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Summary. This article defines two while-loop statements on SCMPDS, i.e. “witlle
and “while>0", which resemble the while-statements of the common high language such
as C. We previously presented a number of tricks for computing while-loop statements on
SCMFSA, e.g. step-while. However, after inspecting a few realistic examples, we found that
they are neither very useful nor of generalization. To cover much more computation cases of
while-loop statements, we generalize the computation model of while-loop statements, based
on the principle of Hoare’s axioms on the verification of programs.

MML Identifier: sSCMPDS_8.
WWW: http://mizar.org/JFM/Voll2/scmpds_8.html

The articles[[22],[[6], [[18], [[28],[[5], [[7], [[14],[[21],[12], [[15],[[16],[[20],[117],[[4] [[13] L8], [1],
[11], [9], [20], [12], [3], and [18] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papelx, a are Int positions andis a state of SCMPDS.
Next we state the proposition

(1) For every Int positiora there exists a natural numhesuch thata = intposi.

Lett be a state of SCMPDS. The functor Dstayéelding a state of SCMPDS is defined by the
condition (Def. 1).

(Def. 1) Letxbe aset. Then
(i) if xe Data-Logcw, then(Dstate ) (x) = t(x),
(i) if x € the instruction locations of SCMPDS, théDstatd )(x) = goto Q and
(i) if x=ICscmpps then(Dstaté )(x) = inspos0
The following four propositions are true:

(2) For all statest;, t, of SCMPDS such that;[Data-Logcw = to[Data-Logcym holds
Dstatd; = Dstatdy.

(3) Forevery stateof SCMPDS and for every instructiorof SCMPDS such that InsCof¢ €
{0,4,5,6} holds Dstaté = Dstate Exe(,t).

(4) (Dstates)(a) =s(a).
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(5) Letabe an Intposition. Then there exists a functioimom [ (the object kind of SCMPDS)
into N such that for every stateof SCMPDS holds

(i) if s(a) <0,thenf(s)=0,and
(i) if s(a) >0, thenf(s) =s(a).

2. THE CONSTRUCTION ANDSEVERAL BASIC PROPERTIES OF WHILE<0” PROGRAM

Let a be an Int position, let be an integer, and ldtbe a Program-block. The functor white
0(a,i, ) yields a Program-block and is defined by:

(Def. 2) while< O(a,i,l) = ((a,i) >= 0_goto card + 2); I; goto(—(cardl + 1)).

Let | be a shiftable Program-block, latbe an Int position, and létbe an integer. One can
check that while< O(a, i, 1) is shiftable.

Let| be a No-StopCode Program-block, égbe an Int position, and léthe an integer. Observe
that while< 0(a,i, 1) is No-StopCode.

We now state several propositions:

(6) For every Int positiora and for every integer and for every Program-block holds
cardwhile< 0(a,i,1) = cardl + 2.

(7) Letabe an Int positioni be an integemn be a natural number, aidbe a Program-block.
Thenm < cardl 4 2 if and only if insposn € domwhile< O(ai, ).

(8) Leta be an Int positioni be an integer, andl be a Program-block. Thefwhile <
0(a,i,l))(insposQ = (a,i) >= 0_goto card + 2 and(while < O(a,i,l))(insposcardl+ 1) =
goto (—(cardl +1)).

(9) Letsbe a state of SCMPDS$ be a Program-blocla be an Int position, andbe an integer.
If s(DataLods(a),i)) > 0, then while< O(a,i,1) is closed orsand while< 0(a, i, 1) is halting
ons.

(10) Letsbe a state of SCMPD$ pe a Program-bloclg, ¢ be Int positions, andbe an integer.
If s(DataLods(a),i)) > O, then IExe¢while < 0(a,i,1),s) = s+- Start-Afinspos card + 2).

(11) Letsbe a state of SCMPD$ be a Program-bloclg be an Int position, andbe an integer.
If s(DatalLogs(a),i)) > 0, thenIC gyequhile<0(a,i,),) = iNSpPoscard + 2.

