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Summary. We present the bubble sorting algorithm using macro instructions such as
the if-Macro (conditional branch macro instructions) and the Times-Macro (for-loop macro
instructions) etc. The correctness proof of the program should include the proof of autonomic,
halting and the correctness of the program result. In the three terms, we justify rigorously
the correctness of the bubble sorting algorithm. In order to prove it is autonomic, we use the
following theorem: if all variables used by the program are initialized, it is autonomic. This
justification method probably reveals that autonomic concept is not important.

MML Identifier: SCMBSORT.
WWW: http://mizar.org/JFM/Voll0/scmbsort.html

The articles|[26],[125],[35],[19],[110],[[271,.18],[133],.[36],[122] [ [11] , T13]/ [14] [18] [ [17]._[34],
[12], [21], [29], [24], [32], [16], [7], [30], [28], [15], [B], [6], [31], [23], [1], [2], [4], [20], [3], and
[19] provide the notation and terminology for this paper.

For simplicity, we adopt the following conventiorp is a programmed finite partial state of
SCMEsa, i1 is an instruction ofSCMgsap, i, j, k are natural numbersf;, f are finite sequence
locations,a, b are integer locations, angis an instruction-location d6CMgga.

Next we state a number of propositions:

(3H Letl be a macro instruction araj b be integer locations. Ifdoes not destrolg anda # b,
then Timega, | ) does not destrol.

(4) For every functiorf and for all sets, b, n, mholds(f+-(a——b)+-(m——n))(m) =n.

(5) For every functiorf and for all sets, mholds( f+-(n——m)+-(m——n))(n) = m.

(6) For every functionf and for all setsa, b, n, m, x such thatx # m and x # a holds
(f+(a=—b)+(m=—n))(x) = f(x).

(7) Letf, gbe functions anan, n be sets. Suppose that

@) f(m)=g(n),

(i) f(n)=g(m),

(i)  medomf,

(iv) nedomf,

(v) domf =domg, and

(vi) for every sek such thak # mandk # n andk € domf holds f (k) = g(k).
Thenf andg are fiberwise equipotent.

1 The propositions (1) and (2) have been removed.
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(8) Letsbe a state 06CMgsa, f be a finite sequence location, aad be integer locations.
Then(Exeqb:="fa,s))(b) = S(f)|5a)-

(9) Letshe a state 06CMgsa, f be a finite sequence location, aad be integer locations.
Then (Exeq fai=b,9))(f) = 5(f) +- (|s(a)].s(b)).

(10) Letsbe a state 06CMgsgp, f be a finite sequence locatiam, n be natural numbers, arad
be an integer location. th# n+1, then(Exedintloc(m):= f,, Initialize(s))) (intloc(n+1)) =
s(intloc(n+1)).

(11) Letsbe a state 06CMgsa, m, n be natural numbers, aralbe an integer location. |If
m = n+ 1, then(Exedintloc(m):=a, Initialize(s))) (intloc(n+ 1)) = s(intloc(n+ 1)).

(12) Letsbe a state 06CMesp, f be a finite sequence location, aathe a read-write integer
location. Then(IExedStopsci,.,,S)) () = s(@) and(IExed Stopscyg,» S)) () = s(f).

In the sequeh denotes a natural number.
We now state a number of propositions:

(13) Ifn<10,thenn=0orn=1orn=2orn=30orn=4orn=5orn=6o0rn=70rn=238
orn=9orn=10.

(14) Suppose <12 Thenn=0orn=1lorn=2orn=3orn=4orn=50rn=6o0rn=7
orn=8orn=9orn=100rn=110orn=12

(15) Letf, gbe functions anK be a set. If domi = domg and for every sex such thak € X
holds f(x) = g(x), thenf [ X = g[X.

(16) If iy € rngp and if i1 = a==b or i1 = AddTo(a,b) or i1 = SubFronta,b) or iy =
MultBy (a,b) ori, = Divide(a, b), thena € UsedIntLogp) andb € UsedintLogp).

