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Summary. An attempt to use thehile macro, [16], was the origin of writing this
article. Thewhile semantics, as given by J.-C. Chen, is slightly extended by weakening its
correctness conditions and this forced a quite straightforward remake of a number of theorems
from [16]. Numerous additional properties of theile macro are then proven. In the last
section, we define a macro instruction computing thec function (see the SCM program
computing the same function in_[12]) and prove its correctness.

MML Identifier: SCMFSA9A.

WWW: http://mizar.org/JFM/Voll0/scmfsa9a.html

The articles[[2B],[132],[[24],125]/122] [17]/19],,130] 18]/ 120]/133] [113]/ [14] [ [15] T11]. 11 7]. 126],
[10], 211, [29], [27], 28], (8], [19], (€], [4], [3], [1], [2], [16], [18], and [31] provide the notation
and terminology for this paper.

1. ARITHMETIC PRELIMINARIES

We adopt the following conventiork, m, n are natural numbers, j are integers, andis a real
number.

The schemeMinPred deals with a unary functofF yielding a natural number and a unary
predicate?, and states that:

There existk such thatP[k] and for everyn such thatP[n] holdsk < n

provided the parameters meet the following condition:

e Foreveryk holds 7 (k+ 1) < F (k) or P[K].

One can prove the following propositions:

(1) nis odd iff there exists a natural numbdesuch than =2-k+ 1.
(2) For every integersuch thaf <r holdsi < |r].

(3) If0 < n,then 0< (mquainteger)-+n.

(4) IfO<iandl< j,theni+j<i.

(5) (mquainteger)+n=m-nand(mquainteger) mod = mmodn.

2. SCMgsa PRELIMINARIES

In the sequel denotes an instruction-location 8CMgsa andi denotes an instruction &CMgsa.
We now state several propositions:
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(6) LetN be a non empty set with non empty elemerfishe a halting IC-Ins-separated
definite non empty non void AMI oveN, s be a state ofS andk be a natural num-
ber. If Curlnst{(Computations))(k)) = halts, then (Computations))(LifeSpar(s)) =
(Computatiorfs))(K).

(7) UsedintLog¢l——i) = UsedIntLodi).
(8) UsedintLoc(l——i) = Usedint Loc(i).
(9) UsedIntLo¢Stopscp,) = 0.

(10) UsedintLoc(Stopscpeg,) = 0

(11) UsedIntLo¢Goto(l)) = 0.

(12) UsedIntLoc(Goto(l)) = 0.

For simplicity, we follow the ruless, s, S, denote states dCMgsp, a denotes a read-write
integer locationp denotes an integer locatioh, J denote macro instruction$;, denotes a good
macro instruction, ang j, k denote natural numbers.

One can prove the following four propositions:

(13) UsedIntLo¢if b=0then| elsed) = {b} UUsedIntLo¢l ) UUsedIntLogJ).

(14) For every integer locaticamholds UsedlrtLoc(if a= 0then| elseJ) = UsedInt Loc(l)U
Usedint Loc(J).

(15) UsedIntLo¢if b > O0then| elsed) = {b} UUsedIntLogl) UUsedIntLogJ).
(16) UsedIntLoc(if b > Othen| elseJ) = UsedInt Loc(l) UUsedInt Loc(J).

3. THEwhile=0 MACROINSTRUCTION
The following two propositions are true:

(17) UsedIntLo¢while b=0do) = {b} UUsedIntLogl).
(18) UsedIntLoc(while b=0do|)= Usedint Loc(l).

Letsbe a state 0BCMgsp, letabe a read-write integer location, andlldéte a macro instruction.
The predicate ProperBodyWh#®(a, I, s) is defined as follows:

(Def. 1) For every natural numbé&rsuch thaf StepWhile-0(a, 1,s))(k)(a) = 0 holdsl is closed on
(StepWhile=0(a, I, s)) (k) and halting on(StepWhile-0(a, 1, s)) (k).

The predicate WithVariantWhiteO(a, I, s) is defined by the condition (Def. 2).

