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Summary. This article describes the insert sorting algorithm using macro instruc-
tions such as if-Macro (conditional branch macro instructions), for-loop macro instructions
and While-Macro instructions etc. From the viewpoint of initialization, we generalize the
halting and computing problem of the While-Macro. Generally speaking, it is difficult to
judge whether the While-Macro is halting or not by way of loop inspection. For this reason,
we introduce a practical and simple method, called body-inspection. That is, in many cases,
we can prove the halting problem of the While-Macro by only verifying the nature of the body
of the While-Macro, rather than the While-Macro itself. In fact, we have used this method in
justifying the halting of the insert sorting algorithm. Finally, we prove that the insert sorting
algorithm given in the article is autonomic and its computing result is correct.

MML Identifier: SCMISORT.

WWW: http://mizar.orqg/JFM/Volll/scmisort.html

The articles[[25],12441,135],126]/[8]/[15],/ 1361/ [13]/ [14][ [16], [12]. [7]L 20l 9]l [21]. [28]. [11],
[23], [31], [29], [30], [22], [E], [6], [3], [, [17], [2], [32], I34], [18], [27], [4], [20], [19], and([33]
provide the notation and terminology for this paper.

1. PRELIMINARIES

Leti be a good instruction #CMgsa. Observe that Macio) is good.

Let a be a read-write integer location and ketbe an integer location. One can check that
AddTo(a,b) is good.

One can prove the following four propositions:

(1) For every functionf and for all setsd, r such thatd € domf holds domf =
dom(f+-(d——r)).

(2) Let p be a programmed finite partial state 8€Mgsa, | be an instruction-location of
SCMEsa, andip be an instruction o6CMgsa. Supposd € domp and there exists an in-
struction p; of SCMgsa such thatp; = p(l) and UsedIntLogp;) = UsedintLodi;). Then
UsedIntLog¢p) = UsedIntLod p+-(1——i1)).

(3) For every integer locatiora and for every macro instructiod holds (if a >
Othenl; Goto(insloq0)) else(Stopscy,)) (insloqcardl +4)) = goto inslogcard +4).

(4) Let p be a programmed finite partial state 8CMgsa, | be an instruction-location of
SCMEsa, andii be an instruction o6CMgsa. Supposd € domp and there exists an in-
structionp; of SCMgsa such thatp; = p(I) and UsedlritLoc(p;) = Usedint Loc(i1). Then
UsedInt Loc(p) = UsedInt Loc(p+-(1——i1)).

1This research is supported by the National Natural Science Foundation of China Grant No. 69873033.
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For simplicity, we adopt the following conventiogsis a state 06CMgsa, | is a macro instruc-
tion, a is a read-write integer location, andk, n are natural numbers.
We now state a number of propositions:

(BH For every stats of SCMgsa and for every macro instructidnsuch thats(intloc(0)) = 1
andICs = insloq0) holdss+:1 = s+- Initialized(l ).

(7) Letl be a macro instruction ara b be integer locations. If does not destrop, then
while a > 0do | does not destrol.

(8) Ifn<1lthenn=0orn=1lorn=2orn=3orn=4orn=5o0orn=6orn=70rn=_8
orn=9orn=10o0rn=11

(9) Letf, gbe finite sequences of elementsZbndm, n be natural numbers. Supposeh
andn<lenf and 1< mandm<lenf andg= f +- (m, f,) +- (n, f)). Then

M f(m=gn),
(i) f(n)=g(m),

(iiiy  for every setk such thak ## mandk # n andk € domf holds f (k) = g(k), and

(iv) f andg are fiberwise equipotent.

(10) Let s be a state ofSCMgsp and | be a macro instruction. Supposk is

halting on Initializ¢s). Let a be an integer location. TherilExedl,s))(a) =
(Computatiofiinitialize(s)+-(1+- Start-Atinsloq0)))) ) (LifeSpar(Initialize(s)+- (1 +- Start-Atinsloq0)))) ) (a).

(11) Lets, s, be states ofSCMgsa and | be an InitHalting macro instruction. Sup-
pose Initializedl) C s, and Initializedl) C s, ands; and s, are equal outside the in-
struction locations 0SCMgsa. Let k be a natural number. ThefComputatiofis; )) (k)
and (Computatiofis;))(k) are equal outside the instruction locations ®EMgsa and
Curlnst((Computatiofis; ))(k)) = Curlnst((Computatioi(sy)) (K)).

