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Summary. In this article we introduce three subjects in real unitary space: parallelism
of subsets, orthogonality of subsets and topology of the space. In particular, to introduce the
topology of real unitary space, we discuss the metric topology which is induced by the inner
product in the space. As the result, we are able to discuss some topological subjects on real
unitary space.
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The articles [8], [12], [1], [4], [5], [11], [10], [9], [6], [7], [3], and [2] provide the notation and
terminology for this paper.

1. PARALLELISM OF SUBSPACES

Let V be a non empty RLS structure and letM, N be Affine subsets ofV. We say thatM is parallel
to N if and only if:

(Def. 1) There exists a vectorv of V such thatM = N+{v}.

Next we state three propositions:

(1) For every right zeroed non empty RLS structureV holds every Affine subsetM of V is
parallel toM.

(2) Let V be an add-associative right zeroed right complementable non empty RLS structure
andM, N be Affine subsets ofV. If M is parallel toN, thenN is parallel toM.

(3) Let V be an Abelian add-associative right zeroed right complementable non empty RLS
structure andM, L, N be Affine subsets ofV. If M is parallel toL andL is parallel toN, then
M is parallel toN.

Let V be a non empty loop structure and letM, N be subsets ofV. The functorM−N yields a
subset ofV and is defined by:

(Def. 2) M−N = {u−v;u ranges over elements ofV, v ranges over elements ofV: u∈M ∧ v∈N}.

One can prove the following propositions:

(4) For every real linear spaceV and for all Affine subsetsM, N of V holdsM−N is Affine.

1 c© Association of Mizar Users

http://mizar.org/JFM/Vol14/rusub_5.html


TOPOLOGY OF REAL UNITARY SPACE 2

(5) For every non empty loop structureV and for all subsetsM, N of V such thatM is empty
or N is empty holdsM +N is empty.

(6) For every non empty loop structureV and for all non empty subsetsM, N of V holdsM+N
is non empty.

(7) For every non empty loop structureV and for all subsetsM, N of V such thatM is empty
or N is empty holdsM−N is empty.

(8) For every non empty loop structureV and for all non empty subsetsM, N of V holdsM−N
is non empty.

(9) Let V be an Abelian add-associative right zeroed right complementable non empty loop
structure,M, N be subsets ofV, andv be an element ofV. ThenM = N+{v} if and only if
M−{v}= N.

(10) LetV be an Abelian add-associative right zeroed right complementable non empty loop
structure,M, N be subsets ofV, andv be an element ofV. If v∈ N, thenM +{v} ⊆M +N.

(11) LetV be an Abelian add-associative right zeroed right complementable non empty loop
structure,M, N be subsets ofV, andv be an element ofV. If v∈ N, thenM−{v} ⊆M−N.

(12) For every real linear spaceV and for every non empty subsetM of V holds 0V ∈M−M.

(13) LetV be a real linear space,M be a non empty Affine subset ofV, andv be a vector ofV.
If M is Subspace-like andv∈M, thenM +{v} ⊆M.

(14) LetV be a real linear space,M be a non empty Affine subset ofV, andN1, N2 be non empty
Affine subsets ofV. SupposeN1 is Subspace-like andN2 is Subspace-like andM is parallel
to N1 and parallel toN2. ThenN1 = N2.

(15) LetV be a real linear space,M be a non empty Affine subset ofV, andv be a vector ofV.
If v∈M, then 0V ∈M−{v}.

(16) LetV be a real linear space,M be a non empty Affine subset ofV, andv be a vector ofV.
Supposev∈ M. Then there exists a non empty Affine subsetN of V such thatN = M−{v}
andM is parallel toN andN is Subspace-like.

(17) LetV be a real linear space,M be a non empty Affine subset ofV, andu, v be vectors ofV.
If u∈M andv∈M, thenM−{v}= M−{u}.