(Def. 2) There exists a functiof from [ (the object kind ofSCMgs,) into N such that for every
natural numbek holds

f((StepWhile=0(a,1,s))(k+1)) < f((StepWhile-0(a,1,s))(k)) or (StepWhile=0(a, I, s))(k)(a) #
0.

We now state several propositions:

(19) For every parahalting macro instructibholds ProperBodyWhileO(a, 1, s).

(20) If ProperBodyWhile=0(a,1,s) and WithVariantwWhile=0(a,1,s), thenwhilea=0do| is
halting onsandwhile a=0do | is closed ors.

(21) For every parahalting macro instructibrsuch that WithVariantWhileO(a,l,s) holds
while a=0do | is halting onsandwhile a=0do | is closed ors.
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(22) If (whilea=0dol)+S§ C sands(a) # 0, then LifeSpafs) = 4 and for every nat-
ural numberk holds (Computatiot(s))(k)|D = s|D, where S; = Start-Atinsloq0)) and
D = Int-LocationsJ FinSeq-Locations.

(23) If I is closed ons and halting ons and s(a) = 0, then (Computatioris+-((while a =
0dol)+- Start-Atinsloq0)))))(LifeSpar(s+- (I +- Start-Afinslog0)))) + 3) ID = (Computatiotis+- (I +- Start-Afin:
whereD = Int-LocationsJFinSeq-Locations.

(24) If (StepWhile=0(a,1,9))(k)(a) # 0, then(StepWhile=0(a, I, s))(k+ 1) [D = (StepWhile=0(a, 1, s)) (k) [ D,
whereD = Int-LocationsJFinSeq-Locations.

(25) Suppostis halting on Initializ¢(StepWhile-0(a, 1,s))(k)), closed on InitializéStepWhile=0(a, 1, s) ) (k)),
and parahalting an@GtepWhile-0(a, 1, s)) (k) (a) = 0 and(StepWhile-0(a, I, s)) (k) (intloc(0)) =
1. Then(StepWhile-0(a,1,s))(k+ 1) D = IExed!, (StepWhile-0(a, 1,s))(k)) [D, whereD =
Int-LocationsJFinSeq-Locations.

(26) If ProperBodyWhile=0(a,l1,s) or |1 is parahalting and i§(intloc(0)) = 1, then for every
k holds(StepWhile=0(a, 11, s))(k)(intloc(0)) = 1.
)

(27) If ProperBodyWhile=0(a, 1,s;) ands; [D = 5| D, then for everk holds(StepWhile=0(a, 1,s;)) (k) [D =
(StepWhile=0(a, 1,s)) (k) |D, whereD = Int-LocationsJ FinSeq-Locations.

Letsbe a state 0BCMggsa, letabe a read-write integer location, andlldte a macro instruction.
Let us assume that ProperBodyWhi@(a, |, s) or | is parahalting and WithVariantWhie0(a, 1,s).
The functorExitsAtWhile=0(a, |, s) yields a natural number and is defined by the condition (Def. 3).

(Def. 3) There exists a natural numbesuch that
(i) ExitsAtWhile=0(a,l,s) =k,
(i)  (StepWhile=0(a,1,s))(k)(a) # O,
(iiiy  for every natural number such thai{StepWhile-0(a,1,s))(i)(a) # 0 holdsk < i, and

(iv) (Computatiotis+-((while a=0dol)+-S;)))(LifeSpar(s+-((while a=0do1)+-S))) D=
(StepWhile=0(a,1,s))(k) ID,

whereS, = Start-Af(inslo0)) andD = Int-LocationgJ FinSeg-Locations.

Next we state two propositions:

(28) If s(intloc(0)) = 1 ands(a) # 0, then IExe¢while a=0dol,s)[D = s|D, whereD =
Int-LocationsJ FinSeq-Locations.

(29) If ProperBodyWhile=0(a, 1, Initialize(s)) orl is parahalting and if WithVariantWhite0(a, I, In|t|aI|ze(s))
then IExe¢while a=0do,s)[D = (StepWhile-0(a, I, Initialize(s) ) ) (ExitsAtWhile=0(a, I, Initialize(s))) |D
whereD = Int-LocationsJFinSeqg-Locations.

