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Summary. We prove some useful schemes of existence of real sequences, partial
functions from a domain into a domain, partial functions from a set to a set and functions
from a domain into a domain. At the beginning we prove some related auxiliary theorems
related to the article [1].

MML Identifier: SCHEME1.

WWW: http://mizar.org/JFM/Vol2/scheme1.html

The articles [8], [5], [10], [9], [1], [11], [2], [12], [4], [3], [7], and [6] provide the notation and
terminology for this paper.

We use the following convention:x, y are sets,n, mare natural numbers, andr is a real number.
Next we state four propositions:

(1) For everyn there existsm such thatn = 2·mor n = 2·m+1.

(2) For everyn there existsm such thatn = 3·mor n = 3·m+1 orn = 3·m+2.

(3) For everyn there existsmsuch thatn= 4·mor n= 4·m+1 orn= 4·m+2 orn= 4·m+3.

(4) For everyn there existsmsuch thatn= 5·mor n= 5·m+1 orn= 5·m+2 orn= 5·m+3
or n = 5·m+4.

In this article we present several logical schemes. The schemeExRealSubseqdeals with a
sequenceA of real numbers and a unary predicateP , and states that:

There exists a sequenceq of real numbers such that
(i) q is a subsequence ofA ,

(ii) for everyn holdsP [q(n)], and
(iii) for every n such that for everyr such thatr = A(n) holdsP [r] there existsm
such thatA(n) = q(m)

provided the following condition is satisfied:
• For everyn there existsm such thatn≤ m andP [A(m)].

The schemeExRealSeq2deals with two unary functorsF andG yielding real numbers, and
states that:

There exists a sequencesof real numbers such that for everyn holdss(2·n) = F (n)
ands(2·n+1) = G(n)

for all values of the parameter.
The schemeExRealSeq3deals with three unary functorsF , G , andH yielding real numbers,

and states that:
There exists a sequencesof real numbers such that for everyn holdss(3·n) = F (n)
ands(3·n+1) = G(n) ands(3·n+2) = H (n)

for all values of the parameter.
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The schemeExRealSeq4deals with four unary functorsF , G , H , andI yielding real numbers,
and states that:

There exists a sequencesof real numbers such that for everyn holdss(4·n) = F (n)
ands(4·n+1) = G(n) ands(4·n+2) = H (n) ands(4·n+3) = I (n)

for all values of the parameter.
The schemeExRealSeq5deals with five unary functorsF , G , H , I , andJ yielding real num-

bers, and states that:
There exists a sequences of real numbers such that for everyn holds

s(5·n) = F (n) ands(5·n+1) = G(n) ands(5·n+2) = H (n) ands(5·n+3) =
I (n) ands(5·n+4) = J (n)

for all values of the parameter.
The schemePartFuncExD2deals with non empty setsA , B, two unary functorsF and G

yielding elements ofB, and two unary predicatesP , Q , and states that:
There exists a partial functionf from A to B such that

(i) for every elementc of A holdsc∈ dom f iff P [c] or Q [c], and
(ii) for every elementc of A such thatc∈ dom f holds if P [c], then f (c) = F (c)

and if Q [c], then f (c) = G(c)
provided the parameters meet the following condition:

• For every elementc of A such thatP [c] holds notQ [c].
The schemePartFuncExD2’deals with non empty setsA , B, two unary functorsF and G

yielding elements ofB, and two unary predicatesP , Q , and states that:
There exists a partial functionf from A to B such that

(i) for every elementc of A holdsc∈ dom f iff P [c] or Q [c], and
(ii) for every elementc of A such thatc∈ dom f holds if P [c], then f (c) = F (c)

and if Q [c], then f (c) = G(c)
provided the following condition is satisfied:

