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Summary. In this article, a program block is defined as a finite sequence of instruc-
tions stored consecutively on initial positions. Based on this definition,any program block
with more than two instructions can be viewed as the combination of two smaller program
blocks. To describe the computation of a program block by the result of its two sub-blocks,
we introduce the notions of paraclosed, parahalting, valid, and shiftable, the meaning of which
may be stated as follows:

- aprogram is paraclosed if and only if any state containing it is closed,
- aprogram is parahalting if and only if any state containing it is halting,
- in a program block, a jumping instruction is valid if its jumping offset is valid,

- a program block is shiftable if it does not contain any return and savelC instructions,
and each instruction in it is valid.

When a program block is shiftable, its computing result does not depend on its storage posi-
tion.

MML Identifier: SCMPDS_ 4.

WWW: http://mizar.org/JFM/Volll/scmpds_4.html

The articles[[14],[[18],[[20],[[15],[121], 14].[16],[[18],.[2],[[5],[[2], [[10],[[11],[[16],[[12] [ [3],.[8],
[19], [17], | 7], and [1] provide the notation and terminology for this paper.

1. DEFINITION OF APROGRAMBLOCK AND ITS BASIC PROPERTIES

A Program-block is an initial programmed finite partial state of SCMPDS.

We follow the rules:m, n are natural numbers, j, k are instructions of SCMPDS, andJ, K
are Program-blocks.

Let us consider. The functor Loadi) yielding a Program-block is defined by:

(Def. 1) Loadi) = inspos@-—i.

Let us consider. One can check that Lo&d is non empty.
We now state the proposition

(1) For every Program-blodR and for everyn holdsn < cardP iff insposn € domP.

Let| be an initial finite partial state of SCMPDS. Observe that PrograrfiRastinitial.
The following propositions are true:

1This research is partially supported by the National Natural Science Foundation of China Grant No.
69873033.
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(2) doml misses dom Shiffl,cardl).
(3) For every programmed finite partial sthtef SCMPDS holds card Sh{ft,m) = card!.
(4) Forallfinite partial statels J of SCMPDS holds ProgramP8rt--J) = ProgramPaft )+ ProgramPa(t).

(5) For all finite partial stated, J of SCMPDS holds ShifProgramPaft+-J),n) =
Shift(ProgramPart ), n)+- Shift(ProgramPa(tl),n).

We use the following conventiorg, b are Int positionss, s, s, are states of SCMPDS, alhgl,
ko are integers.

Let us considet. The functor Initializedl) yields a finite partial state of SCMPDS and is
defined as follows:

(Def. 2) Initializedl) = |+ Start-AfinsposQ.
The following propositions are true:
(6) InsCodé¢i) € {0,1,4,5,6} or (Exedi,s))(ICscmpps = Next(ICs).
(7) ICscwvppse dominitialized]l).
(8) ICnitialized(1) = iNspos0
(9) | Clinitialized(l).

(11[] Letsy, s, be states of SCMPDS. Suppd€ks,) = IC s,) and for every Int positioa holds
s1(a) = s»(a). Thens; ands, are equal outside the instruction locations of SCMPDS.

(13@ Supposes; ands, are equal outside the instruction locations of SCMPDS .ala an Int
position. Thers; (a) = $(a).

(14) If s and s, are equal outside the instruction locations of SCMPDS, then
si(DataLods;(a),ki)) = sz(DataLodsz(a),ks)).

(15) Suppose; ands; are equal outside the instruction locations of SCMPDS. Then(ExgE
and Exe¢i, sp) are equal outside the instruction locations of SCMPDS.

(16) Initialized)[the instruction locations of SCMPDSI.
(17) For all natural numbets, k2 such thak; # ko holds Datalo¢k;,0) # DatalLogks,0).

(18) For every Int positiowl; there exists a natural numbiesuch that; = Datalodi,0).

The schemé&CMPDSExeals with a unary functof yielding an instruction of SCMPDS, a
unary functorg yielding an integer, and an instruction-locatidrof SCMPDS, and states that:
There exists a stat®of SCMPDS such thdC s = 4 and for every natural number
holdsS(inspos) = ¥ (i) andS(DataLoci,0)) = G(i)
for all values of the parameters.
Next we state a number of propositions:

(19) For every statsof SCMPDS holds dom= {IC scmpps} U Data-Logcm U the instruction
locations of SCMPDS.

