affine space-like if and only if the
conditions (Def. 1) are satisfied.

(Def. 1) For all elements, b of I; holdsa, b || b,a and for all elements, b, c of I; holdsa,b ]| c,c
and for all elements, b, p, g, r, sof I; such thata # b anda,b || p,g anda,b || r,s holds
p,q 1] r,sand for all elements, b, ¢ of I; such thata,b ]| a,c holdsb,a || b,c and there exist
elementsa, b, c of I; such thata,b }f a,c and for all elements, b, p of I; there exists an
elementy of 1; such that, b || p,qanda, p | b,q and for all elements, a of |; there exists
an element of I1 such that for all elements, c of I; holdso,a || o, p and there exists an
elementd of |1 such that ifo, p || 0,b, theno,c ] 0,d andp,c || b,d and for all elements,
a a, b, b, c ¢ of I; such thab,a}f o,b ando,a }f o,c ando,a || o,& ando,b ]| o,b’ and
o,c]l o,c andab | &,b' anda,c ] &,c holdsb,c ]| b’,c’ and for all elements, &, b, b/,
¢, ¢ of Iy such thak, @ }f a,b anda,a }f a,canda,@ || b,b’ anda,a || c,c’ anda,b || &,b’
anda,c | &,c holdsb,c ]| bY,c’ and for all elementsy, ay, as, by, by, bs of I3 such that
a1,a || a1,a3 andby, by || by, bs anday, by || a2, by anday, bz 1] ag, b, holdsag, by 1 ai,bs
and for all elements, b, ¢, d of I; such thata,b }f a,c anda,b || ¢,d anda,c || b,d holds
a,d}fb,c

Let us observe that there exists a non empty affine structure which is semi affine space-like.

A semi affine space is a semi affine space-like non empty affine structure.

We use the following conventior8; denotes a semi affine space and’, a3, ap, ag, as, b, Iy,
c,c,d,d, d,d2, 0 p p1, P2,0, 1,11, 12, S X Y, Zdenote elements &;.

The following propositions are true:

12f] abiab.
(13) Ifa,b]l c,d,thenc,d] ab.
(14) a,all b,c

1Supported by RPBP.1I1-24.C2.
1 The propositions (1)-(11) have been removed.
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(15) Ifa,bl c,d, thenb,al c,d.
[ c.d, thena,b] d,c.

(17) Ifa,bll c,d,thenb,all ¢,d anda,b]] d,candb,a]l d,candc,d || a,bandd,c]] a,band
c,d ]/ b,aandd,c| b,a.

|
(16) Ifab]

(18) Suppose,b]fa,c. Thena,c]| a,bandb,a] a,candab]| c,aanda,c]|f b,aandb,a]lc,a
andc,all a,b andc,all b,aandb,a b,canda,b | b,c andb,a | ¢c,b andb,c ]| b,a and
a,b][ c,bandc,b][ b,aandb,c]] a,bandc,b|[ a,bandc,a]l c,banda,c]| c,bandc,a] b,c
anda,c || b,candc,b ]| c,aandb,c ] c,aandc,b a,candb,c | a,c.

(ZOE] If a#bandp,q|f a,banda,b]fr,s, thenp,q]lr,s.

(21) Ifa,b} ad, thena+#bandb+dandd # a.

(22) Ifa,b¥} p,q,thena=bandp+#q.

(23) Ifa,b] a,xandb,c b,xandc,a]| c,x, thena,b]f a,c.

(25 If a,b}f a,candp+#q, thenp,qlf p,aorp,q} p,borp,glf p,c.
(26) If p+# q, then there exists such thatp,q }f p,r.

(28@ Suppose, b }f a,c. Thena,b }f c,aandb,a}f a,candb,a}f c,aanda,c}f a,banda,c}f
b,aandc,a}f a,b andc,a}f b,aandb,alf b,c andb,alf c,b anda,b }f b,c anda,b }f c,b
andb,c }f b,aandb,c}f a,b andc,b }f a,b andc,b }f b,aandc,b }f c,aandc,b }f a,c and
b,c}f c,aandb,c}f a,candc,a)}f c,bandc,alf b,canda,c}f b,canda,c}f c,b.

(29) Ifa,b} c,danda,b]f p,qandc,d | r,sandp# gandr # s, thenp,g}f r,s.

