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Summary. In this article we describe the dimension of real unitary space. Most of

theorems are restricted from real linear space. In the last section, we introduce affine subset
of real unitary space.
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The articlesl[14],[[18],[[19],[10],[2],18],[[4],[[1],[5],[11],[[156],[[5],[15] (18] [[12] [[17], 9], 18],
and [7] provide the notation and terminology for this paper.

1. FNITE-DIMENSIONAL REAL UNITARY SPACE

One can prove the following propositions:

(1) LetV be areal unitary spac@, B be finite subsets &f, andv be a vector o¥/. Suppose
v e Lin(AUB) andv ¢ Lin(B). Then there exists a vectar of V such thatw € A andw €

Lin(((AUB)\{w}) U{v}).

(2) LetV be areal unitary space ard B be finite subsets df. Suppose the unitary space
structure oV = Lin(A) andB is linearly independent. TheB < A and there exists a finite

subseC of V such thaC C AandC = A — B and the unitary space structure\ot= Lin(BU
C).

LetV be a real unitary space. We say tiais finite dimensional if and only if:
(Def. 1) There exists a finite subset\iwhich is a basis 0¥.

Let us observe that there exists a real unitary space which is strict and finite dimensional.
LetV be a real unitary space. Let us observe th finite dimensional if and only if:

(Def. 2) There exists a finite subset\bfwhich is a basis of/.

One can prove the following propositions:

(3) For every real unitary spadésuch thav is finite dimensional holds every basis\éfis
finite.

(4) LetV be areal unitary space adbe a subset df. Supposé/ is finite dimensional and
Alis linearly independent. Thehis finite.
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(5) For every real unitary spateand for all base#, B of V such thav is finite dimensional
holdsA = B.

(6) For every real unitary spadeholdsOy is finite dimensional.

(7) LetV be areal unitary space akid be a subspace ®f. If V is finite dimensional, thew
is finite dimensional.

LetV be a real unitary space. Note that there exists a subspatebich is finite dimensional
and strict.

LetV be a finite dimensional real unitary space. Observe that every subspsceés dinite
dimensional.

LetV be a finite dimensional real unitary space. Note that there exists a subspaeéniadh is
strict.

2. DIMENSION OF REAL UNITARY SPACE

LetV be areal unitary space. Let us assume‘thastfinite dimensional. The functor difd) yields
a natural number and is defined as follows:

(Def. 3) For every basisof V holds dimV) = T.

One can prove the following propositions:

(8) For every finite dimensional real unitary spatend for every subspad®' of V holds
dim(W) < dim(V).

(9) LetV be a finite dimensional real unitary space a#de a subset df. If Ais linearly
independent, theA = dim(Lin(A)).

(10) For every finite dimensional real unitary sp&cholds dimV) = dim(Qy).

(11) LetV be afinite dimensional real unitary space &vidbe a subspace . Then din{V) =
dim(W) if and only if Qy = Qw.

(12) For every finite dimensional real unitary spatholds dimV) = 0 iff Qy = 0y.

(13) LetV be afinite dimensional real unitary space. Then@n= 1 if and only if there exists
a vectorv of V such thav # Oy andQy = Lin({v}).

(14) LetV be afinite dimensional real unitary space. Then(@in= 2 if and only if there exist
vectorsu, v of V such thau # vand{u, v} is linearly independent ar@y = Lin({u,v}).

(15) For every finite dimensional real unitary sp&cand for all subspacas, W, of V holds
dim(Wip +Ws) +dim(Wp NW,) = dim(Wh) + dim(Ws).

(16) For every finite dimensional real unitary sp&cand for all subspacas, W of V holds
dim(Wp N"Ws) > (dim(Wy) +dim(Ws)) —dim(V).

(17) LetV be afinite dimensional real unitary space &wdW, be subspaces &f. If V is the
direct sum ofA andWs, then din{V) = dim(Wj) + dim(Ws).

3. HFXED-DIMENSIONAL SUBSPACEFAMILY
The following proposition is true

(18) LetV be a finite dimensional real unitary spa@ébe a subspace &f, andn be a natural
number. Them < dim(V) if and only if there exists a strict subspadé of V such that
dim(W) =n.
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LetV be a finite dimensional real unitary space andnldte a natural number. The functor
Suly(V) yielding a set is defined by:

(Def. 4) For every set holdsx € Suly (V) iff there exists a strict subspaké of V such thatV = x
and dimW) =n.

