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Summary. We introduce the arithmetic addition and multiplication in the set of bounded
real sequences and introduce the norm also. This set has the structure of the Banach space.
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[16], [17], [23], [11], [12], [10], [25], [14], [8], [19], and[[18] provide the notation and terminology
for this paper.

1. THE BANACH SPACE OFBOUNDED REAL SEQUENCES

The subset the set of bounded real sequences of the linear space of real sequences is defined by the
condition (Def. 1).

(Def. 1) Letxbe a set. Ther € the set of bounded real sequences if and onkyifthe set of real
sequences anddgl(x) is bounded.

Let us mention that the set of bounded real sequences is non empty and the set of bounded real
sequences is linearly closed.
The following proposition is true

(1) (the set of bounded real sequen@sa (the set of bounded real sequentkes linear
space of real sequencealld_(the set of bounded real sequendlks linear space of real
sequencesMult_(the set of bounded real sequentks linear space of real sequengés)a
subspace of the linear space of real sequences.

One can verify thatthe set of bounded real sequen@o (the set of bounded real sequentls
linear space of real sequences)d_(the set of bounded real sequentks linear space of real
sequencesMult_(the set of bounded real sequenths linear space of real sequengés)Abelian,
add-associative, right zeroed, right complementable, and real linear space-like.

The function linfty-norm from the set of bounded real sequencedRritodefined by:

(Def. 2) For every sex such thatx € the set of bounded real sequences holds linfty-rigjra-
suprngidseqX)|-

We now state the proposition

(2) Letr; be a sequence of real numbers. Theis bounded and suprirg| = 0 if and only if
for every natural number holdsr(n) = 0.
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Let us note thafthe set of bounded real sequen@eso (the set of bounded real sequenties
linear space of real sequences)d_(the set of bounded real sequentkes linear space of real
sequencesMult_(the set of bounded real sequentks linear space of real sequencésjty-norm)
is Abelian, add-associative, right zeroed, right complementable, and real linear space-like.

The non empty normed structure linfty-Space is defined by the condition (Def. 3).

(Def. 3) linfty-Space= (the set of bounded real sequen&=o.(the set of bounded real
sequenceshe linear space of real sequencésid_(the set of bounded real sequenctke
linear space of real sequencédjlt_(the set of bounded real sequenths linear space of
real sequencegdjnfty-normy.

One can prove the following two propositions:

(3) The carrier of linfty-Space- the set of bounded real sequences and for every Betds
x is a vector of linfty-Space ifk is a sequence of real numbers angkik) is bounded and
Oiinfty-space= Z€roseq and for every vectarof linfty-Space holdsu = idseq(u) and for all
vectorsu, v of linfty-Space holdsi+ v = idseq(U) + idseq V) and for every real numberand
for every vectou of linfty-Space holds - u=r idseq(u) and for every vectou of linfty-Space
holds—u = —idseq(U) and itkeq( —U) = —idsequ) and for all vectors, v of linfty-Space holds
U—V = idseq(U) —idseqV) and for every vectov of linfty-Space holds igk(V) is bounded and
for every vectow of linfty-Space holdg|v|| = suprngidseqV)|.

(4) Letx, ybe points of linfty-Space anabe a real number. Thejx|| = 0 iff X = Ojinfty-space
and 0< ||| and||x+y|| < [[x]| + lyll and||a-x|| = |a] - [|x].

Let us mention that linfty-Space is real normed space-like, real linear space-like, Abelian, add-
associative, right zeroed, and right complementable.
One can prove the following proposition

(5) For every sequenag of linfty-Space such that; is Cauchy sequence by norm hoildss
convergent.

2. THE BANACH SPACE OFBOUNDED FUNCTIONS

Let X be a non empty set, |&t be a real normed space, and llgbe a function fromX into the
carrier ofY. We say that; is bounded if and only if:

(Def. 4) There exists a real numb€rsuch that 6< K and for every elementof X holds||11(X)|| <
K.