(A7) Ifiperngpandifi; =if a=0gotol; ori; =if a> 0gotoly, thena € UsedintLogp).

(18) If iy e rngp and if iy = b:=f;, or iy = f1,:=b, then a € UsedIntLo¢p) and b
UsedIntLogp).

(19) |Ifip erngpand ifi; = b:=f1, oriy = f1,:=b, thenf; € UsedInt Loc(p).
(20) Ifiyz erngpand ifi; = ai=lenf; oriy = f1:=(0,...,0), thena € UsedIntLo¢p).
N——

a
(21) Ifip erngpandifi; = a:i=lenf; ori; = f1:=(0,...,0), then f; € Usedint Loc(p).
N——
a

(22) LetN be a set with non empty elementS,be a steady-programmed IC-Ins-separated
definite non empty non void AMI oveN, p be a programmed finite partial state 8f
ands;, s, be states ofS. If pC s and p C s, then (Computatiots;))(i) [ domp =
(Computatiolifsy)) (i) [ domp.

(23) Lett be afinite partial state @CMgsa, p be a macro instruction, andbe a set. Suppose
domt C Int-LocationsJ FinSeq-Locations ande domt U UsedInt Loc(p) U UsedIntLogp).
Thenx s an integer location and a finite sequence location.

(ZSﬂ Let i, k be natural numberst be a finite partial state ofSCMgsa, p be
a macro instruction, ands;, s, be states of SCMgsa. Suppose thatk <
i and pC s and p € & and dom C Int-LocationsJFinSeq-Locations and for
every | holds IC computationsy)(j) € domp and IC computatiotsy))(j) € domp and
(Computatioftsy)) (K) (IC scmesa) = (Computationtsy) ) (K) (IC scmes,) @and(Computatiofisy ) ) (k) [ (domt U
UsedInt Loc(p) U UsedintLo¢p)) = (Computatiofis))(k)[(domt U UsedInt Loc(p) U
UsedIntLogp)). Then(Computatiotts; ) ) (i) (IC scmes,) = (Computationisy) ) (i) (IC scmesa)
and(Computatiofis; )) (i) [(domt UUsedInt Loc(p) UUsedIntLogp)) = (Computatioris) ) (i) [ (domt U
UsedInt Loc(p) U UsedIntLogp)).

2 The proposition (24) has been removed.
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(26) Leti, k be natural numbers be a macro instruction, angl, s, be states 06CMgsa.
Suppose&k <iandp Cs; andp C sp and for everyj holdsIC (computatiots;))(j) € domp and
IC (computatiotts,))(j) € dompand(Computatioris; )) (K) (IC scmess) = (Computatioris,) ) (K) (IC scmesa)
and(Computatiofis; )) (k) [ (UsedInt Loc(p) UUsedIntLogp)) = (Computations;)) (k) [ (UsedInt Loc(p) U
UsedIntLog¢p)). Then(Computatiotisy)) (i) (IC scmes,) = (Computatiotisy) ) (i) (IC scmesa)
and(Computatioigsy)) (i) [ (UsedInt Loc(p) UUsedIntLog p)) = (Computatiofs,)) (i) [ (UsedInt Loc(p) U
UsedintLogp)).

(29 For all macro instructions, J and for every integer locatioa holds UsedIntLo@f a =
Othen| elsed) = {a}UUsedIntLo¢l ) UUsedIntLo¢J) and UsedIntLo(f a> Othen| elseJ) =
{a} UUsedIntLogl) UUsedIntLogJ).

(30) For every macro instructioh and for every instruction-locatioh of SCMgsa holds
UsedIntLog¢Directed]l,1)) = UsedIntLocl ).

(31) Foreveryinteger locaticmand for every macro instructidrholds UsedIntLofTimega, 1)) =
UsedintLogl) U {a,intloc(0)}.

(32) Forall setxq, X2, X3 holds{x2,x1} U {x3,X1} = {X1,X2,X3}.

(35@ For all macro instructions, J and for every integer locatioa holds UsedlritLoc(if a =
Othen| elsed) = UsedInt Loc(l ) UUsedInt Loc(J) and UsedIritLoc(if a> 0then| elsed) =
UsedInt Loc(l) U UsedInt Loc(J).