• For every elementc of A such thatP [c] andQ [c] holdsF (c) = G(c).
The schemePartFuncExD2” deals with non empty setsA , B, two unary functorsF and G

yielding elements ofB, and a unary predicateP , and states that:
There exists a partial functionf from A to B such that f is total and for every
elementc of A such thatc∈ dom f holds if P [c], then f (c) = F (c) and if notP [c],
then f (c) = G(c)

for all values of the parameters.
The schemePartFuncExD3deals with non empty setsA , B, three unary functorsF , G , andH

yielding elements ofB, and three unary predicatesP , Q , R , and states that:
There exists a partial functionf from A to B such that

(i) for every elementc of A holdsc∈ dom f iff P [c] or Q [c] or R [c], and
(ii) for every elementc of A such thatc∈ dom f holds if P [c], then f (c) = F (c)

and if Q [c], then f (c) = G(c) and if R [c], then f (c) = H (c)
provided the following condition is satisfied:

• For every elementc of A holds if P [c], then notQ [c] and if P [c], then notR [c] and
if Q [c], then notR [c].

The schemePartFuncExD3’deals with non empty setsA , B, three unary functorsF , G , and
H yielding elements ofB, and three unary predicatesP , Q , R , and states that:

There exists a partial functionf from A to B such that
(i) for every elementc of A holdsc∈ dom f iff P [c] or Q [c] or R [c], and

(ii) for every elementc of A such thatc∈ dom f holds if P [c], then f (c) = F (c)
and if Q [c], then f (c) = G(c) and if R [c], then f (c) = H (c)

provided the following condition is met:
• Let c be an element ofA . Then

(i) if P [c] andQ [c], thenF (c) = G(c),
(ii) if P [c] andR [c], thenF (c) = H (c), and

(iii) if Q [c] andR [c], thenG(c) = H (c).
The schemePartFuncExD4deals with non empty setsA , B, four unary functorsF , G , H , and

I yielding elements ofB, and four unary predicatesP , Q , R , S , and states that:
There exists a partial functionf from A to B such that
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(i) for every elementc of A holdsc∈ dom f iff P [c] or Q [c] or R [c] or S [c], and
(ii) for every elementc of A such thatc∈ dom f holds if P [c], then f (c) = F (c)

and ifQ [c], then f (c) = G(c) and ifR [c], then f (c) = H (c) and ifS [c], then f (c) =
I (c)

provided the following requirement is met:
• Let c be an element ofA . Then

(i) if P [c], then notQ [c],
(ii) if P [c], then notR [c],

(iii) if P [c], then notS [c],
(iv) if Q [c], then notR [c],
(v) if Q [c], then notS [c], and

(vi) if R [c], then notS [c].
The schemePartFuncExS2deals with setsA , B, two unary functorsF andG yielding sets, and

two unary predicatesP , Q , and states that:
There exists a partial functionf from A to B such that

(i) for everyx holdsx∈ dom f iff x∈ A but P [x] or Q [x], and
(ii) for every x such thatx∈ dom f holds if P [x], then f (x) = F (x) and if Q [x],

then f (x) = G(x)
provided the parameters meet the following requirements:

• For everyx such thatx∈ A holds if P [x], then notQ [x],
• For everyx such thatx∈ A andP [x] holdsF (x) ∈ B, and
• For everyx such thatx∈ A andQ [x] holdsG(x) ∈ B.

The schemePartFuncExS3deals with setsA , B, three unary functorsF , G , andH yielding
sets, and three unary predicatesP , Q , R , and states that:

There exists a partial functionf from A to B such that
(i) for everyx holdsx∈ dom f iff x∈ A but P [x] or Q [x] or R [x], and

(ii) for every x such thatx∈ dom f holds if P [x], then f (x) = F (x) and if Q [x],
then f (x) = G(x) and if R [x], then f (x) = H (x)

provided the parameters meet the following requirements:
• For everyx such thatx ∈ A holds if P [x], then notQ [x] and if P [x], then notR [x]

and if Q [x], then notR [x],
• For everyx such thatx∈ A andP [x] holdsF (x) ∈ B,
• For everyx such thatx∈ A andQ [x] holdsG(x) ∈ B, and
• For everyx such thatx∈ A andR [x] holdsH (x) ∈ B.