We now state the proposition

(6) LetX be a non empty seY, be a real normed space, afde a function fromX into the
carrier ofY. If for every elemenk of X holds f (x) = Oy, thenf is bounded.

Let X be a non empty set and Mtbe a real normed space. Observe that there exists a function
from X into the carrier olY which is bounded.

LetX be a non empty set and Mte a real normed space. The functor BoundedFundfiaig
yielding a subset of RealVectSpdeY) is defined as follows:

(Def. 5) For every set holdsx € BoundedFunction¥,Y) iff x is a bounded function frorX into
the carrier ofY.

Let X be a non empty set and be a real normed space. One can check that BoundedFur{tidf)s
iS non empty.
We now state two propositions:

(7) Forevery non empty s&tand for every real normed spa¢éolds BoundedFunctiofX,Y)
is linearly closed.
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(8) Foreverynonempty s&tand for every real normed spa¢éolds(BoundedFunction¥,Y), Zero (BoundedFunc
is a subspace of RealVectSpéxeY).

Let X be a non empty set and e a real normed space. One can check{®atindedFunction¥,Y), Zero (Bounded
is Abelian, add-associative, right zeroed, right complementable, and real linear space-like.
One can prove the following proposition

(9) Forevery non empty s&tand for every real normed spaédolds(BoundedFunctionX,Y ), Zera (BoundedFunc
is a real linear space.

Let X be a non empty set and [étbe a real normed space. The set of bounded real sequences
from X into Y yields a real linear space and is defined by:

(Def. 6) The set of bounded real sequences fromto Y = (BoundedFunctior(¥,Y), Zero(BoundedFunctior(¥X,Y), Real

Let X be a non empty set and létbe a real normed space. Note that the set of bounded real
sequences froX into'Y is strict.
We now state three propositions:

(10) LetX be a non empty seY, be a real normed spacg,g, h be vectors of the set of bounded
real sequences frod into Y, andf’, ¢, h’ be bounded functions fro into the carrier of
Y. Suppose’ = f andg’ = gandh’ = h. Thenh = f 4 gif and only if for every element of
X holdsh (x) = f/(x) +d'(X).

(11) LetX be a non empty seY, be a real normed spacg, h be vectors of the set of bounded
real sequences fro into Y, and f/, b be bounded functions froi{ into the carrier ofy.
Supposef’ = f andh’ = h. Let a be a real number. Them= a- f if and only if for every
elementx of X holdsh’(x) = a- f/(x).

(12) LetX be anonempty set arvtbe areal normed space. ThefQet of bounded real sequences fininto Y =
X — Oy.

Let X be a non empty set, |8t be a real normed space, and febe a set. Let us assume that
f € BoundedFunction¥,Y). The functor modetrari$, X,Y) yields a bounded function frorK
into the carrier ofY and is defined by:

(Def. 7) modetrans,X,Y) = f.

Let X be a non empty set, |8t be a real normed space, andudte a function fronX into the
carrier ofY. The functor PreNorn{sl) yields a non empty subset Bfand is defined by:

(Def. 8) PreNorm&u) = {||u(t)|| : t ranges over elements Xf}.

Next we state three propositions:

(13) LetX be a non empty seY, be a real normed space, agdhe a bounded function frond
into the carrier off. Then PreNormg) is non empty and upper bounded.

(14) LetX be a non empty seY, be a real normed space, agdbe a function fromX into the
carrier ofY. Theng is bounded if and only if PreNornig) is upper bounded.

(15) LetX be anonempty set aitbe a real normed space. Then there exists a funblidrom
BoundedFunction,Y) into R such that for every sdtif f € BoundedFunction¥X,Y), then
N1 (f) = supPreNormgnodetrangf, X,Y)).