4. THE while>0 MACRO INSTRUCTION
Next we state two propositions:

(30) UsedIntLoéwhile b> 0do ) = {b} UUsedIntLog]l).
(31) UsedintLoc(while b> 0dol) = Usedint Loc(l).

Letsbe a state 0BCMggsa, letabe a read-write integer location, andlldte a macro instruction.
The predicate ProperBodyWhité(a, I, s) is defined as follows:

(Def. 4) For every natural numb&rsuch thaiStepWhile-0(a, I, s)) (k) (a) > 0 holdsl is closed on
(StepWhile-0(a, 1, s)) (k) and halting or(StepWhile-0(a, I, s)) (K).

The predicate WithVariantWhiteO(a, 1, s) is defined by the condition (Def. 5).
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(Def. 5) There exists a functiof from [ (the object kind ofSCMgs,) into N such that for every
natural numbek holds

f((StepWhile-0(a,1,s))(k+1)) < f((StepWhile-0(a,1,s))(k)) or (StepWhile-0(a,1,s))(k)(a) <
0.

We now state several propositions:

(32) For every parahalting macro instructibholds ProperBodyWhite0O(a, I, s).

(33) If ProperBodyWhile-0(a,1,s) and WithVariantWhile-0(a, I, s), thenwhile a > 0do| is
halting onsandwhile a > 0do | is closed ors.

(34) For every parahalting macro instructibrsuch that WithVariantWhile0(a,1,s) holds
while a> 0do is halting onsandwhile a> 0do | is closed ors.

(35) If (whilea> 0dol)+-S C s ands(a) <0, then LifeSpais) = 4 and for every nat-
ural numberk holds (Computatiof(s))(k)|D = s|D, where S; = Start-Afinsloq0)) and
D = Int-LocationsJ FinSeqg-Locations.

(36) If I is closed ons and halting ons and s(a) > 0, then (Computatiofis+-((while a >

0do I)+- Start-Afinsloq0)))))(LifeSpar(s+- (I +- Start-Af(insloq0)))) +3) |D = (Computatiofs+- (I +- Start-Af(ins

whereD = Int-LocationsJFinSeq-Locations.

(37) If (StepWhile-0(a,1,9))(k)(a) <0, then(StepWhile-0(a, I, s))(k+ 1) [D = (StepWhile-0(a,1,s)) (k) [ D,
whereD = Int-LocationsJFinSeq-Locations.

(38) Suppostis halting on Initializ¢(StepWhile-0(a, 1,s))(k)), closed on InitializéStepWhile-0(a, 1, s) ) (k)),
and parahalting an@stepWhile-0(a, 1,s)) (k) (a) > 0 and(StepWhile-0(a, |, s)) (k) (intloc(0)) =
1. Then(StepWhile-0(a,1,s))(k+ 1) D = IExed!, (StepWhile-0(a, 1,s))(k)) [D, whereD =
Int-LocationsJ FinSeq-Locations.

(39) If ProperBodyWhile-O(a,l1,s) or |1 is parahalting and i§(intloc(0)) = 1, then for every
k holds(StepWhile-0(a, I1,s)) (k) (intloc(0)) = 1.
)

(40) If ProperBodyWhile-0(a, 1,s1) ands; [D = s [D, then for everk holds(StepWhile-0(a, 1,s1)) (k) [D =
(StepWhile-0(a, 1,s2)) (k) |D, whereD = Int-LocationsJFinSeg-Locations.

Letsbe a state 0BCMggsa, letabe a read-write integer location, andlldte a macro instruction.
Let us assume that ProperBodyWhil@(a, |, s) or | is parahalting and WithVariantWhiteO(a, 1, s).
The functorExitsAtWhile-0(a, 1, s) yielding a natural number is defined by the condition (Def. 6).
(Def. 6) There exists a natural numbesuch that
() ExitsAtWhile-0(a,l,s) =k,
(i)  (StepWhile-0(a,1,s))(k)(a) <0,
(iii)  for every natural number such thai StepWhile-0(a, 1,s))(i)(a) < 0 holdsk <'i, and

(iv) (Computatiotis+-((while a>0dol)+-S;)))(LifeSpar(s+-((whilea>0do1)+-S))) D=
(StepWhile-0(a, 1,s)) (k) [D,

whereS; = Start-Atinslo0)) andD = Int-LocationsJ FinSeg-Locations.