(20) Letsbe a state of SCMPDS amxbe a set. Supposes doms. Thenx is an Int position or
X = IC scmppsOr X is an instruction-location of SCMPDS.

(21) Lets, s be states of SCMPDS. Then for every instruction-locatioh SCMPDS holds
s1(l) = s(1) if and only if s; [the instruction locations of SCMPDS s, [the instruction loca-
tions of SCMPDS.

1 The proposition (10) has been removed.
2 The proposition (12) has been removed.
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(22) For every instruction-locatiamof SCMPDS holds ¢ Data-Logcwm.

(23) For all states;, s, of SCMPDS holds for every Int positioa holds s;(a) = s;(a) iff
s1[Data-Logcym = S [Data-Logcem.

(24) Letsy, s be states of SCMPDS. Suppaseands, are equal outside the instruction loca-
tions of SCMPDS. Thes; [Data-Logcy = S2[Data-Logcw.

(25) For all states, s3 of SCMPDS and for every sétholds(sz+-S|A) [A = S[A.

(26) For all Program-blocks, J holds| andJ are equal outside the instruction locations of
SCMPDS.

(27) For every Program-blodkholds dom Initialized ) = doml U {IC scmpps}-

(28) For every Program-blockand for every sex such thatx € domInitializedl) holdsx €
doml orx=1IC SCMPDS

(29) For every Program-blodkholds(Initialized(l))(IC scmppg) = inspos0
(30) For every Program-blodkholdsIC scupps¢ doml.

(31) For every Program-blodkand for every Int positiom holdsa ¢ dom Initialized]).

In the sequek denotes a set.
One can prove the following propositions:

(32) Ifxedoml,thenl(x) = (I+- Start-Atinspos))(x).

(33) For every Program-block and for every setx such thatx € doml holds I(x) =
(Initialized(l))(x).

(34) For all Program-blockk, J and for every state of SCMPDS such that Initializ¢d) C s
holdss+- Initialized(l) = s+-1.

(35) For all Program-blockk, J and for every state of SCMPDS such that Initializ€d) C s
holds Initialized!) C s+-1.

(36) Letl, J be Program-blocks anslbe a state of SCMPDS. Thest-Initialized(l) and
s+ Initialized(J) are equal outside the instruction locations of SCMPDS.

2. COMBINING TWO CONSECUTIVEBLOCKS INTO ONE PROGRAM BLOCK

Letl, J be Program-blocks. The functbrJ yields a Program-block and is defined as follows:
(Def. 3) I;J=I1+-Shift(J,cardl).
We now state several propositions:

(87) For all Program-blocks, J and for every instruction-locatioh of SCMPDS such that
I € doml holds(l; J)(I) = I(I).

(38) For all Program-blocks, J and for every instruction-locatioh of SCMPDS such that
| € domJ holds(l; J)(I +cardl) = J(I).

(39) For all Program-blocks J holds dom C dom(l; J).

(40) For all Program-blockls J holdsl C 1; J.

(41) For all Program-blocks J holdsl+:(I; J) =1; J.

(42) For all Program-blockk J holds Initialized!)+-(1; J) = Initialized(l; J).
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3. COMBINING A BLOCK AND A INSTRUCTION INTOONE PROGRAM BLOCK

Let us consider, J. The functorn; J yielding a Program-block is defined by:
(Def. 4) i;J=Loadi); J.
Let us considel, j. The functod; j yields a Program-block and is defined by:
(Def.5) I;j=I; Loadj).
Let us consider, j. The functori; j yielding a Program-block is defined by:
(Def. 6) i; j=Loadi); Load j).
One can prove the following propositions:
(43) i; j = Load(); |.
(44) i j=i; Load(j).
(45) cardl; J) = card + cardl.

(46) (1;3);K=1; (J; K).
47) (1;3); k=1;(J; k)
@8) (1) K=1;(j;K)
49) (1;j):k=1;(i; k
(50) (i;J); K=i; (J;K)
(51) (i;3J);k=1i; (3 k)
(52) (i;j); K=i; (j; K).
(53) (i; ) k=1; (j; k).

(54) dom misses dom Start-Ainspod).

(55) Start-Afinspos( C Initialized(l).