(12) Lets), s be states ofSCMgsa and | be an InitHalting macro instruction. Suppose
Initialized(l) C s; and Initializedl) C s, ands; ands, are equal outside the instruction lo-
cations of SCMgsa. Then LifeSpafs;) = LifeSparn(s;) and Resulfs;) and Results;) are
equal outside the instruction locationsSEMEesa.

(13) For every macro instructidnand for every finite sequence locatiérolds f ¢ doml.
(14) For every macro instructidnand for every integer locatiomholdsa ¢ doml.

(15) LetN be a non empty set with non empty elemeftise a halting IC-Ins-separated definite
non empty non void AMI oveN, ands be a state o8 If LifeSpan(s) < j andsis halting,
then(Computations))(j) = (Computatiors))(LifeSpar(s)).

2. BAsic PROPERTY oFwhile MACRO

One can prove the following propositions:

(16) Letshe a state cBCMgsp, | be a macro instruction, arabe a read-write integer location.
Supposes(a) < 0. Thenwhile a> 0do is halting onlnits andwhile a > 0do | is closed
onlnits.

(17) Letabe an integer locatiorl,be a macro instructiors be a state 06§CMgspa, andk be a
natural number. Suppose that
(i) 1isclosed oninis,
(i) 1 is halting onlnits,
(i) k< LifeSpar(s+- Initialized(l)),

1 The proposition (5) has been removed.
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(V) 1C (computatiors+- Initialized(while a>0 do 1)))(1+k) = C (Computatiotis+- Initialized(1))) (k) +4, and
(v) (Computatiofis+- Initialized(while a>0do1)))(1+k) D = (Computatioris+- Initialized(l))) (k) [ D.
Then IC computatiots - Initialized(while a0 do 1)))(1-+k+1) = IC (Computations- Initialized(1)))(k+1) T 4

and(Computatiofis+- Initialized(while a>0do I)))(1+k+1) [D = (Computatioris+- Initialized(l ) ) ) (k+
1)1D, whereD = Int-LocationsJ FinSeg-Locations.

(18) Let a be an integer location,| be a macro instruction, and be a state
of SCMgsa. Suppose | is closed onlnits and | is halting onlnit s and

IC (Computatiorjs+- Initialized(while a>0 do 1)))(1+LifeSpar(s+- Initialized(1))) = IC (Computatiofis+- Initialized(l ) ) ) (LifeSpar(s+- Initialized(1))) B
4. Then Curlnstf(Computatioris+- Initialized(while a> 0 do I)))(1+ LifeSpar(s+- Initialized(l )))) =
goto inslogcardl +4).

(19) Let s be a state of SCMgsa, | be a macro instruction, and be a read-
write integer location. Supposk is closed onlnits and | is halting onlnit s and

s(@) > 0. ThenIC computatiors+ Initialized(while a>0 do 1)))(LifeSpar(s+ Initialized(1))+3) = iNSIO0)
and for every natural numbek such thatk < LifeSpar(s+-Initialized(l)) + 3 holds

IC (computatiorts - Initialized(while a>0 do 1))(k) € dom(while a>0dol).
(20) Letsbe a state 68CMgsp, | be a macro instruction, arabe a read-write integer location.
Supposd is closed onlnits andl is halting onlnits ands(a) > 0. Let k be a natural num-

ber. Ifk < LifeSpar(s+- Initialized(l)) + 3, thenIC computatiors+- Initialized(while a>0 do 1)))(k) €
dom(whilea>0dol).

(21) Let s be a state ofSCMgsp, | be a macro instruction, ané& be a read-
write integer location. Supposk is closed onlnits and | is halting onlnits and

s(@) > 0. ThenIC computatiotts+- Initialized(while a>0 do 1)))(LifeSpar(s+-Initialized(1))+3) = iNSIO0)
and(Computatioifs+- Initialized(while a > 0 do I)))(LifeSpar(s+- Initialized(1)) + 3) [D =
(Computationis+- Initialized(1)) ) (LifeSpar(s+- Initialized(l))) | D, whereD = Int-LocationsJ FinSeq-Locations.

(22) Letsbe a state 06CMgsp, | be an InitHalting macro instruction, aradbe a read-write
integer location. Supposga) > 0. Then there exists a statg of SCMgsa and there exists a
natural numbek such that

(i) s =s+-Initialized(whilea>0dol),
(i) k= LifeSpar(s+- Initialized(l)) + 3,
(i) |C(Computati0t(152))(k) = insloc(O),
(iv) for every integer locatioi holds(Computatioris,)) (k) (b) = (IExedl,s))(b), and
(v) for every finite sequence locatidnholds(Computatiorisy)) (k) (f) = (IExedl,s))(f).

