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Summary. We define the semantics of macro instructions (introduced ih [19]) in
terms of executions @CMgsa. In a similar way, we define the semantics of macro composi-
tion. Several attributes of macro instructions are introduced (paraclosed, parahalting, keeping
0) and their usage enables a systematic treatment of the composition of macro intructions.
This article is continued in [1].

MML Identifier: SCMFSA6B.

WWW: http://mizar.orqg/JFM/Vol8/scmfsabb.html

The articlesl[14],[[15],[[8],[[21],[[22],17],[[8],[[4],[[2],[[9],[10],[[11],[[16] [[5] 18] [[6],.[20],[[17],
[18], [19], and [12] provide the notation and terminology for this paper.

1. PRELIMINARIES
One can prove the following proposition

(SE] For all functions f, g and for every setA such thatAndomf C Andomg holds
(f+glA)JA=glA.

2. PROPERTIES OFSTART-AT

For simplicity, we adopt the following conventiom, n denote natural numbers,denotes a set,
denotes an instruction &CMgsa, | denotes a macro instructioa,denotes an integer locatiofi,
denotes a finite sequence locatibrl; denote instruction-locations & CMgsa, ands, s;, S, denote
states oSCMgsa.

One can prove the following propositions:

(4) Start-A(insloq0)) C Initialized(l).
(5) If I4-Start-Af(inslogn)) C s, thenl Cs.
(6) (I+-Start-Atinslo(n)))[the instruction locations @CMgsa = I.

(7) If xedoml, thenl (x) = (14 Start-Afinsloan)))(x).

1This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
1 The propositions (1) and (2) have been removed.
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(8) IfInitialized(l) C s, thenl+- Start-Af(insloq0)) C s.
(9) a¢ domStart-Afl).

(10) f ¢ domStart-Afl).

(11) 11 ¢ dom Start-Afl).

(12) a¢ dom(l+-Start-Atl)).

(13) f ¢ dom(l+- Start-Atl)).

(14) s+-1+-Start-Atinsloq0)) = s+- Start-Atinsloq0))+-1.

3. PROPERTIES OFAMI STRUCTURES

In the sequeN is a non empty set with non empty elements.
Next we state two propositions:

(15) If s=Following(s), then for everyn holds(Computatioffs))(n) = s.

(16) LetSbe a halting IC-Ins-separated definite non empty non void AMI &emnds be a
state ofS. If sis halting, then Resul$) = (Computatiorfs))(LifeSpar(s)).

Let us consideN, let Sbe an IC-Ins-separated definite non empty non void AMI dvelet s
be a state 08, letl be an instruction-location @8, and leti be an instruction 08. Thens+- (1,i) is
a state ofS

Letsbe a state 08CMgshp, letl, be an integer location, and lebe an integer. ThesH-- (12, k)
is a state 0BECMgsa.

We now state the proposition

(17) LetSbe a steady-programmed IC-Ins-separated definite non empty non void AMNover
she a state 08, and givem. Thens[the instruction locations &= (Computatiofs))(n) [the
instruction locations o&.

4, EXECUTION OF MACRO INSTRUCTIONS

Let| be a macro instruction and Iebe a state 05CMgsa. The functor IExed, s) yields a state
of SCMgsa and is defined by:

(Def. 1) IExeql,s) = Resulfs+- Initialized(l))+-s|the instruction locations GBCMgga.
Let| be a macro instruction. We say thas paraclosed if and only if:

(Def.2) For every states of SCMgsa and for every natural numbemn such that
| +- Start-Af(insloq0)) C s h0|d3|c(Computatior(ls))(n) € doml.

We say that is parahalting if and only if:
(Def. 3) |+ Start-Atinslo(0)) is halting.
We say that is keeping O if and only if:

(Def. 4) For every stats of SCMgsp such thatl +- Start-Afinsloq0)) C s and for every natural
numberk holds(Computatiofs)) (k) (intloc(0)) = s(intloc(0)).

Let us note that there exists a macro instruction which is parahalting.
We now state two propositions:

(18) For every parahalting macro instructibsuch thatl +- Start-Atinsloq0)) C s holdss is
halting.
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(19) For every parahalting macro instructibsuch that Initialized ) C sholdssis halting.

Let| be a parahalting macro instruction. One can verify that Initialikeid halting.
One can prove the following two propositions:

(20) s2+4-(IC(s),g0t0(IC s,))) is not halting.
(21) Suppose that

(i) s ands are equal outside the instruction locationsS&@Mgsa,
(i) 1Cs,
(i) 1Cs,and
(iv)  for everymsuch tham < n holdsIC computatios,))(m) € doml.

Let givenm. Supposean < n. Then (Computatioris;))(m) and (Computatioits))(m) are
equal outside the instruction locationsSEMesa.

Let us observe that every macro instruction which is parahalting is also paraclosed and every
macro instruction which is keeping 0 is also paraclosed.
One can prove the following three propositions:

(22) Letl be a parahalting macro instruction aace a read-write integer location. # ¢
UsedintLogl ), then(IExedl,s))(a) = s(a).

(23) For every parahalting macro instruction such that f ¢ UsedIntLoc(l) holds

(IExedl,s))(f) =s(f).
(24) IfICs=1ands(l) = gotol, thensis not halting.

Let us observe that every macro instruction which is parahalting is also non empty.
We now state a number of propositions:

(25) For every parahalting macro instructioholds domi # 0.
(26) For every parahalting macro instructibholds inslo¢0) € doml.