(56) If I+ Start-Afinspoq) C s, thenl Cs.

(57) If Initialized(l) C s, thenl Cs.

(58) (I+-Start-Ainsposn))the instruction locations of SCMPDSI.

In the sequel, I; are instruction-locations of SCMPDS.
Next we state four propositions:

(59) a¢ dom Start-Atl).

(60) |1 ¢ dom Start-Agl).

(61) a¢ dom(l+-Start-Atl)).

(62) s+-1+-Start-Atlinspos( = s+- Start-At(inspos 0+-1.

Let sbe a state of SCMPDS, l&t be an Int position, and létbe an integer. Thes+- (I2,K) is
a state of SCMPDS.
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4., THE NOTIONS OFPARACLOSED, PARAHALTING AND THEIR BASIC PROPERTIES

Let| be a Program-block. The functor stiopielding a Program-block is defined as follows:
(Def. 7) stod =1; SCMPDS- Stop.

Let | be a Program-block and letbe a state of SCMPDS. The functor IEXe®) yielding a
state of SCMPDS is defined by:

(Def. 8) IExe¢l,s) = Results+- Initialized(stopl ))+-s[the instruction locations of SCMPDS.
Let| be a Program-block. We say tHais paraclosed if and only if:

(Def. 9) For every stateof SCMPDS and for every natural numbesuch that Initialize¢stopl ) C
sholdsIC computatiors))(n) € domsto.

We say that is parahalting if and only if:
(Def. 10) Initializedstopl ) is halting.

Let us mention that there exists a Program-block which is parahalting.
We now state the proposition

(63) For every parahalting Program-bldc&uch that Initialize¢stopl ) C sholdssis halting.

Let! be a parahalting Program-block. Observe that Initialjgeapl ) is halting.

Let I3, I4 be instruction-locations of SCMPDS and &tb be instructions of SCMPDS. Then
[l3 — a,14+— b is a finite partial state of SCMPDS.

One can prove the following four propositions:

(65| 1Cs# Next(ICs).
(66) s+:[IC (s, = goto LNext(IC ,)) — goto(—1)] is not halting.
(67) Suppose that
(i) s1 ands; are equal outside the instruction locations of SCMPDS,
(i) 1Cs,
(i) 1 Cs,and
(iv) for everymsuch tham < n holdsIC computatios,))(m) € doml.

Let givenm. Supposean < n. Then (Computatiors;))(m) and (Computatioits))(m) are
equal outside the instruction locations of SCMPDS.

(68) For every stats of SCMPDS and for every instruction-locatibrof SCMPDS holdd €
doms.

In the sequely, I5 are instruction-locations of SCMPDS aindi, are instructions of SCMPDS.
Next we state three propositions:

(69) st:[li—i1,ls— i) =s+-(l1,i1) +- (Is,i2).
(70) Nex{inspos) = inspon+ 1.
(71) IfICs ¢ doml, then NextICs) ¢ doml.

Let us observe that every Program-block which is parahalting is also paraclosed.
The following propositions are true:

(72) dom SCMPDS- Stop= {inspos@.

(73) inspos@ dom SCMPDS- Stop and SCMPDS- Stop)(insposQ = haltscmpps
(74) cardSCMPDS- Stop=1.

(75) inspos(= domstog.

(76) Letpbe a programmed finite partial state of SCMPR®ge a natural number, arglbe an
instruction-location of SCMPDS. I € domp, theniz + k € dom Shif( p, k).

3 The proposition (64) has been removed.
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5. SHIFTABILITY OF PROGRAM BLOCKS AND INSTRUCTIONS

Leti be an instruction of SCMPDS and letbe a natural number. We say thatalid atn if and
only if the conditions (Def. 11) are satisfied.

(Def. 11)(i)) If InsCodéi) = 0, then there existk; such thai = gotok; andn—+k; > 0,
(i) ifInsCode(i) = 4, then there exist, ki, ke such that = (a,k;) <> 0_gotok, andn+kp >
0,
(iii)  if InsCode(i) = 5, then there exis, ki, ko such thai = (a,k;) <= 0_gotok, andn+ky >
0, and
(iv) ifInsCod€(i) = 6, then there exisa, ki, ks such thai = (a,k;) >= 0_gotok, andn+ky >
0.