(30) Ifa,b}acandabl] p,ganda,c]l p,r andb,c| g,r andp # g, thenp,g}f p,r.
(31) Ifa,b}acandac]l p,randb,c] p,r,thenp=r.

(32) If p,glf p,raandp,ri ] p,r2 andg,ry 1 g,rz, thenry =ro.

(33) Ifab}facandabll p,gandac]l p,r1 anda,cf p,r. andb,c] g,ry andb,c| g,rz,
thenry =r».

(34) Ifa=borc=dora=candb=dora=dandb=c, thenab]|c,d.
(35) Ifa=bora=corb=c, thenab] ac.
Let us considefy, a, b, c. We say thag, b andc are collinear if and only if:
(Def.2) ab a.c.
We now state a number of propositions:
(37E] Supposeay, ap andag are collinear. Then
(i) a1, azanday are collinear,
(i) a2, a1 andag are collinear,
(i) a2, az anday are collinear,

(iv) ag, a1 anday are collinear, and
(v) as, ap anda; are collinear.

2 The proposition (19) has been removed.
3 The proposition (24) has been removed.
4 The proposition (27) has been removed.
5 The proposition (36) has been removed.
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(39@ If a, bandc are not collinear and,b || p,qanda,c ]| p,r andp # gandp #r, thenp, q
andr are not collinear.

(40) Ifa=borb=corc=a,thena, bandcare collinear.

(41) If p+# g, then there exists such thatp, g andr are not collinear.

(42) If a, bandc are collinear and, b andd are collinear, them,b || ¢, d.

(43) If a, bandc are not collinear and,b || ¢,d, thena, b andd are not collinear.

(44) Suppos@, b andc are not collinear and,b ]| ¢,d andc # d andc, d andx are collinear.
Thena, b andx are not collinear.

(45) If o, aandb are not collinear and, a andx are collinear ana, b andx are collinear, then
0=X.

(46) Suppose # aando # b ando, a andb are collinear ana, a anda’ are collinear anad, b
andb’ are collinear. Them,b ]| &,b'.
(48)] Suppose that
@i ablcd,
(i) a bandp; are collinear,
(i) a, bandp, are collinear,
(iv) ¢, dandp; are collinear, and
(v) c,dandp; are collinear.
Thenpy = p».

(49) If a# banda, bandc are collinear and,b || c,d, thena,c || b,d.
(50) If a banda, bandc are collinear and, b || c,d, thenc,b || c,d.

(51) Suppose that, a andc are not collinear and, a andb are collinear ana, ¢ andd; are
collinear ando, c andd, are collinear ané,c || b,d; anda,c ]| b,d; anda,c | b,d,. Then
dp =ds.

(52) Ifa#banda, bandcare collinear and, b andd are collinear, then, candd are collinear.
Let us considefy, a, b, ¢, d. We say thas, b, ¢, d form a parallelogram if and only if:
(Def. 3) a, bandc are not collinear and, b || c,d anda,c || b,d.

The following propositions are true:

(54E] If &, b, ¢, d form a parallelogram, them+# b anda # c andc # b anda # d andb # d and
c#d.
(55) Supposa, b, ¢, d form a parallelogram. Then
(i) a, bandcare not collinear,
(i) b,aandd are not collinear,
(i) ¢, dandaare not collinear, and
(iv) d,candbare not collinear.

6 The proposition (38) has been removed.
" The proposition (47) has been removed.
8 The proposition (53) has been removed.
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(56) Supposes, az, as, a4 form a parallelogram. Thegy, a, andas are not collinear ands, as
anday are not collinear and;, ap andas are not collinear and;, a4 anday, are not collinear
andaj, azg andag are not collinear and;, a4 andag are not collinear andy, a; andaz are
not collinear andiy, azg anda; are not collinear andy, a; andas are not collinear andy, a4
anda; are not collinear andy, az anday are not collinear and,, a4 andas are not collinear
andag, a; anday are not collinear ands, a anda; are not collinear andz, a; anday are
not collinear andiz, a4 anda; are not collinear andsz, a» andas are not collinear andg, a4
anday are not collinear ands, a; anday are not collinear andy, ap anda; are not collinear
anday, a3 andag are not collinear andg, ag anda; are not collinear andy, a, andaz are
not collinear andy, azg anday are not collinear.