(12) Letsbe astate of SCMPD$ pe a Program-blocla, b be Int positions, andbe an integer.
If s(DatalLods(a),i)) > 0, then(IExeqwhile < 0(a,i,1),s))(b) = s(b).

In this article we present several logical schemes. The schWghikeLHaltdeals with a unary
functor F yielding a natural number, a state of SCMPDS, a No-StopCode shiftable Program-
block B, an Int positionC, an integerD, and a unary predicatg, and states that:

F(A)=F(4) or P[A4] butwhile< O(C, D, B) is closed o but while< 0(C, D, B)
is halting on4
provided the following conditions are met:

e cardB >0,

e Forevery stateof SCMPDS such thaP[Dstate ] and ¥ (Dstate ) = 0 holdst(DataLod 4(C), D)) >
07

e P[Dstateq], and

e Lett be astate of SCMPDS. SuppaBfstate| andt(C) = 4(C) andt(DataLog 4(C), D)) <
0. Then (IExeqB,t))(C) =t(C) and B is closed ort and 3B is halting ont and
7 (Dstate IExe¢B,t)) < ¥ (Dstate) andP|Dstate |[Exe¢B,t)].

The schemé&VhileLExeadeals with a unary functof yielding a natural number, a state of
SCMPDS, a No-StopCode shiftable Program-bl@lkan Int positionC, an integerD, and a unary
predicateP, and states that:

F(A)=F(A4)orP[A4] but IExeqwhile < O(C, D, B), 4) = |IExedqwhile < 0(C, D, B),|IExeq B, 4))
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provided the parameters meet the following conditions:

e cardB >0,

e A(DatalLodA4(C),D)) <0,

e Forevery stateof SCMPDS such thaP[Dstate] and ¥ (Dstate ) = 0 holdst(DataLod 4(C), D)) >
07

e P[Dstateq], and

e Lett be astate of SCMPDS. SuppaBfstate| andt(C) = 4(C) andt(DataLoq 4(C), D)) <
0. Then (IExeqB,t))(C) =t(C) and B is closed ort and B is halting ont and
7 (Dstate IExe¢B,t)) < ¥ (Dstate) andP|Dstate |[Exe¢B,t)].

Next we state four propositions:

(13) Letsbe a state of SCMPDS, be a No-StopCode shiftable Program-bloakhe an Int
position,i be an integerX be a set, and be a function fron ] (the object kind of SCMPDS)
into N. Suppose that

(i) cardl >0,
(i) for every state of SCMPDS such that(Dstate) = 0 holdst(DataLogs(a),i)) > 0, and

(i)  for every statet of SCMPDS such that for every Int positionsuch thatx € X holds
t(x) = s(x) andt(a) = s(a) andt(DataLods(a),i)) < O holds(IExeql,t))(a) = t(a) and
f(Dstate|Exe€l,t)) < f(Dstate) and| is closed ort and halting ort and for every Int
positionx such thak € X holds(IExedl,t))(x) = t(x).

Then while< 0(a,i,1) is closed ors and while< 0(a,i, ) is halting ons.
(14) Letsbe a state of SCMPDS, be a No-StopCode shiftable Program-bloakhe an Int

position,i be an integerX be a set, and be a function fronT] (the object kind of SCMPDS)
into N. Suppose that

(i) card >0,
(i) s(DatalLogs(a),i)) <O,
(iiiy  for every statet of SCMPDS such that(Dstate ) = 0 holdst(DataLo¢s(a),i)) > 0, and

(iv) for every statet of SCMPDS such that for every Int positionsuch thatx € X holds
t(x) = s(x) andt(a) = s(a) andt(DataLods(a),i)) < 0 holds(IExed,t))(a) =t(a) andl is
closed ort and halting ort and f (Dstate IExe€l ,t)) < f(Dstate) and for every Int position
x such thak € X holds(IExedl,t))(x) = t(x).