(18) For every real linear spaceV and for every non empty Affine subsetM of V holdsM−M =⋃
{M−{v};v ranges over vectors ofV: v∈M}.

(19) LetV be a real linear space,M be a non empty Affine subset ofV, andv be a vector ofV.
If v∈M, thenM−{v}=

⋃
{M−{u};u ranges over vectors ofV: u∈M}.

(20) LetV be a real linear space andM be a non empty Affine subset ofV. Then there exists a
non empty Affine subsetL of V such thatL = M−M andL is Subspace-like andM is parallel
to L.

2. ORTHOGONALITY

Let V be a real unitary space and letW be a subspace ofV. The functor OrtCompW yielding a
strict subspace ofV is defined by:

(Def. 3) The carrier of OrtCompW = {v;v ranges over vectors ofV:
∧

w:vector ofV (w∈W ⇒ w,
v are orthogonal)}.

Let V be a real unitary space and letM be a non empty subset ofV. The functor OrtCompM
yields a strict subspace ofV and is defined as follows:
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(Def. 4) The carrier of OrtCompM = {v;v ranges over vectors ofV:
∧

w:vector ofV (w∈ M ⇒ w,
v are orthogonal)}.

We now state a number of propositions:

(21) For every real unitary spaceV and for every subspaceW of V holds 0V ∈Ort CompW.

(22) For every real unitary spaceV holds OrtComp0V = ΩV .

(23) For every real unitary spaceV holds OrtCompΩV = 0V .

(24) LetV be a real unitary space,W be a subspace ofV, andv be a vector ofV. If v 6= 0V , then
if v∈W, thenv /∈Ort CompW.

(25) For every real unitary spaceV and for every non empty subsetM of V holdsM ⊆ the carrier
of Ort CompOrtCompM.

(26) LetV be a real unitary space andM, N be non empty subsets ofV. If M ⊆ N, then the
carrier of OrtCompN ⊆ the carrier of OrtCompM.

(27) LetV be a real unitary space,W be a subspace ofV, andM be a non empty subset ofV. If
M = the carrier ofW, then OrtCompM = Ort CompW.

(28) For every real unitary spaceV and for every non empty subsetM of V holds OrtCompM =
Ort CompOrtCompOrtCompM.

(29) LetV be a real unitary space andx, ybe vectors ofV. Then‖x+y‖2 = ‖x‖2+2·(x|y)+‖y‖2

and‖x−y‖2 = (‖x‖2−2· (x|y))+‖y‖2.

(30) LetV be a real unitary space andx, y be vectors ofV. If x, y are orthogonal, then‖x+y‖2 =
‖x‖2 +‖y‖2.

(31) For every real unitary spaceV and for all vectorsx, y of V holds‖x+ y‖2 + ‖x− y‖2 =
2· ‖x‖2 +2· ‖y‖2.

(32) LetV be a real unitary space andv be a vector ofV. Then there exists a subspaceW of V
such that the carrier ofW = {u;u ranges over vectors ofV: (u|v) = 0}.

3. TOPOLOGY OFREAL UNITARY SPACE

The schemeSubFamExUdeals with a unitary space structureA and a unary predicateP , and states
that:

There exists a familyF of subsets ofA such that for every subsetB of A holdsB∈ F
iff P [B]

for all values of the parameters.
Let V be a real unitary space. The open set family ofV yields a family of subsets ofV and is

defined by the condition (Def. 5).

(Def. 5) LetM be a subset ofV. ThenM ∈ the open set family ofV if and only if for every pointx
of V such thatx∈M there exists a real numberr such thatr > 0 and Ball(x, r)⊆M.

The following propositions are true:

(33) LetV be a real unitary space,v be a point ofV, andr, p be real numbers. Ifr ≤ p, then
Ball(v, r)⊆ Ball(v, p).

(34) LetV be a real unitary space andv be a point ofV. Then there exists a real numberr such
thatr > 0 and Ball(v, r)⊆ the carrier ofV.