(27) LetJ be a parahalting macro instruction. Suppdse Start-Atinsloq0)) C s;. Let n
be a natural number. Suppose Program{Ratbcatedl,n)) C s, andIC s, = inslogn)
and s;[(Int-LocationsJFinSeqg-Locations = s;[(Int-LocationsJFinSeq-Locations Let
i be a natural number. ThenC computationis;))(i) + N = 1C (computatiotsy))i) and

IncAddr(Curlnst (Computatioris;))(i)),n) = Curlnsti((Computatioris;))(i)) and(Computations; ) ) (i) [ (Int-Locatic
(Computationisp))(i) [ (Int-LocationsJ FinSeq-Locations

(28) Letl be a parahalting macro instruction. Suppdse Start-Af(insloq0)) C s; and
|+ Start-Af(insloq0)) C s, ands; and s, are equal outside the instruction locations of
SCMgsa. Letk be a natural number. Thé@omputatiofis; )) (k) and(Computatioits;) ) (k)
are equal outside the instruction locationS6Mgsa and Curlnstf(Computatioris; ))(k)) =
Curlnsti((Computatiorisy)) (K)).

(29) Letl be a parahalting macro instruction. Suppdse Start-Afinsloq0)) C s; and
|+ Start-At(insloc0)) C s, ands; and s, are equal outside the instruction locations of
SCMesa. Then LifeSpafs;) = LifeSpar(s;) and Resulfs;) and Results;) are equal out-
side the instruction locations &CMgsa.

(30) For every parahalting macro instructibholds|C gxeq1,s) = IC Results+- Initialized(1)) -

(31) For every non empty macro instructidnholds inslo¢0) € doml and inslo¢0) €
dominitialized1) and inslo¢0) € dom(l +- Start-Afinsloq0))).

(32) xedomMacrdi) iff x=insloq0) or x=inslog(1).



ON THE COMPOSITION OF MACRO INSTRUCTIONS. .. 4

(33) (Macrq(i))(insloq0)) =i and(Macra(i))(insloq1)) = haltscmes, and(Initialized(Macra(i))) (inslog0)) =
i and(Initialized(Macrq(i)))(insloq1)) = haltscmes, and(Macrq(i)+- Start-At(insloq0)) ) (inslog0)) =
i

(34) If Initialized(l) C s, thenlCs = inslod0).

One can verify that there exists a macro instruction which is keeping 0 and parahalting.
We now state the proposition

(35) For every keeping 0 parahalting macro instructitwlds (IExed!, s))(intloc(0)) = 1.

5. THE COMPOSITION OF MACRO INSTRUCTIONS
Next we state several propositions:

(36) Let| be a paraclosed macro instruction addbe a macro instruction. Suppose
I+- Start-Afinslo0)) C sands s halting. Let giverm. Supposen < LifeSpar(s). Then
(Computatioigs))(m) and (Computatioris+-(I; J)))(m) are equal outside the instruction lo-
cations ofSCMgga.

(37) For every paraclosed macro instructlosuch thas+1 is halting and Directed) C sand
Start-Af(inslog0)) C sholdsIC (computations)) (Lifesparts+1)+1) = insloc(card! ).

(38) Letl be a paraclosed macro instruction. s is halting and Directed) C s and
Start-Af(insloq0)) C s, then(Computatiofs) ) (LifeSpar(s+-1)) [ (Int-LocationsJ FinSeg-Locations=
(Computationis) ) (LifeSpar(s+:1) + 1) [(Int-LocationsJ FinSeq-Locations

(39) Letl be a parahalting macro instruction. Suppose Initialized s. Letk be a natural num-
ber. Ifk < LifeSpar(s), then Curlinstf(Computatioris+- Directedl)))(k)) # haltscmeg,-

(40) Let | be a paraclosed macro instruction. Suppase(l+- Start-Atinslog0))) is
halting. LetJ be a macro instruction an# be a natural number. Suppose<
LifeSpar{s+-(l+- Start-Ainslo(0)))). Then(Computatiotis+- (I +- Start-Afinslog0))))) (k)
and(Computatioiis+-((I; J)+- Start-Af(insloq0))))) (k) are equal outside the instruction lo-
cations ofSCMEgsa.

Letl, J be parahalting macro instructions. Observe thdtis parahalting.
The following two propositions are true:

(41) Let | be a keeping O macro instruction. Suppose:(I+- Start-Afinslog0))) is
not halting. LetJ be a macro instruction and& be a natural number. Then
(Computatiofis+- (I +- Start-Af(insloq0))))) (k) and(Computatiois+-((I; J)+- Start-Af(insloq0))))) (k)
are equal outside the instruction locationsSS&Mgsa.

(42) Letl be a keeping 0 macro instruction. Suppasel is halting. LetJ be a paraclosed
macro instruction. Suppogé; J)+- Start-Af(insloq0)) C s. Letk be a natural number. Then
(ComputatiofiResults+-1)+-(J+- Start-Afinslod(0))))) (k) +- Start-A{IC computatiorResults+ 1)+-(3+- StartAt(inslod(0))))
card) and(Computatiotis+-(1; J)))(LifeSpar(s+-1) + 1+ k) are equal outside the instruc-
tion locations ofSCMgsa.

Letl, J be keeping 0 macro instructions. Note thal is keeping 0.
The following two propositions are true:

(43) Letl be a keeping O parahalting macro instruction ahde a parahalting macro
instruction.  Then LifeSpdis+- Initialized(l; J)) = LifeSpar(s+- Initialized(l)) + 1 +
LifeSpar{Resul{s+- Initialized(l ))+- Initialized(J)).

(44) Letl be a keeping 0 parahalting macro instruction aibe a parahalting macro instruction.
Then IExe¢l; J,s) = IExedJ, IExedl,s))+- Start-A{1C |gxeq s, iIExeq1.s)) + card ).
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