Let X be a non empty set and e a real normed space. The functor BoundedFunctions{aiv)
yields a function from BoundedFunctig§ Y) into R and is defined as follows:

(Def. 9) For every setsuch thak € BoundedFunctior(¥,Y) holds BoundedFunctionsNo(ix, Y ) (x) =
sup PreNorm@nodetranéx, X,Y)).

Next we state two propositions:
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(16) LetX be a non empty seY, be a real normed space, ahde a bounded function frond
into the carrier ofY. Then modetrar{d,X,Y) = f.

(17) LetX be a non empty seY, be a real normed space, ahde a bounded function frond
into the carrier ofY. Then BoundedFunctionsNofiX,Y)(f) = supPreNorm&f).

Let X be a non empty set and létbe a real normed space. The real normed space of bounded
functions fromX into Y yielding a non empty normed structure is defined by:

(Def. 10) The real normed space of bounded functions &anto Y = (BoundedFunction¥,Y), Zero (BoundedFunctiorn

The following propositions are true:

(18) Let X be a non empty set and be a real normed space. Thefi—— Oy =

Othe real normed space of bounded functions fo§énmto Y -

(19) LetX be a non empty seY, be a real normed spacgbe a point of the real normed space
of bounded functions fronX into Y, andg be a bounded function frot into the carrier of
Y. If g= f, then for every elemerttof X holds||g(t)|| < || f]|-

(20) LetX be a non empty seY, be a real normed space, afide a point of the real normed
space of bounded functions froxinto Y. Then 0< || f||.

(21) Let X be a non empty setY be a real normed space, anfl be a point
of the real normed space of bounded functions frotninto Y. Supposef =
Olhe real normed space of bounded functions fognmto Y - Then 0= H f ||

(22) LetX be a non empty seY, be a real normed spacg, g, h be points of the real normed
space of bounded functions frokiinto Y, and f/, ¢, h’ be bounded functions frorX into
the carrier oY. Supposd’ = f andg’ = gandh’ = h. Thenh = f +gif and only if for every
elementx of X holdsh'(x) = f/(x) +d'(x).

(23) LetX be a non empty seY, be a real normed spack, h be points of the real normed space
of bounded functions fronX into Y, and f/, i be bounded functions frox into the carrier
of Y. Supposef’ = f andh’ = h. Let a be a real number. Them= a- f if and only if for
every element of X holdsh’'(x) = a- f'(x).

(24) LetX be a non empty seY, be a real normed spack,g be points of the real normed space
of bounded functions fronX into Y, anda be a real number. Then

(i) || f || =0iff f = 0the real normed space of bounded functions fiénmto Y
(i) [la-fif=lal-[f]/, and
(i) [If+gll < [If]+1lgll-

(25) LetX be a non empty set ad be a real normed space. Then the real normed space of
bounded functions frorX into Y is real normed space-like.

(26) LetX be a non empty set ardd be a real normed space. Then the real normed space of
bounded functions frorX into Y is a real normed space.

Let X be a non empty set and I¥t be a real normed space. Observe that the real normed
space of bounded functions frointo Y is real normed space-like, real linear space-like, Abelian,
add-associative, right zeroed, and right complementable.

The following three propositions are true:

(27) LetX be a non empty seY, be a real normed spacg, g, h be points of the real normed
space of bounded functions froxinto Y, and f’, ¢, b’ be bounded functions fro into
the carrier oY. Supposd’ = f andg’ = gandh’ = h. Thenh = f —gif and only if for every
elemenix of X holdsh (x) = f'(x) — g'(x).
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(28) LetX be a non empty set ard be a real normed space. Suppdsis complete. Let;

(29) LetX be a non empty set and be a real Banach space. Then the real normed space of

be a sequence of the real normed space of bounded functions{finta Y. If s; is Cauchy
sequence by norm, thes is convergent.

bounded functions fronX into Y is a real Banach space.

Let X be a non empty set and Métbe a real Banach space. Observe that the real normed space

of bounded functions fronX into Y is complete.
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