(35) LetV be a real unitary space,v, u be points ofV, andr be a real number. Ifu∈ Ball(v, r),
then there exists a real numberp such thatp > 0 and Ball(u, p)⊆ Ball(v, r).
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(36) LetV be a real unitary space,u, v, w be points ofV, andr, p be real numbers. Ifv ∈
Ball(u, r)∩Ball(w, p), then there exists a real numberq such that Ball(v,q) ⊆ Ball(u, r) and
Ball(v,q)⊆ Ball(w, p).

(37) LetV be a real unitary space,v be a point ofV, andr be a real number. Then Ball(v, r)∈ the
open set family ofV.

(38) For every real unitary spaceV holds the carrier ofV ∈ the open set family ofV.

(39) LetV be a real unitary space andM, N be subsets ofV. SupposeM ∈ the open set family
of V andN ∈ the open set family ofV. ThenM∩N ∈ the open set family ofV.

(40) LetV be a real unitary space andA be a family of subsets ofV. SupposeA⊆ the open set
family of V. Then

⋃
A∈ the open set family ofV.

(41) For every real unitary spaceV holds〈the carrier ofV, the open set family ofV〉 is a topo-
logical space.

Let V be a real unitary space. The functor TopUnitSpaceV yields a topological structure and is
defined as follows:

(Def. 6) TopUnitSpaceV = 〈the carrier ofV, the open set family ofV〉.

Let V be a real unitary space. One can verify that TopUnitSpaceV is topological space-like.
Let V be a real unitary space. Observe that TopUnitSpaceV is non empty.
The following propositions are true:

(42) For every real unitary spaceV and for every subsetM of TopUnitSpaceV such thatM = ΩV

holdsM is open and closed.

(43) For every real unitary spaceV and for every subsetM of TopUnitSpaceV such thatM = /0V

holdsM is open and closed.

(44) LetV be a real unitary space,v be a vector ofV, andr be a real number. If the carrier of
V = {0V} andr 6= 0, then Sphere(v, r) is empty.

(45) LetV be a real unitary space,v be a vector ofV, andr be a real number. If the carrier of
V 6= {0V} andr > 0, then Sphere(v, r) is non empty.

(46) LetV be a real unitary space,v be a vector ofV, andr be a real number. Ifr = 0, then
Ball(v, r) is empty.

(47) LetV be a real unitary space,v be a vector ofV, andr be a real number. If the carrier of
V = {0V} andr > 0, then Ball(v, r) = {0V}.

(48) LetV be a real unitary space,v be a vector ofV, andr be a real number. Suppose the carrier
of V 6= {0V} andr > 0. Then there exists a vectorw of V such thatw 6= v andw∈ Ball(v, r).

(49) LetV be a real unitary space. Then the carrier ofV = the carrier of TopUnitSpaceV and
the topology of TopUnitSpaceV = the open set family ofV.

(50) LetV be a real unitary space,M be a subset of TopUnitSpaceV, r be a real number, andv
be a point ofV. If M = Ball(v, r), thenM is open.

(51) LetV be a real unitary space andM be a subset of TopUnitSpaceV. ThenM is open if and
only if for every pointv of V such thatv∈M there exists a real numberr such thatr > 0 and
Ball(v, r)⊆M.

(52) LetV be a real unitary space,v1, v2 be points ofV, andr1, r2 be real numbers. Then there
exists a pointu of V and there exists a real numberr such that Ball(v1, r1)∪Ball(v2, r2) ⊆
Ball(u, r).
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(53) LetV be a real unitary space,M be a subset of TopUnitSpaceV, v be a vector ofV, andr
be a real number. IfM = Ball(v, r), thenM is closed.

(54) LetV be a real unitary space,M be a subset of TopUnitSpaceV, v be a vector ofV, andr
be a real number. IfM = Sphere(v, r), thenM is closed.
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