(36) For every macro instructioh and for every instruction-locatioh of SCMgsp holds
Usedint Loc(Directedl,l)) = Usedint Loc(l).

(37) Foreveryinteger locatiaaand for every macro instructidrholds UsedlritLoc(Timega, 1)) =
Usedint Loc(l).

Let f be a finite sequence location andtidte a finite sequence of elementszbfThen f——t
is a finite partial state dBCMgga.
One can prove the following propositions:

(38) Every finite sequence of elements7is a finite sequence of elementsibf

(39) Lett be afinite sequence of elementsbfThen there exists a finite sequenoef elements
of R such that andu are fiberwise equipotent ands a finite sequence of elementsAand
non-increasing.

(40) don{(intloc(0)——1)+- Start-Af(insloq0))) = {intloc(0), IC scmesa } -
(41) For every macro instructidnholds dom nitializedl ) = doml U {intloc(0), IC scmes, } -

(42) Letw be a finite sequence of elementsZf f be a finite sequence location, ahtbe a
macro instruction. Then dofmitialized(l)+-(f——w)) = doml U {intloc(0), IC scmesa, f }-

(43) For every instruction-locatidnof SCMgsa holdsIC scmeg, # -

(44) For every integer locatioa and for every macro instructiohholds card Time&,1) =
cardl + 12

(45) For all instructionss, i3, ia of SCMgsp holds cardiz; i3; i4) = 6.

(46) Lett be afinite sequence of elementsZpff be a finite sequence location, anlde a macro
instruction. Then domnitializgdl) misses dorfif ——t).

(47) Letw be a finite sequence of elementsZf f be a finite sequence location, ahtbe a
macro instruction. Then Initializgt)+- (f——w) starts at inslo@®).

3 The propositions (27) and (28) have been removed.
4 The propositions (33) and (34) have been removed.
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(48) Letl, J be macro instructiong be a natural number, ande an instruction 08CMgsa.
If k < card] andi = J(inslo¢(k)), then(l; J)(insloqcardl +k)) = IncAddr(i,card!).

(49) Suppose thai = a:=bori; = AddTo(a,b) ori; = SubFronga,b) ori; = MultBy(a, b) or
i1 = Divide(a,b) ori; = gotol; ori; =if a=0gotol; ori; =if a> 0gotoly ori; = b:=f;
orip = fa=bori; =a=lenf oriy = f:=(0,...,0). Theniy # haltscmeg,.

N——

a

(50) Letl, J be macro instructiong be a natural number, ande an instruction 0SCMgsa.
Suppose for every natural numbrenolds IncAdd(i,n) =i andi # haltscw,g, andk = cardl.
Then(l;i; J)(inslogk)) =i and(l;i; J)(inslodk+ 1)) = goto inslog¢cardl + 2).

(51) Letl, J be macro instructions an# be a natural number. Ik = cardl, then
(I; (a:=b); J)(inslogk)) = a:=b and(l; (a:=b); J)(inslogk+ 1)) = goto inslo¢cardl + 2).

(52) Letl, J be macro instructions an# be a natural number. Ik = cardl, then
(I; (a==lenf); J)(inslogk)) = a:=lenf and(l; (a:=lenf); J)(inslodk+1)) = goto inslo¢cardl +
2).

(53) Letw be a finite sequence of elementsZff be a finite sequence locationbe a state of
SCMEgsa, andl be a macro instruction. If Initializédl)+-(f——w) C s, thenl Cs.

(54) Letw be a finite sequence of elementsZff be a finite sequence locationbe a state of
SCMegsa, andl be a macro instruction. If Initializétl)+-(f——w) C s, thens(f) = w and
s(intloc(0)) = 1.

(55) For every finite sequence locatiérand for every integer locatioa and for every stats
of SCMEgsa holds{a, IC scmeg,, '} € doms.

(56) For every macro instructiop and for every state of SCMgsa holds UsedlritLoc(p) U
UsedintLog¢p) C doms.