The schemePartFuncExS4deals with setsA , B, four unary functorsF , G , H , andI yielding
sets, and four unary predicatesP , Q , R , S , and states that:

There exists a partial functionf from A to B such that
(i) for everyx holdsx∈ dom f iff x∈ A but P [x] or Q [x] or R [x] or S [x], and

(ii) for every x such thatx∈ dom f holds if P [x], then f (x) = F (x) and if Q [x],
then f (x) = G(x) and if R [x], then f (x) = H (x) and if S [x], then f (x) = I (x)

provided the parameters satisfy the following conditions:
• Let givenx such thatx∈ A . Then

(i) if P [x], then notQ [x],
(ii) if P [x], then notR [x],

(iii) if P [x], then notS [x],
(iv) if Q [x], then notR [x],
(v) if Q [x], then notS [x], and

(vi) if R [x], then notS [x],
• For everyx such thatx∈ A andP [x] holdsF (x) ∈ B,
• For everyx such thatx∈ A andQ [x] holdsG(x) ∈ B,
• For everyx such thatx∈ A andR [x] holdsH (x) ∈ B, and
• For everyx such thatx∈ A andS [x] holdsI (x) ∈ B.

The schemePartFuncExC D2deals with non empty setsA , B, C , two binary functorsF andG
yielding elements ofC , and two binary predicatesP , Q , and states that:

There exists a partial functionf from [:A , B :] to C such that
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(i) for every elementc of A and for every elementd of B holds〈〈c, d〉〉 ∈ dom f
iff P [c,d] or Q [c,d], and
(ii) for every elementc of A and for every elementd of B such that〈〈c, d〉〉 ∈ dom f

holds if P [c,d], then f (〈〈c, d〉〉) = F (c,d) and if Q [c,d], then f (〈〈c, d〉〉) = G(c,d)
provided the following requirement is met:

• For every elementc of A and for every elementd of B such thatP [c,d] holds not
Q [c,d].

The schemePartFuncExC D3deals with non empty setsA , B, C , three binary functorsF , G ,
andH yielding elements ofC , and three binary predicatesP , Q , R , and states that:

There exists a partial functionf from [:A , B :] to C such that
(i) for every elementc of A and for every elementd of B holds〈〈c, d〉〉 ∈ dom f

iff P [c,d] or Q [c,d] or R [c,d], and
(ii) for every elementc of A and for every elementr of B such that〈〈c, r〉〉 ∈ dom f

holds if P [c, r], then f (〈〈c, r〉〉) = F (c, r) and if Q [c, r], then f (〈〈c, r〉〉) = G(c, r) and
if R [c, r], then f (〈〈c, r〉〉) = H (c, r)

provided the following requirement is met:
• Let c be an element ofA ands be an element ofB. Then

(i) if P [c,s], then notQ [c,s],
(ii) if P [c,s], then notR [c,s], and

(iii) if Q [c,s], then notR [c,s].
The schemePartFuncExC S2deals with setsA , B, C , two binary functorsF andG yielding

sets, and two binary predicatesP , Q , and states that:
There exists a partial functionf from [:A , B :] to C such that

(i) for all x, y holds〈〈x, y〉〉 ∈ dom f iff x∈ A buty∈ B but P [x,y] or Q [x,y], and
(ii) for all x, y such that〈〈x, y〉〉 ∈ dom f holds if P [x,y], then f (〈〈x, y〉〉) = F (x,y)

and if Q [x,y], then f (〈〈x, y〉〉) = G(x,y)
provided the following conditions are satisfied:

• For allx, y such thatx∈ A andy∈ B holds if P [x,y], then notQ [x,y],
• For allx, y such thatx∈ A andy∈ B andP [x,y] holdsF (x,y) ∈ C , and
• For allx, y such thatx∈ A andy∈ B andQ [x,y] holdsG(x,y) ∈ C .