Next we state several propositions:

(41) |If s(intloc(0)) = 1 ands(a) < 0, then IExe¢while a > 0dol,s)[D = s|D, whereD =
Int-LocationsJ FinSeq-Locations.

(42) If ProperBodyWhile-0(a, I, Initialize(s)) or | is parahalting and if WithVariantWhiteO(a, I, Inmahze(s))
then IExe¢while a>0do|,s)[D = (StepWhile-0(a, I, Initialize(s) ) ) (ExitsAtWhile-0(a, I, Initialize(s))) [ D
whereD = Int-LocationsJFinSeq-Locations.
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(43) If (StepWhile-0(a,l,s))(k)(a) < 0, then for every natural numben such that
k < n holds (StepWhile-0(a,l,s))(n)[D = (StepWhile-0(a,l,s))(k)[D, where D =
Int-LocationsJFinSeq-Locations.

(44) If 51D = s2|D and ProperBodyWhiteO(a,l,s;), then ProperBodyWhile0O(a,1,s;),
whereD = Int-LocationsJFinSeq-Locations.

(45) Supposs(intloc(0)) =1 and ProperBodyWhiteO(a, |1,s) and WithVariantWhile-0(a, I1,s).
Letgiveni, j. Supposeé+# j andi < ExitsAtWhile-0(a, I1,s) andj < ExitsAtWhile-0(a, 11,s).
Then(StepWhile-0(a, 11, 9))(i) # (StepWhile-0(a, 11,s))(j) and(StepWhile-0(a, I1,5)) (i) |D #
(StepWhile-0(a, 11,5))(j) D, whereD = Int-LocationsJ FinSeq-Locations.

Let f be a function fronT] (the object kind 0SCMgsa) into N. We say thaff is on data only if
and only if:

(Def. 7) Foralls;, s; such that; [D =s,[D holdsf(s;) = f(s2), whereD = Int-LocationsJ FinSeg-Locations.

We now state two propositions:

(46) Supposse(intloc(0)) = 1 and ProperBodyWhileO(a, |1,s) and WithVariantWhile-0(a, 11, ).
Then there exists a functioh from [](the object kind ofSCMpsa) into N such thatf
is on data only and for every natural numbBeholds f ((StepWhile-0(a,l1,5))(k+ 1)) <
f((StepWhile-0(a,11,s))(k)) or (StepWhile-0(a, 11,s))(k)(a) < 0.

(47) Ifsi(intloc(0)) =1 ands; [D = s, |D and ProperBodyWhite0(a, |1,s1) and WithVariantWhile-0(a, I1,s1),
then WithVariantWhile-0(a, |1,s2), whereD = Int-LocationsJ FinSeq-Locations.

5. A MACRO FOR THEfusc FUNCTION

LetN, r1 be integer locations. The functor Fust@crdN, r1) yielding a macro instruction is defined
by:

(Def. 8) FuscmacrdN,r1) = SubFrongry,r1); (n1:=intloc(0)); (a1:=N); (while a; > 0 do ((r2:=2); Divide(as,r2); (if r2-
0 then Macro(AddTo(ny,r1)) elseMacra/AddTo(r1,m))))), wheren; = 13:-RWNotIn({N,r1}),
ag = 2"-RWNotIn({N,r1}), andrz = 3"-RWNotIn({N,ry}).

One can prove the following proposition

(48) Let N, r; be read-write integer locations. Suppobke# ri. Let n be a nat-
ural number. If n = s(N), then (IExeqFuscmacrdN,r1),s))(r1) = Fusgn) and
(IExeqFuscmacrdN,r1),s))(N) = n.
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