(57) Ifa, b, c, d form a parallelogram, thea, b andx are not collinear oc, d andx are not
collinear.

(58) Ifa, b, c, dform a parallelogram, thes, ¢, b, d form a parallelogram.
(59) Ifa,b,c, dform a parallelogram, thegy d, a, b form a parallelogram.
(60) Ifa, b, c, d form a parallelogram, thel, a, d, c form a parallelogram.

(61) Suppos@, b, ¢, d form a parallelogram. Then
(i) a,c, b, dform a parallelogram,

(i) ¢, d,a, bform a parallelogram,

(i) b, a, d, cform a parallelogram,

(iv) ¢, a,d,bform a parallelogram,
(v) d,b,c, aform a parallelogram, and

(vi) b, d,a, cform a parallelogram.

(62) If a, bandc are not collinear, then there existsuch thaf, b, ¢, d form a parallelogram.
(63) Ifa, b, c, d; form a parallelogram and, b, c, d, form a parallelogram, thedy = ds.

(64) If a, b, c,dform a parallelogram, thea d }f b, c.

(65) Ifa, b, c, dform a parallelogram, thes, b, d, c do not form a parallelogram.

(66) If a## b, then there exists such thag, b andc are collinear and # a andc # b.

(67) Ifa @, b, form a parallelogram and, &, c, ¢’ form a parallelogram, thelnc || b/, c’.

(68) Supposé, b andc are not collinear and, &, b, b’ form a parallelogram and, &, c, ¢
form a parallelogram. Thel, b/, c, ¢’ form a parallelogram.

(69) Suppose that

(i) a bandcare collinear,

(i) b#c,
(i) a, &, b, b’ form a parallelogram, and
(iv) a,d,c,c form a parallelogram.

Thenb, b/, ¢, ¢ form a parallelogram.

(70) Suppose that

(i) a, &, b, b form a parallelogram,

(i) a d,c,c forma parallelogram, and
(i) b, b, d, d form a parallelogram.

Thenc,d || ¢,d".
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(71) If a#d, then there exidh, c such thag, b, ¢, d form a parallelogram.

Let us considef,, a, b, r, s. We say thag, b are congruent to, sif and only if:

(Def. 4) a=bandr = sor there existp, q such thatp, g, a, b form a parallelogram ang, g, r, s
form a parallelogram.

Next we state a number of propositions:
(73 If a, aare congruent to, c, thenb=c.
(74) If a, bare congruenttg, c, thena=h.
(75) If a, bare congruent tb, a, thena=b.
(76) Ifa, bare congruent to, d, thena,b | c,d.
(77) If a, bare congruent te, d, thena,c | b,d.

(78) If a, bare congruent tg, d anda, b andc are not collinear, thea, b, ¢, d form a parallel-
ogram.

(79) Ifa, b, c,dform a parallelogram, thea b are congruent to, d.

(80) Suppose, b are congruent te, d anda, b andc are collinear and, s, a, b form a
parallelogram. Then, s, ¢, d form a parallelogram.

(81) If a, bare congruent tg, x anda, b are congruent to, y, thenx =Y.

(82) There existsl such that, b are congruent to, d.

(84@ a, b are congruent ta, b.

(85) Ifr, sare congruent ta, b andr, sare congruent te, d, thena, b are congruent tg, d.
(86) If a, bare congruent tg, d, thenc, d are congruent ta, b.

(87) If a, bare congruentto, d, thenb, a are congruent td, c.

(88) If a, bare congruent tg, d, thena, c are congruent to, d.

(89) Suppose, b are congruent tg, d. Thenc, d are congruent ta, b andb, a are congruent
tod, canda, c are congruent tb, d andd, c are congruent tb, a andb, d are congruent to
a, candc, a are congruent td, b andd, b are congruent to, a.

(90) If a, bare congruent t@, g andb, c are congruent tq, s, thena, c are congruent t, s.

(91) If b, aare congruent t@, g andc, a are congruent t@, r, thenb, c are congruent to, g.

(92) If a, oare congruent to, p andb, o are congruent to, g, thena, b are congruent tq, p.
(93) If b, aare congruent t@, g andc, a are congruent t@, r, thenb,c [ g,r.

(94) If a, o are congruent to, p andb, o are congruent to, g, thena,b | p,q.