Then IExe¢while < 0(a,i,1),s) = IExeqwhile < 0(a,i,1),|IExedl,s)).
(15) Letsbe a state of SCMPDS, be a No-StopCode shiftable Program-bloakhe an Int
position,i be an integer, and be a set. Suppose that
(i) cardl >0,and

(i) for every statet of SCMPDS such that for every Int positionsuch thatx € X holds
t(x) = s(x) andt(a) = s(a) andt(DataLods(a),i)) < O holds(IExeql,t))(a) = t(a) and
(IExedl,t))(DataLods(a),i)) > t(DataLogs(a),i)) andl is closed ort and halting ort and
for every Int positiorx such thak € X holds(IExed,t))(x) = t(x).

Then while< O(a,i,1) is closed ors and while< 0(a, i, ) is halting ons.
(16) Letsbe a state of SCMPDS, be a No-StopCode shiftable Program-bloakhe an Int
position,i be an integer, and be a set. Suppose that
(i) s(DataLods(a),i)) <O,
(i) cardl >0,and

(i)  for every statet of SCMPDS such that for every Int positionsuch thatx € X holds
t(x) = s(x) andt(a) = s(a) andt(DataLods(a),i)) < 0 holds (IExedl,t))(a) = t(a) and
(IExedl,t))(DataLods(a),i)) > t(DataLogs(a),i)) andl is closed ort and halting ort and
for every Int positiorx such thak € X holds(IExed,t))(x) = t(x).

Then IExe¢while < 0(a,i,1),s) = IExeqwhile < 0(a,i,1),|IExedl,s)).
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3. THE CONSTRUCTION AND SEVERAL BASIC PROPERTIES OF' WHILE>0" PROGRAM

Let a be an Int position, let be an integer, and ldtbe a Program-block. The functor white
O(a,i,1) yields a Program-block and is defined by:

(Def. 3) while> 0(a,i,l) = ((a,i) <= 0_goto card + 2); I; goto (—(cardl + 1)).

Let| be a shiftable Program-block, late an Int position, and letbe an integer. Observe that
while > 0(a,i, 1) is shiftable.

Let| be a No-StopCode Program-block, édbe an Int position, and létbe an integer. One can
verify that while> O(a, i, l) is No-StopCode.

One can prove the following propositions:

(17) For every Int positiora and for every integefr and for every Program-block holds
cardwhile> 0(a,i,l) = cardl +2.

(18) Letabe an Int positioni be an integenn be a natural number, aride a Program-block.
Thenm < cardl 4 2 if and only if insposn € domwhile> O(a,i, ).

(19) Leta be an Int positioni be an integer, andl be a Program-block. Thefwhile >
0(a,i,1))(insposQ = (a,i) <= 0_goto card + 2 and(while > O(a,i,l))(insposcardl+ 1) =
goto(—(cardl +1)).

(20) Letsbe a state of SCMPD$ be a Program-bloclg be an Int position, andbe an integer.
If s(DataLods(a),i)) <0, then while> 0(a,i,1) is closed orsand while> 0(a, i, 1) is halting
ons.

(21) Letsbe a state of SCMPD$ pe a Program-bloclg, ¢ be Int positions, andbe an integer.
If s(DataLods(a),i)) < O, then IExe¢while > 0(a,i,1),s) = s+- Start-Afinspos card + 2).

(22) Letsbe a state of SCMPD$ be a Program-bloclg be an Int position, andbe an integer.
If s(DatalLogs(a),i)) <0, thenIC gyequhile>0(a,i,), = iNSPoscard + 2.

(23) Letsbe a state of SCMPD$ be a Program-bloclg, b be Int positions, andbe an integer.
If s(DatalLods(a),i)) < 0, then(IExeqwhile > 0(a,i,1),s))(b) = s(b).