Let us consides, |, a. The functorStepWhile-0(a, s, 1) yielding a function fromN into [] (the
object kind ofSCMgsp) is defined by the conditions (Def. 1).

(Def. 1)(i) (StepWhile-O(a,s,1))(0) = squa element off] (the object kind 0SCMgsa) quanon
empty set, and

(ify for every natural numberholds(StepWhile-0(a, s, 1))(i+ 1) = (Computatiof(StepWhile-0(a, s, 1)) (i)+- Initialize
0dol)))(LifeSpar((StepWhile-0(a, s, 1))(i)+- Initialized(l)) + 3).

Next we state several propositions:
(ZSE] (StepWhile-0(a, s, 1)) (k+ 1) = (StepWhile-0(a, (StepWhile-0(a, s, 1)) (k),1))(1).

(26) Letl be a macro instructiona be a read-write integer location, amsdbe a state of
SCMgsa.  Then (StepWhile-0(a,s,1))(0 + 1) = (Computatioifs+- Initialized(while a >
0dol)))(LifeSpar(s+- Initialized(l)) + 3).

2 The propositions (23) and (24) have been removed.



INSERT SORT ONSCMYsa 4

(27) Let| be a macro instructiona be a read-write integer locatiors be a state of
SCMgsa, and k, n be natural numbers.  Suppos€ sepwhieo(as)) k) = iNslog0)
and (StepWhile-0(a,s,1))(k) = (Computatiofis+- Initialized(while a > 0do1)))(n) and
(StepWhile-0(a, s, 1)) (k) (intloc(0)) = 1. Then(StepWhile-0(a, s, 1)) (k) = (StepWhile-0(a, s, 1)) (k)+- Initialized(wh
0doI) and(StepWhile-0(a, s, 1)) (k+1) = (Computatioris+- Initialized(while a>0do 1)))(n+
(LifeSpar((StepWhile-0(a, s, 1)) (k)+- Initialized(l ) ) + 3)).

(28) Letl be a macro instructiom be a read-write integer location, agtle a state 05CMgsa.
Given a functionf from [](the object kind ofSCMgsa) into N such that lek be a natural
number. Then
(i) if f((StepWhile-0(a,s,1))(k)) #0, thenf ((StepWhile-0(a, s,1))(k+1)) < f((StepWhile-0(a,s,1))(k))
andl is closed onlni{StepWhile-0(a, s, 1)) (k) andl is halting onlInit(StepWhile-0(a, s, 1)) (k),
(i)  (StepWhile-O(a,s,1))(k+ 1)(intloc(0)) = 1, and
(i) f((StepWhile-0(a,s,1))(k)) = 0 iff (StepWhile-0(a,s,1))(k)(a) < O.
Thenwhile a > 0do | is halting onlnitsandwhile a> 0do | is closed onlnis.

(29) Letl be a good InitHalting macro instruction aade a read-write integer location. Sup-
pose that for every statof SCMgsa such thas(a) > 0 holds(IExed],s))(a) < s(a). Then
while a> 0do | is InitHalting.

(30) Letl be a good InitHalting macro instruction aade a read-write integer location. Sup-
pose that for every stateof SCMrsa holds(IExed(,s))(a) < s(a) or (IExedl,s))(a) < 0.
Thenwhile a > 0do | is InitHalting.

Let D be a set, lef be a function fronD into Z, and letd be an element dD. Thenf(d) is an
integer.
We now state several propositions:

(31) Letl be a good InitHalting macro instruction aadbe a read-write integer location. Given
a functionf from ] (the object kind 06CMgsp) into Z such that les, t be states 0BCMrsa.
Then

@) if f(s)>0,thenf(IExedl,s)) < f(s),
(i) if s;D=t|D,thenf(s)= f(t), and
(i) f(s)<0iff s(a) <O0.
Thenwhile a> 0do | is InitHalting, whereD = Int-LocationsJ FinSeg-Locations.

(82) Letsbe a state 065CMgsa, | be a macro instruction, aralbe a read-write integer lo-
cation. If s(a) <0, then IExe¢while a > 0do,s)[(Int-LocationsJFinSeq-Locations=
Initialize(s) [ (Int-LocationsJ FinSeq-Locations

(33) Let s be a state of SCMgsa, | be a good InitHalting macro instruction, and
a be a read-write integer location. K(a) > 0 and whilea > 0dol is InitHalt-
ing, then IExe¢while a > 0 do I, s)[(Int-LocationsJ FinSeq-Locations= IExeqwhile a >
Odol,lExeql,s))[(Int-Locations) FinSeq-Locations

(34) Letsbe a state 08CMgga, | be a macro instructiorf, be a finite sequence location, aad
be a read-write integer location.dfa) < O, then(IExeqwhile a> 0do|,s))(f) = s(f).

