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Summary. The article is a continuation df[15]. As the example of real linear spaces,
we introduce the arithmetic addition in the set of real sequences and also introduce the multi-
plication. This set has the arithmetic structure which depends on these arithmetic operations.
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The articles([12],[[16],[[6],[I1],[[18],[[],[[17],[[8].[[5], [14], [[15], [14],[[10],[9],1[8], [[11], and_[2]
provide the notation and terminology for this paper.
The non empty set the set of real sequences is defined by:

(Def. 1) For every set holdsx € the set of real sequencesxffs a sequence of real numbers.

Letabe a set. Let us assume tlaat the set of real sequencekhe functor ideqa) yielding a
sequence of real numbers is defined by:

(Def. 2) ikeqf@) =a.

Leta be a set. Let us assume tlaat R. The functor i (a) yields a real number and is defined
as follows:

(Def. 3) idz(a) =a

Next we state two propositions:

(1) There exists a binary operatién on the set of real sequences such that for all elengnts

b of the set of real sequences hokiga, b) = idseq @) + idseq b) andA; is commutative and
associative.

(2) There exists a functiorf from [R, the set of real sequencgénto the set of real se-

qguences such that for all setsx if r € R andx € the set of real sequencethen f({r,
X)) = idr(r) idseq(X).

The binary operation adghon the set of real sequences is defined by:
(Def. 4) For all elementa, b of the set of real sequences holds ad@, b) = idseq @) + idseq(b).
The function mulleqfrom [ R, the set of real sequencgmito the set of real sequences is defined

by:
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(Def. 5) For all sets, x such thatr € R andx € the set of real sequences holds reugt(r, x)) =

The element Zeroseq of the set of real sequences is defined by:
(Def. 6) For every natural numbarholds(idse(Zeroseq)(n) = 0.

The following propositions are true:

(3) For every sequenoeof real numbers holds id{x) = x.

(4) For all vectorsv, w of (the set of real sequenc&erosegaddeg Multseg holdsv+w =
idseq(V) + idsedW).

(5) Forevery real numberand for every vectov of (the set of real sequenc@erosegaddseq multseq)
holdsr - v=r idseqV).

Let us mention thafthe set of real sequenc@&erosegaddieq Multseq is Abelian.
The following propositions are true:

(6) Forall vectorsy, v, wof (the set of real sequenc@erosegaddseq multseq holds(u+v) +
W=U+ (V+W).

(7) For every vectorv of (the set of real sequenc&erosegaddeqmultseq holds v+
O(the set of real sequencgeroseqpddiegmuliseq — V.

(8) Letv be a vector of(the set of real sequenc@erosegaddeq Multse. Then there ex-
ists a vectorw of (the set of real sequenc&erosegaddeq Multseq such thatv +w =

O(the set of real sequencgeroseqpddiegmultseq) *

(9) Forevery real numberand for all vectors, w of (the set of real sequenc@erosegadcseq Multseq
holdsa- (v+w)=a-v+a-w.

(10) For all real numbera, b and for every vector of (the set of real sequenc@erosegaddeq Multseq
holds(a+b)-v=a-v+b-v.

(11) Forallreal numbers, b and for every vector of (the set of real sequenc@erosegaddseq Multseq
holds(a-b)-v=a-(b-v).

(12) For every vectov of (the set of real sequenc&grosegaddeq Multseq holds 1.v=.
The real linear space the linear space of real sequences is defined by:
(Def. 7) The linear space of real sequeneeghe set of real sequenc@eroseqaddeq Multseq) .

Let X be a real linear space and Mt be a subset oX. Let us assume tha; is linearly closed
and non empty. The functor Ad@;, X) yields a binary operation ox; and is defined as follows:

(Def. 8) Add.(Xq1,X) = (the addition ofX) [[: X1, X1 .