Now we present two schemes. The schéfifféleGHaltdeals with a unary functaf yielding a
natural number, a statg of SCMPDS, a No-StopCode shiftable Program-bl@lan Int position
C, an integerD, and a unary predicate, and states that:

F(A4)=F(A4) orP[A4] butwhile> 0(C, D, B) is closed or4 but while> 0(C, D, B)
is halting on4
provided the following requirements are met:

e cardB >0,

e For every stateof SCMPDS such thak[Dstate | and# (Dstate ) = 0 holdst(DataLod 4(C), D)) <
07

e P[Dstateq], and

e Lett be astate of SCMPDS. SuppaBfstate] andt(C) = A(C) andt(DataLo¢A(C), D)) >
0. Then (IExeqB,t))(C) =t(C) and B is closed ort and 3B is halting ont and
F (Dstate IExe¢B,t)) < ¥ (Dstatd) and?[Dstate |IExe¢B,1)].

The schema&VhileGExedeals with a unary functof yielding a natural number, a stateof
SCMPDS, a No-StopCode shiftable Program-bl@lkan Int positionC, an integerD, and a unary
predicateP, and states that:

F(A)=F(A4) orP[A4] but IExeqwhile > 0(C, D, B), 4) = |IExedqwhile > 0(C, D, B), IExeq B, 1))
provided the parameters have the following properties:
e cardB >0,
e A(DatalLodA4(C),D)) > 0,
e Forevery stateof SCMPDS such thaP[Dstate] and ¥ (Dstatet) = 0 holdst(DataLod 4(C), D)) <
07
e P[Dstateq], and
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e Lett be a state of SCMPDS. SuppaBfstate] andt(C) = A4(C) andt(DataLo¢ 4(C), D)) >
0. Then (IExeqB,t))(C) =t(C) and B is closed ort and 3B is halting ont and
F (Dstate IExe€¢B,t)) < ¥ (Dstatd) and®?[Dstate |IExe¢B,1)].
The following propositions are true:

(24) Letsbe a state of SCMPD$,be a No-StopCode shiftable Program-bloake an Int po-

sition, i, c be integersX, Y be sets, and be a function fronT] (the object kind of SCMPDS)
into N. Suppose that

(i) cardl >0,

(i) for every state of SCMPDS such that(Dstatet) = 0 holdst(DatalLogs(a),i)) < O,
(iii)  for every x such tha € X holdss(x) > c+ s(DataLogs(a),i)), and

(iv) for every statet of SCMPDS such that for every such thatx € X holds t(x) >
c+t(DataLodgs(a),i)) and for everyx such thatx € Y holdst(x) = s(x) andt(a) = s(a)
and t(DatalLodgs(a),i)) > 0 holds (IExedl,t))(a) = t(a) and | is closed ont and halt-
ing ont and f(DstatelExed,t)) < f(Dstatd) and for everyx such thatx € X holds
(IExedl,1))(x) > c+ (IExed,t))(DataLods(a),i)) and for everyx such thatk € Y holds
(IExed1,1))(X) = t(x).

Then while> 0(a,i,1) is closed ors and while> 0(a, i, ) is halting ons.

(25) Letshbe a state of SCMPD$,be a No-StopCode shiftable Program-bloake an Int po-
sition, i, c be integersX, Y be sets, and be a function fronT] (the object kind of SCMPDS)
into N. Suppose that

(i) s(DataLods(a),i)) >0,
(i) cardl >0,

(i)  for every statet of SCMPDS such that(Dstate) = 0 holdst(DataLogs(a),i)) <0,
(iv) for everyx such thakx € X holdss(x) > c+ s(DataLogs(a),i)), and

(v) for every statet of SCMPDS such that for every such thatx € X holds t(x) >
c+t(DataLods(a),i)) and for everyx such thatx € Y holdst(x) = s(x) andt(a) = s(a)
and t(DatalLods(a),i)) > 0 holds (IExedl,t))(a) = t(a) and | is closed ont and halt-
ing ont and f(DstatelExed,t)) < f(Dstatd) and for everyx such thatx € X holds
(IExedl,1))(x) > c+ (IExed,t))(DataLods(a),i)) and for everyx such thatx € Y holds
(IExedl,1))(x) = t(x).

Then IExe¢while > 0(a,i,1),s) = IExeqwhile > 0(a,i, 1), |IExedl,s)).