We now state the proposition

(77) Leti be an instruction of SCMPDS amd n be natural numbers. Ifvalid atmandm < n,
theni valid atn.

LetI1 be a finite partial state of SCMPDS. We say thas shiftable if and only if:

(Def. 12) For alln, i such that inspas € doml; andi = I1(inspos1) holds InsCodé) # 1 and
InsCodéi) # 3 andi valid atn.

Let us mention that there exists a Program-block which is parahalting and shiftable.
Leti be an instruction of SCMPDS. We say thét shiftable if and only if:

(Def. 13) InsCodé) = 2 or InsCodé) > 6.

Let us note that there exists an instruction of SCMPDS which is shiftable.
Let us consides, k;. Note thata:=k; is shiftable.

Let us considea, ki, ko. Note thatay, :=k; is shiftable.

Let us considea, ki, ky. Observe that AddT@, ki, k) is shiftable.

Let us consideag, b, ki, ko. One can check the following observations:

x  AddTo(a, ki, b, ko) is shiftable,

x  SubFronga, ki, b, ky) is shiftable,

*  MultBy (a, ki, b, k2) is shiftable,

« Divide(a ki, b, k») is shiftable, and
x (a,kq) := (b, ko) is shiftable.

Letl, J be shiftable Program-blocks. Note that] is shiftable.

Leti be a shiftable instruction of SCMPDS. Note that LGads shiftable.

Leti be a shiftable instruction of SCMPDS andJdte a shiftable Program-block. Observe that
i; Jis shiftable.

Let | be a shiftable Program-block and Igbe a shiftable instruction of SCMPDS. One can
verify thatl; j is shiftable.

Leti, j be shiftable instructions of SCMPDS. Observe ihatis shiftable.

Let us note that SCMPDS Stop is parahalting and shiftable.

Let | be a shiftable Program-block. Note that stagshiftable.

We now state the proposition

(78) For every shiftable Program-blotland for every intege; such that carti+k; > 0 holds
I; gotok; is shiftable.

Let nbe a natural number. One can verify that Lgaton) is shiftable.
Next we state the proposition
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(79) Letl be a shiftable Program-block;, k, be integers, and be an Int position. If carb+
ko > 0, thenl; ((a, k1) <> 0_gotoky) is shiftable.

Let k; be an integer, led be an Int position, and let be a natural number. Observe that
Load((a, ki) <> 0_goton) is shiftable.
One can prove the following proposition

(80) Letl be a shiftable Program-block;, k, be integers, and be an Int position. If cart+
ko > 0O, thenl; ((a ki) <= 0_gotoky) is shiftable.

Let k; be an integer, led be an Int position, and lat be a natural number. Observe that
Load((a, k1) <= 0_goton) is shiftable.
The following proposition is true

(81) Letl be a shiftable Program-block;, k, be integers, and be an Int position. If carb+
ko > 0, thenl; ((a, ki) >= 0_gotok) is shiftable.

Letk; be an integer, led be an Int position, and let be a natural number. One can check that
Load((a, ki) >= 0_goton) is shiftable.
One can prove the following three propositions:

(82) Lets), s be states of SCMPDS;, m be natural numbers, anki be an integer. If
IC(5,) = insposm andm+k; > 0 andIC sy +n = ICg,), then ICplusCongsy k) +n =
ICplusConsts,, ki ).

(83) Lets), s be states of SCMPDS;, m be natural numbers, aridbe an instruction of
SCMPDS. Suppos€ () = insposnandi valid atmand InsCodg) # 1 and InsCodg) # 3
and ICs) +N=1Cs, and s; [Data-Logcym = sp[Data-Logcem. Then IC Exedis) TN =
IC Exedi,s,) @Nd Exe¢i, s ) [Data-Logcm = Exedi, sp) [Data-Logcm.

(84) LetJ be a parahalting shiftable Program-block. Suppose Initialsze@d]) C s;. Let n be
a natural number. Suppose StstopJ,n) C s; andIC (s, = insposh ands; [Data-Logcm =
s|Data-Logcym. Let i be a natural number. ThenC computatios;))i) + N =
IC (computatiots,))(iy @nd Curlnstf(Computatioris;))(i)) = Curlnst((Computationisz))(i))
and(Computatiofis;))(i) [Data-Logcm = (Computationis,) ) (i) [Data-Logscm.
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