Let us considefS;, a, b, 0. The functor sum(a,b) yielding an element of; is defined as
follows:

(Def. 5) o, aare congruent tb, sumy(a,b).
Let us conside§y, a, 0. The functor oppositga) yielding an element o8, is defined by:

(Def. 6) sum(a,oppositg(a)) =o.

9 The proposition (72) has been removed.
10 The proposition (83) has been removed.
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Let us conside§, a, b, 0. The functor diff(a, b) yielding an element d§, is defined as follows:
(Def. 7) diffy(a,b) = sumy(a, oppositg(b)).
The following propositions are true:
99 sumy(a,0) =a
(100) There existg such that sugia,x) = o.
(101) sum(sumy(a,b),c) = sumy(a,sumy(b,c)).
(102) sum(a,b) = sumy(b,a).
(103) If sumy(a,a) = o, thena=o.
(104) If sumy(a,x) = sumy(a,y), thenx=y.
(106E a, 0 are congruent to, oppositg(a).
(107) If oppositg(a) = oppositg(b), thena=b.
(108) a,b | oppositg(a),oppositg(b).
(109) oppositg(o) = o.
(110) p,q [ sumy(p,r),sumy(a,r).
(111) Ifp.q]lr.s thenp,q sum(p.r),sum(q.s).
(113f3 diffo(a,b) = 0iff a=b.
(114) o,diffo(b,a) | a,b.
(115) o, diffo(b,a) and diff,(d, c) are collinear iffa,b || c,d.

Let us considefy, a, b, ¢, d, 0. We say thag, b, ¢, d form a trapezium with verteg if and only
if:

(Def. 8) o0, aandc are not collinear and, a andb are collinear ana, c andd are collinear and
a,cb,d.

Let us considefy, o, p. We say that there are trapeziums throyghith vertexo if and only if:

(Def. 9) For allb, c there existgl such that ifo, p andb are collinear, thew, c andd are collinear
andp,cf b,d.

One can prove the following propositions:
(118@ If &, b, ¢, d form a trapezium with verteg, theno £ a anda # c andc # o.

(119) Suppose, b, ¢, x form a trapezium with vertew anda, b, ¢, y form a trapezium with
vertexo. Thenx=y.

(120) Ifo, aandb are not collinear, thea, o, b, o form a trapezium with verteg.
(121) Ifa, b, c, d form a trapezium with vertew, thenc, d, a, b form a trapezium with verteg.
(122) Ifo# banda, b, ¢, d form a trapezium with verteg, theno # d.

(123) Ifo#banda, b, c, d form a trapezium with verteg, theno, b andd are not collinear.

11 The propositions (95)—(98) have been removed.

12 The proposition (105) has been removed.

13 The proposition (112) has been removed.

14 The propositions (116) and (117) have been removed.
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(124) Suppos® # b anda, b, ¢, d form a trapezium with vertew. Thenb, a, d, c form a
trapezium with vertex.

(125) Ifo=boro=dandifa, b, c, d form a trapezium with vertes, theno = b ando = d.

(126) Supposa, p, b, g form a trapezium with vertew anda, p, ¢, r form a trapezium with
vertexo. Thenb,c | g,r.

(127) Suppose that
(i) &, p, b, gform a trapezium with verteg,
(i) a, p,c, r form a trapezium with verteg, and
(i) o, bandc are not collinear.
Thenb, q, ¢, r form a trapezium with verteg.

(128) Suppose that
(i) & p, b, gform atrapezium with verteg,
(i) &, p,c rform atrapezium with verteg, and
(i) b, q,d, sform a trapezium with vertem.
Thenc,d || r,s.

(129) For allo, athere existg such thab, aandp are collinear and there are trapeziums through
p with vertexo.

(130) There exisk, y, zsuch thak # y andy # zandz # x.
(131) If there are trapeziums througtwith vertexo, theno # p.

(132) Suppose there are trapeziums thropghith vertexo. Then there existq such thab, p
andq are not collinear and there are trapeziums throgiglith vertexo.

(133) Suppose that
(i) o, pandcare not collinear,
(i) o, pandbare collinear, and
(iii)  there are trapeziums throughwith vertexo.
Then there existd such thatp, b, ¢, d form a trapezium with vertes.
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