(57) Letsbe a state 06CMEsp, | be a macro instruction, anidbe a finite sequence location.
Then(Results+- Initialized(1)))(f) = (IExedl,s))(f).

Let f be a finite sequence location. The functor bubblef$gryielding a macro instruction is
defined by:

(Def. 1) bubble-softf) =is; (ay:=lenf); Timegay, (ax:=ay1); SubFronfay, ap); (az:=lenf); Timegay, (as:=a3); SubFror
Othen (as:=fa,); (fag:=86); (fa,:=85) €lse(Stopscpee,)))), Whereis = (azi=ao); (as'=a0); (a4:=ap); (as5:=a0); (&
ap = intloc(2), ag = intloc(0), ag = intloc(3), a4 = intloc(4), as = intloc(5), ag = intloc(6),
anda; = intloc(1).

The macro instruction the bubble sort algorithm is defined by:
(Def. 2) The bubble sort algorithe bubble-sortfsloc(0)).

Next we state two propositions:

(58) For every finite sequence locatibholds UsedIntLotbubble-sortf)) = {ag, a1, a2, a3, a4, 85,85},
whereag = intloc(0), a; = intloc(1), a; = intloc(2), ag = intloc(3), a4 = intloc(4), as =
intloc(5), andag = intloc(6).

(59) For every finite sequence locatiérholds UsedlritLoc(bubble-sortf)) = {f}.

The partial function Sorting-Function from FinPatSEMgsa) to FinPartStSCMesp) is de-
fined by the condition (Def. 3).

(Def. 3) Letp, qbe finite partial states @CMgsa. Then{p, g) € Sorting-Function if and only if
there exists a finite sequenoef elements o, and there exists a finite sequenoef elements
of R such that andu are fiberwise equipotent ands a finite sequence of elementsand
non-increasing ang = fsloc(0)——t andqg = fsloc(0)——u.
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The following propositions are true:

(60) For every sep holds p € dom Sorting-Function iff there exists a finite sequeho ele-
ments ofZ such thatp = fsloc(0)——t.

(61) Lett be afinite sequence of element&ofThen there exists a finite sequenaf elements
of R such that
(i) tanduare fiberwise equipotent,
(i)  uis non-increasing and a finite sequence of elements ahd
(i) (Sorting-Function(fsloc(0)——t) = fsloc(0)——u.

(62) For every finite sequence locatidrolds card bubble-sqit) = 63.

(63) For every finite sequence locatibrand for every natural numbérsuch thak < 63 holds
inslogk) € dombubble-sofff ).

(64) bubble-soffsloc(0)) is keepIntO 1 and InitHalting.

(65) Letsbe a state 06CMgsa. Then
() s(fo) and(IExeqbubble-sortfq),s))(fo) are fiberwise equipotent, and

(i)  for all natural numbersi, j such thati > 1 and j < lens(fy) andi < j and
for all integers x;, X2 such thatx; = (IExeqbubble-sortfp),s))(fo)(i) and x; =
(IExeqbubble-sortfo),s))(fo)(j) holdsxs > xz,

where fo = fsloc(0).
(66) Leti be a natural numbes be a state 0SCMgsa, andw be a finite sequence of el-

ements ofZ. Suppose Initializedhe bubble sort algorithm}--(fsloc(0)——w) C s. Then
IC (computations))(i) € dom (the bubble sort algorithm).

(67) Lets be a state ofSCMgrsa andt be a finite sequence of elements Hf Suppose
Initialized(the bubble sort algorithm)--(fsloc(0)——t) C s. Then there exists a finite se-
guenceu of elements ofR such that

(i) tanduare fiberwise equipotent,
(i) uis non-increasing and a finite sequence of elements ahd
(i)  (Results))(fsloc(0)) = u.

(68) For every finite sequenae of elements ofZ holds Initializedthe bubble sort algorithm)
+-(fsloc(0)——w) is autonomic.

(69) Initializedthe bubble sort algorithm) computes Sorting-Function.
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