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Summary. A continuation of [5]. As the example of real norm spaces, we introduce
the arithmetic addition and multiplication in the set of absolute summable real sequences and
introduce the norm also. This set has the structure of the Banach space.
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The articles [13], [17], [4], [1], [14], [7], [2], [3], [18], [16], [10], [15], [11], [9], [8], [12], and [6]
provide the notation and terminology for this paper.

1. L1 SPACE:THE SPACE OFABSOLUTE SUMMABLE REAL SEQUENCES

The subset the set of l1-real sequences of the linear space of real sequences is defined by the condi-
tion (Def. 1).

(Def. 1) Let x be a set. Thenx ∈ the set of l1-real sequences if and only ifx ∈ the set of real
sequences and idseq(x) is absolutely summable.

One can verify that the set of l1-real sequences is non empty.
The following two propositions are true:

(1) The set of l1-real sequences is linearly closed.

(2) 〈the set of l1-real sequences,Zero (the set of l1-real sequences, the linear space of real
sequences),Add (the set of l1-real sequences, the linear space of real sequences),Mult (the
set of l1-real sequences, the linear space of real sequences)〉 is a subspace of the linear space
of real sequences.

Let us observe that〈the set of l1-real sequences,Zero (the set of l1-real sequences, the linear
space of real sequences),Add (the set of l1-real sequences, the linear space of real sequences),Mult (the
set of l1-real sequences, the linear space of real sequences)〉 is Abelian, add-associative, right ze-
roed, right complementable, and real linear space-like.

Next we state the proposition

(3) 〈the set of l1-real sequences,Zero (the set of l1-real sequences, the linear space of real
sequences),Add (the set of l1-real sequences, the linear space of real sequences),Mult (the
set of l1-real sequences, the linear space of real sequences)〉 is a real linear space.
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The function normseq from the set of l1-real sequences intoR is defined as follows:

(Def. 2) For every setx such thatx∈ the set of l1-real sequences holds normseq(x) = ∑|idseq(x)|.

Let X be a non empty set, letZ be an element ofX, let A be a binary operation onX, let M be a
function from[:R, X :] into X, and letN be a function fromX into R. Observe that〈X,Z,A,M,N〉 is
non empty.

One can prove the following four propositions:

(4) Let l be a normed structure. Suppose〈the carrier ofl , the zero ofl , the addition ofl , the
external multiplication ofl〉 is a real linear space. Thenl is a real linear space.

(5) Let r1 be a sequence of real numbers. Suppose that for every natural numbern holds
r1(n) = 0. Thenr1 is absolutely summable and∑|r1|= 0.

(6) Let r1 be a sequence of real numbers. Supposer1 is absolutely summable and∑|r1| = 0.
Let n be a natural number. Thenr1(n) = 0.

(7) 〈the set of l1-real sequences,Zero (the set of l1-real sequences, the linear space of real
sequences),Add (the set of l1-real sequences, the linear space of real sequences),Mult (the
set of l1-real sequences, the linear space of real sequences),normseq〉 is a real linear space.

The non empty normed structure l1-Space is defined by the condition (Def. 3).

(Def. 3) l1-Space= 〈the set of l1-real sequences,Zero (the set of l1-real sequences, the lin-
ear space of real sequences),Add (the set of l1-real sequences, the linear space of real
sequences),Mult (the set of l1-real sequences, the linear space of real sequences),normseq〉.

2. L1 SPACE ISBANACH

We now state two propositions:

(8) The carrier of l1-Space= the set of l1-real sequences and for every setx holds x is an
element of l1-Space iffx is a sequence of real numbers and idseq(x) is absolutely summable
and for every setx holdsx is a vector of l1-Space iffx is a sequence of real numbers and
idseq(x) is absolutely summable and 0l1-Space= Zeroseq and for every vectoru of l1-Space
holdsu= idseq(u) and for all vectorsu, v of l1-Space holdsu+v= idseq(u)+ idseq(v) and for
every real numberr and for every vectoru of l1-Space holdsr ·u = r idseq(u) and for every
vectoru of l1-Space holds−u =−idseq(u) and idseq(−u) =−idseq(u) and for all vectorsu, v
of l1-Space holdsu−v = idseq(u)− idseq(v) and for every vectorv of l1-Space holds idseq(v)
is absolutely summable and for every vectorv of l1-Space holds‖v‖= ∑|idseq(v)|.

(9) Let x, y be points of l1-Space anda be a real number. Then‖x‖ = 0 iff x = 0l1-Spaceand
0≤ ‖x‖ and‖x+y‖ ≤ ‖x‖+‖y‖ and‖a·x‖= |a| · ‖x‖.

Let us note that l1-Space is real normed space-like, real linear space-like, Abelian, add-associative,
right zeroed, and right complementable.

Let X be a non empty normed structure and letx, y be points ofX. The functorρ(x,y) yielding
a real number is defined by:

(Def. 4) ρ(x,y) = ‖x−y‖.

Let N1 be a non empty normed structure and lets1 be a sequence ofN1. We say thats1 is
CCauchy if and only if the condition (Def. 5) is satisfied.

(Def. 5) Letr2 be a real number. Supposer2 > 0. Then there exists a natural numberk1 such that
for all natural numbersn1, m1 if n1 ≥ k1 andm1 ≥ k1, thenρ(s1(n1),s1(m1)) < r2.

We introduces1 is Cauchy sequence by norm as a synonym ofs1 is CCauchy.
In the sequelN1 denotes a non empty real normed space ands2 denotes a sequence ofN1.
Next we state two propositions:
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(10) s2 is Cauchy sequence by norm if and only if for every real numberr such thatr > 0 there
exists a natural numberk such that for all natural numbersn, m such thatn≥ k andm≥ k
holds‖s2(n)−s2(m)‖< r.

(11) For every sequencev1 of l1-Space such thatv1 is Cauchy sequence by norm holdsv1 is
convergent.

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbers.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/ordinal1.
html.

[2] Czesław Bylínski. Functions and their basic properties.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/
funct_1.html.
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