The following propositions are true:

(19) LetV be a finite dimensional real unitary space arttk a natural number. H < dim(V),
then SuR(V) is non empty.

(20) For every finite dimensional real unitary sp&tand for every natural numbersuch that
dim(V) < n holds Suh(V) = 0.

(21) LetV be afinite dimensional real unitary spa@e pe a subspace &f, andn be a natural
number. Then Syf§W) C Suly(V).

4. AFFINE SET
LetV be a non empty RLS structure and &be a subset df. We say thaSis Affine if and only
if:
(Def. 5) For all vectorst, y of V and for every real humbea such thatx € Sandy € S holds
(1-a)-x+a-yes
The following propositions are true:
(22) For every non empty RLS structieholdsQy is Affine anddy is Affine.

(23) For every real linear space-like non empty RLS structt@nd for every vectov of V
holds{v} is Affine.

LetV be a non empty RLS structure. Note that there exists a subsetuiich is non empty

and Affine and there exists a subseWaivhich is empty and Affine.
LetV be a real linear space and Wtbe a subspace &f. The functor UgW) yielding a non

empty subset 0¥ is defined as follows:
(Def. 6) UpW) = the carrier ofV.

LetV be a real unitary space and Wtbe a subspace &f. The functor UgW) yielding a non
empty subset 0¥ is defined by:

(Def. 7) UpW) = the carrier ofV.
The following two propositions are true:

(24) For every real linear spateand for every subspad¥ of V holds UgW) is Affine and
Ov € the carrier ofw.

(25) LetV be a real linear space ardbe a Affine subset 0f. Suppose @ € A. Let x be a
vector ofV anda be a real number. K € A, thena-x € A.

LetV be a non empty RLS structure and #&be a non empty subset ¥f. We say thaSis
Subspace-like if and only if the conditions (Def. 8) are satisfied.

(Def. 8)()) The zerooW € S and
(i) for all elementsx, y of V and for every real numbex such thatx € Sandy € S holds
X+y€e Sanda-xe S

The following propositions are true:
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(26) LetV be areal linear space ade a hon empty Affine subset f If Oy € A thenAis
Subspace-like and = the carrier of LiffA).

(27) For every real linear spateand for every subspa®® of V holds UgW) is Subspace-like.
(28) For every real linear spa¥eand for every strict subspa®é of V holdsW = Lin (Up(W)).

(29) LetV be a real unitary space adbe a non empty Affine subset bf. If Oy € A, then
A = the carrier of LirfA).

(30) For every real unitary spateand for every subspad¥ of V holds UgW) is Subspace-
like.

(31) Forevery real unitary spaweand for every strict subspa@g¢of VV holdswW = Lin (Up(W)).

LetV be a non empty loop structure, lgtbe a subset df, and letv be an element of. The
functorv+ M yields a subset of and is defined by:

(Def.9) v+ M = {v+u;uranges over elements ¥t uc M}.

We now state three propositions:

(32) LetV be areal linear spacky be a strict subspace df, M be a subset 0¥, andv be a
vector ofV. If Up(W) = M, thenv+W = v+ M.

(33) LetV be an Abelian add-associative real linear space-like non empty RLS strudtie,
a Affine subset oY/, andv be a vector o¥/. Thenv+ M is Affine.

(34) LetV be areal unitary spac®/ be a strict subspace ®f, M be a subset df, andv be a
vector ofV. If Up(W) = M, thenv+W = v+ M.

LetV be a non empty loop structure and Mf N be subsets dof . The functorM + N yields a
subset o and is defined as follows:

(Def. 10) M+N = {u+v;uranges over elementséf vranges over elementsdf ue M A ve N}.

The following proposition is true

(35) For every Abelian non empty loop structend for all subsets!, N of V holdsN+M =
M +N.

LetV be an Abelian non empty loop structure andVEtN be subsets df . Let us observe that
the functorM + N is commutative.
We now state four propositions:

(36) For every non empty loop structweand for every subséfl of V and for every elememnt
of V holds{v} +M =v+M.

(37) LetV be an Abelian add-associative real linear space-like non empty RLS strudtine,
a Affine subset o¥/, andv be a vector o¥/. Then{v} + M is Affine.

(38) For every non empty RLS structweand for all Affine subsetM, N of V holdsM NN is
Affine.

(39) LetV be an Abelian add-associative real linear space-like non empty RLS structuvé and
N be Affine subsets df. ThenM + N is Affine.
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