Let X be a real linear space and Mt be a subset oX. Let us assume tha; is linearly closed
and non empty. The functor Mu(fXy, X) yields a function fronf. R, X; ] into X; and is defined by:

(Def. 9) Mult (X, X) = (the external multiplication oX) [[ R, X; ].

Let X be a real linear space and Mt be a subset oX. Let us assume tha; is linearly closed
and non empty. The functor Zef@Xz, X) yields an element ok; and is defined by:

(Def. 10) Zera(X,X) = Ox.
The following proposition is true

(13) LetV be areal linear space akg be a subset of . Supposé/; is linearly closed and non
empty. ThenVi,Zera (Vq,V),Add_(V1,V),Mult_(V1,V)) is a subspace of.
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The subset the set of 12-real sequences of the linear space of real sequences is defined by the
conditions (Def. 11).

(Def. 11)(i) The set of 12-real sequences is hon empty, and
(i) for every setx holdsx € the set of 12-real sequences X the set of real sequences and
idseqX) idseqX) is summable.
One can prove the following propositions:
(14) The set of I2-real sequences is linearly closed and the set of 12-real sequences is non empty.

(15) (the set of I2-real sequenc@ero.(the set of 12-real sequencéise linear space of real
sequencespdd_(the set of I2-real sequencéise linear space of real sequencéf)lt_(the
set of 12-real sequencghe linear space of real sequenges)a subspace of the linear space
of real sequences.

(16) (the set of 12-real sequenc@ero_(the set of 12-real sequencése linear space of real
sequencesAdd_(the set of I2-real sequencése linear space of real sequencéf)lt_(the
set of 12-real sequencghke linear space of real sequengés)a real linear space.

(A7)(i) The carrier of the linear space of real sequenedise set of real sequences

(i) for every setx holdsx is an element of the linear space of real sequencesdsfh sequence
of real numbers,

(i)  for every setx holdsx is a vector of the linear space of real sequencesidgfa sequence
of real numbers,

(iv) for every vectow of the linear space of real sequences haolésidsequ),

(v) for all vectorsu, v of the linear space of real sequences haldsv = idseqU) + idseqV),
and

(vi) for every real number and for every vectou of the linear space of real sequences holds
r-u=ridseqU).

(18) There exists a functiof from [:the set of 12-real sequenceke set of I12-real sequencgs:
into R such that for all setg, y if x € the set of 12-real sequences and the set of 12-real
sequenceghenf ((X,y)) = 5 (idseq(X) idseqy))-

The function scalakqfrom [:the set of I2-real sequencebe set of I12-real sequencgsito R is
defined by the condition (Def. 12).

(Def. 12) Letx, ybe sets. Supposec the set of I2-real sequences andthe set of [2-real sequences
Then scalagq (X, Y)) = 3 (idseqX) idseqY))-

Let us note thafthe set of 12-real sequenc@ero_(the set of 12-real sequencése linear space
of real sequences)dd_(the set of I2-real sequencése linear space of real sequencéf)lt_(the
set of I2-real sequencghe linear space of real sequenceslageq is non empty.

The non empty unitary space structure 12-Space is defined by the condition (Def. 13).

(Def. 13) 12-Space= (the set of I2-real sequenc&ero (the set of I2-real sequencése lin-
ear space of real sequencésjd_(the set of 12-real sequencéise linear space of real
sequencesMult_(the set of 12-real sequencése linear space of real sequencssflakeq.

One can prove the following propositions:

(19) Letl be a unitary space structure. Suppcbe carrier of, the zero of, the addition of,
the external multiplication df) is a real linear space. Théiis a real linear space.

(20) Letry be a sequence of real numbers. If for every natural numieidsry(n) = O, then
riis summable ang r; =0.

(21) Letr; be a sequence of real numbers. Suppose for every natural narhbkfs 0< r1(n)
andry is summable an§ r; = 0. Let n be a natural number. Then(n) = 0.

Let us note that I2-Space is Abelian, add-associative, right zeroed, right complementable, and
real linear space-like.
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