(26) Letsbe a state of SCMPDS, be a No-StopCode shiftable Program-bloakhe an Int

position,i be an integerX be a set, and be a function fronT] (the object kind of SCMPDS)
into N. Suppose that

(i) cardl >0,

(i) for every state of SCMPDS such that(Dstate) = 0 holdst(DataLogs(a),i)) < 0, and

(iii)  for every statet of SCMPDS such that for evepysuch thatx € X holdst(x) = s(x) and
t(a) = s(a) andt(DataLogs(a),i)) > 0 holds(IExed!,t))(a) =t(a) andl is closed ort and
halting ont and f (Dstate IExe¢!,t)) < f(Dstate) and for everyx such thatx € X holds
(IExed,1))(X) = t(x).

Then while > 0(a,i,I) is closed ons and while > 0(a,i,I) is halting on s

and if s(DataLods(a),i)) > 0, then IExe¢while > 0(a,i,l),s) = IExeqwhile >
O(a,i,l),IExed]l,s)).

(27) Lets be a state of SCMPDS, be a No-StopCode shiftable Program-bloekhe an Int
position,i, ¢ be integers, anX, Y be sets. Suppose that

(i) cardl >0,
(i) for everyxsuch thak € X holdss(x) > ¢+ s(DataLocgs(a),i)), and
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(i)  for every statet of SCMPDS such that for every such thatx € X holds t(x) >

c+t(DataLodgs(a),i)) and for everyx such thatx € Y holdst(x) = s(x) andt(a) = s(a)

andt(Datalods(a),i)) > 0 holds(IExed(,t))(a) =t(a) andl is closed ort and halting on
t and (IExed(,t))(DataLods(a),i)) < t(DataLods(a),i)) and for everyx such thatx € X

holds (IExed,t))(x) > c+ (IExed],t))(DataLods(a),i)) and for everyx such thatx € Y

holds(IExed(,t))(x) = t(x).

Then while > 0(a,i,I) is closed ons and while > 0(a,i,I) is halting on s
and if s(DataLods(a),i)) > 0, then IExe¢while > 0(a,i,l),s) = IExeqwhile >

O(a,i,l),IExed]l,s)).

(28) Lets be a state of SCMPDS, be a No-StopCode shiftable Program-bloakhe an Int

position,i be an integer, and be a set. Suppose that

(i) cardl >0, and

(ii)

for every state of SCMPDS such that for evepysuch thatx € X holdst(x) = s(x) and
t(a) = s(a) andt(DataLogs(a),i)) > 0 holds(IExed!,t))(a) =t(a) andl is closed ort and
halting ont and (IExeq(,t))(DataLods(a),i)) < t(DatalLods(a),i)) and for everyx such
thatx € X holds(IExed,t))(x) = t(x).
Then while > 0(a,i,I) is closed ons and while > 0(a,i,I) is halting on s
and if s(DataLods(a),i)) > 0, then IExe¢while > 0(a,i,l),s) = IExeqwhile >
O(a,i,l),IExed]l,s)).

(29) Lets be a state of SCMPDS, be a No-StopCode shiftable Program-bloakhe an Int

position,i, ¢ be integers, an¥ be a set. Suppose that

(i) cardl >0,
(i) for everyx such thak € X holdss(x) > c+ s(DataLocgs(a),i)), and

(i)  for every statet of SCMPDS such that for every such thatx € X holdst(x) > c+

(1
(2]

(3]
(4]

6]

(7]

8l

[0

[10]

t(DataLods(a),i)) andt(a) = s(a) andt(DataLods(a),i)) > 0 holds(IExed],t))(a) =t(a)
andl is closed ont and halting ort and(IExed(,t))(DatalLods(a),i)) < t(DataLods(a),i))
and for every such thai € X holds(IExedl,t))(x) > c+ (IExedl,t))(DataLo¢s(a),i)).

Then while > 0(a,i,I) is closed ons and while > 0(a,i,l) is halting on s
and if s(DataLods(a),i)) > 0, then I|Exe¢while > 0(a,i,l),s) = IExeqwhile >
0(a,i,l),IExedl,s)).
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