The schemePartFuncExC S3deals with setsA , B, C , three binary functorsF , G , and H
yielding sets, and three binary predicatesP , Q , R , and states that:

There exists a partial functionf from [:A , B :] to C such that
(i) for all x, y holds〈〈x, y〉〉 ∈ dom f iff x∈ A but y∈ B but P [x,y] or Q [x,y] or

R [x,y], and
(ii) for all x, y such that〈〈x, y〉〉 ∈ dom f holds if P [x,y], then f (〈〈x, y〉〉) = F (x,y)

and if Q [x,y], then f (〈〈x, y〉〉) = G(x,y) and if R [x,y], then f (〈〈x, y〉〉) = H (x,y)
provided the parameters meet the following requirements:

• For all x, y such thatx∈ A andy∈ B holds if P [x,y], then notQ [x,y] and if P [x,y],
then notR [x,y] and if Q [x,y], then notR [x,y],

• For allx, y such thatx∈ A andy∈ B holds if P [x,y], thenF (x,y) ∈ C ,
• For allx, y such thatx∈ A andy∈ B holds if Q [x,y], thenG(x,y) ∈ C , and
• For allx, y such thatx∈ A andy∈ B holds if R [x,y], thenH (x,y) ∈ C .

The schemeExFuncD3deals with non empty setsA , B, three unary functorsF , G , andH
yielding elements ofB, and three unary predicatesP , Q , R , and states that:

There exists a functionf from A into B such that for every elementc of A holds
(i) if P [c], then f (c) = F (c),

(ii) if Q [c], then f (c) = G(c), and
(iii) if R [c], then f (c) = H (c)

provided the parameters satisfy the following conditions:
• For every elementc of A holds if P [c], then notQ [c] and if P [c], then notR [c] and

if Q [c], then notR [c], and
• For every elementc of A holdsP [c] or Q [c] or R [c].

The schemeExFuncD4deals with non empty setsA , B, four unary functorsF , G , H , andI
yielding elements ofB, and four unary predicatesP , Q , R , S , and states that:

There exists a functionf from A into B such that for every elementc of A holds
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(i) if P [c], then f (c) = F (c),
(ii) if Q [c], then f (c) = G(c),

(iii) if R [c], then f (c) = H (c), and
(iv) if S [c], then f (c) = I (c)

provided the parameters satisfy the following conditions:
• Let c be an element ofA . Then

(i) if P [c], then notQ [c],
(ii) if P [c], then notR [c],

(iii) if P [c], then notS [c],
(iv) if Q [c], then notR [c],
(v) if Q [c], then notS [c], and

(vi) if R [c], then notS [c],
and

• For every elementc of A holdsP [c] or Q [c] or R [c] or S [c].
The schemeFuncExC D2deals with non empty setsA , B, C , two binary functorsF andG

yielding elements ofC , and a binary predicateP , and states that:
There exists a functionf from [:A , B :] into C such that for every elementc of A and
for every elementd of B holds

(i) if P [c,d], then f (〈〈c, d〉〉) = F (c,d), and
(ii) if not P [c,d], then f (〈〈c, d〉〉) = G(c,d)

for all values of the parameters.
The schemeFuncExC D3deals with non empty setsA , B, C , three binary functorsF , G , and

H yielding elements ofC , and three binary predicatesP , Q , R , and states that:
There exists a functionf from [:A , B :] into C such that

(i) for every elementc of A and for every elementd of B holds〈〈c, d〉〉 ∈ dom f
iff P [c,d] or Q [c,d] or R [c,d], and
(ii) for every elementc of A and for every elementd of B such that〈〈c, d〉〉 ∈ dom f

holds ifP [c,d], then f (〈〈c, d〉〉) = F (c,d) and ifQ [c,d], then f (〈〈c, d〉〉) = G(c,d) and
if R [c,d], then f (〈〈c, d〉〉) = H (c,d)

provided the parameters meet the following requirements:
• Let c be an element ofA andd be an element ofB. Then

(i) if P [c,d], then notQ [c,d],
(ii) if P [c,d], then notR [c,d], and

(iii) if Q [c,d], then notR [c,d],
and

• For every elementc of A and for every elementd of B holdsP [c,d] or Q [c,d] or
R [c,d].
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