(35) Lets be a state ofSCMgsp, | be a macro instructionh be an integer location, and
a be a read-write integer location. #a) < 0, then (IExeqwhilea > 0dol,s))(b) =
(Initialize(s))(b).

(36) Letsbe a state 0BCMEsa, | be a good InitHalting macro instructiof pbe a finite sequence
location, anda be a read-write integer location.dfa) > 0 andwhile a> 0 do | is InitHalting,
then(IExeqwhile a>0do,s))(f) = (IExeqwhile a> 0dol,IExed]l,s)))(f).

(837) Letsbe a state 065CMgsp, | be a good InitHalting macro instructiob,be an integer
location, anda be a read-write integer location.dfa) > 0 andwhile a> 0 do | is InitHalting,
then(IExeqwhile a> 0dol,s))(b) = (IExeqwhile a> 0do,IExedl,s)))(b).
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3. INSERTSORT ALGORITHM
Let f be a finite sequence location. The functor insert-Egrelding a macro instruction is defined
by:

(Def. 2) insert-sorf =iy; (ag:=lenf); SubFronfas, ap); Timegas, (ax:=lenf); SubFronfay,as1); (ag:=az); AddTo(as, ap);
0do ((as:=fa,); SubFrontas, ag); (if as > 0 then Macra(SubFronfay,ay)) else(AddTo(as, ap); SubFrontay, ap))))
where i; = (azi=ap); (ag:=ap); (au:=ap); (as:=ap); (8s:=ap), a = intloc(2), ag =
intloc(0), ag = intloc(3), a4 = intloc(4), as = intloc(5), ag = intloc(6), anday = intloc(1).

The macro instruction Insert-Sort-Algorithm is defined by:
(Def. 3) Insert-Sort-Algorithm= insert-sortfslo¢0).

The following propositions are true:

(38) Forevery finite sequence locatibholds UsedIntLo@nsert-sorf ) = {ap,a1,az,a3,a4,8s,3s},
whereag = intloc(0), a; = intloc(1), ap = intloc(2), ag = intloc(3), a4 = intloc(4), as =
intloc(5), andag = intloc(6).

(39) For every finite sequence locatifriholds UsediritLoc(insert-sortf) = {f}.

(40) For all instructiongs, ko, ks, kg of SCMgsa holds cardks; ko; ks; kq) = 8.

(41) For all instructiongs, ko, ks, ks, ks of SCMgsa holds cardks; ko; ks; ka; ks) = 10.
(42) For every finite sequence locatidrolds cardinsert-soft= 82

(43) For every finite sequence locatibrand for every natural numbérsuch thak < 82 holds
inslogdk) € dominsert-sorf.

One can prove the following proposition
(44) insert-sortfslo@®) is keepiIntO 1 and InitHalting.
We now state several propositions:

(45) Letsbe a state 06CMgsa. Then
() s(fo) and(IExeqinsert-sortfy, s))(fo) are fiberwise equipotent, and

(i) for all natural numbers, j such thai > 1 andj < lens(fp) andi < j and for all integers
X1, X2 such thak; = (IExedinsert-sortfp,s))( fo)(i) andx, = (IExedinsert-sorffy,s))( fo)(j)
holdsx; > Xo,

wherefg = fsloc(0).
(46) Leti be a natural numbes,be a state 06CMgsa, andw be a finite sequence of elements

of Z. If Initialized(Insert-Sort-Algorithm-+-(fsloc(0)——w) C s, thenIC computations)) (i) €
dom Insert-Sort-Algorithm

(47) Lets be a state ofSCMgsa andt be a finite sequence of elements Bf Suppose
Initialized(Insert-Sort-Algorithm+-(fsloc(0)——t) C s. Then there exists a finite sequence
u of elements oR such that

(i) tanduare fiberwise equipotent,
(i) uis non-increasing and a finite sequence of element ahd
(i)  (Results))(fsloc(0)) = u.

(48) For every finite sequeneeof elements o holds InitializedInsert-Sort-Algorithm-+- (fsloc(0) —w)
is autonomic.

(49) Initialized Insert-Sort-Algorithm computes Sorting-Function.
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