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Summary. The article consists of two parts. In the first one we consider notion of
nonnegative and nonpositive part of a real numbers. In the second we consider partial function
from a domain to the set of real numbers (or more general to a domain). We define a few new
operations for these functions and show connections between finite sequences of real numbers
and functions which domain is finite. We introduogegrationsfor finite domain real valued
functions.
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1. NONNEGATIVE AND NONPOSITIVE PART OF A REAL NUMBER

In this papemn denotes a natural number andenotes a real number.
Let n, mbe natural numbers. Then nfimm) is a natural number.
Letr be a real number. The functor mak) yields a real number and is defined as follows:

(Def. 1) max.(r) = maxr,0).
The functor max (r) yields a real number and is defined as follows:

(Def. 2) max (r) =max—r,0).
The following propositions are true:
(1) For every real numberholdsr = max, (r) —max_(r).
(2) For every real numberholds|r| = max, (r) +max_(r).
(3) For every real numberholds 2 max, (r) =r +|r|.
(4) For all real numbers, ssuch that 6< r holds max_(r - s) = r - max; (s).
(5) For all real numbers, sholds max.(r +s) < maxy (r) +max;(s).
(6) For every real numberholds 0< max, (r) and 0< max_(r).

(7) For all real numberss, r, s, S such thatr; < s; andry < s holds maxry,rz) <
max(s1,Sp).
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2. PROPERTIES OFREAL FUNCTION
The following propositions are true:

(8) LetD be a non empty seF, be a partial function fronb to R, andr, sbe real numbers. If
r#0,thenF~({?}) = (rF)*({s}).

(9) For every non empty seD and for every partial functior from D to R holds
(0F)~%({0}) = domF.

(10) LetD be a non empty seE be a partial function fronD to R, andr be a real number. If
0<r, then|F|71({r}) = F1({-r,r}).

(11) For every non empty sBtand for every partial functioR from D to R holds|F|~%({0}) =
F=({o}).

(12) LetD be a non empty seE be a partial function fronD to R, andr be a real number. If
r <0, then|F|~1({r}) =0.

(13) LetD, C be non empty set$; be a partial function fronD to R, G be a partial function
from C to R, andr be a real number. SupposeZ 0. ThenF andG are fiberwise equipotent
if and only ifr F andr G are fiberwise equipotent.

(14) LetD,Cbe non empty set$; be a partial function fronb to R, andG be a partial function
from C to R. ThenF andG are fiberwise equipotent if and onlyF and—G are fiberwise
equipotent.

(15) LetD,Cbe non empty set$; be a partial function fronb to R, andG be a partial function
from C to R. Supposd&= andG are fiberwise equipotent. TheR| and |G| are fiberwise
equipotent.

Let X, Y be sets. Set of partial functions fraito Y is defined by:
(Def. 3) Every element of it is a partial function froxto Y.

Let X, Y be sets. Note that there exists a set of partial functions ¥damY which is non empty.

Let X, Y be sets. A non empty set of partial functions frdio Y is a non empty set of partial
functions fromX to Y.

Let X, Y be sets. TheX—=Y is a set of partial functions frotd to Y. Let P be a non empty set
of partial functions fronX to Y. We see that the elementBfis a partial function fronX to'Y.

Let D, C be non empty sets, I be a subset dD, and letc be an element . ThenX — ¢
is an element ob—C.

Let D be a non empty set and IEt, F, be elements oD—R. ThenF; + F, is an element of
D-R. ThenF, — R is an element 0D—-R. ThenF; F is an element oD—-R. Then % is an
element oD-R.

Let D be a non empty set and IEtbe an element db—R. Then|F| is an element oD-R.
Then—F is an element oD—-R. Then% is an element oD—R.

Let D be a non empty set, I&t be an element dD—R, and letr be a real number. TharF is
an element oD—-R.

Let D be a non empty set. The functep_-y yielding a binary operation oB—R is defined as
follows:

(Def. 4) For all elementk;, F, of DR holds+pg(F1, R) = F1+ Fo.
One can prove the following propositions:
(16) For every non empty sétholds+p_-.g is commutative.
(17) For every non empty s€tholds+p_.r is associative.

(18) For every non empty s&tholdsQp — (0 quareal number) is a unity w.r.t-p_-g.
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(19) For every non empty sétholdsl, .. = Qp — (0 quareal numbey.

(20) For every non empty sétholds+p_,g has a unity.

Let D be a non empty set and Iétbe a finite sequence of elementsb&R. The functory f
yields an element d0—R and is defined by:

(Def.5) Sf=4p.p®f.

One can prove the following propositions:

(21) For every non empty s€tholdsy (¢ p-g)) = Qo — (0 quareal numbey.
(22) For every non empty setand for every elemer® of DR holdsy (G) = G.

(23) LetD be a non empty sef, be a finite sequence of elementdBfR, andG be an element
of D=R. Theny (f~(G)) =5 f+G.

(24) For every non empty s& and for all finite sequencefy, f, of elements oD—-R holds
Z(f1’\ fo) = > f1+z fo.

(25) LetD be a non empty sef, be a finite sequence of elementdbfR, andG be an element
of D=R. ThenS ((G) ™~ f) =G+ f.

(26) For every non empty s€tand for all element§, G, of DR holdsy (G1,G2) = G1 +
Go.

(27) For every non empty s& and for all element$;, Gy, Gz of DR holds 5 (G1, Gy,
Gz) = G1+ G2+ Gs.

(28) LetD be a non empty set and g be finite sequences of elementd®fR. If f andg are
fiberwise equipotent, thepi f =5 g.

Let D be a non empty set and létbe a finite sequence. The functor GIfID) yields a finite
sequence of elements Bf>R and is defined as follows:

(Def. 6) lenCHIf,D) =lenf and for everyn such thah € dom CHI(f,D) holds(CHI(f,D))(n) =
Xf(n),D-

Let D be a non empty set, ldtbe a finite sequence of elements»&R, and letR be a finite
sequence of elements &. The functorR f yielding a finite sequence of elements >R is
defined by the conditions (Def. 7).

(Def. 7)()) lenR f) =min(lenR lenf), and

(i) for everynsuch than € dom(R f) and for every partial functiof from D to R and for

everyr such thar = R(n) andF = f(n) holds(R f)(n) =rF.

LetD be a non empty set, Iétbe a finite sequence of elementdpfR, and letd be an element
of D. The functorf#d yields a finite sequence of elementskiand is defined by the conditions
(Def. 8).

(Def. 8)()) len(f#d)=Ilenf, and

(i) for every natural numben and for every elemer® of D--R such than € dom(f#d) and
f(n) = G holds(f#d)(n) = G(d).

Let D, C be non empty sets, Idt be a finite sequence of elementsC, and letd be an
element oD. We say thatl is common for donf if and only if:

(Def. 9) For every elemen® of D—C and for every natural number such thain € domf and
f(n) = G holdsd € domG.

The following propositions are true:
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(29) LetD, C be non empty setd, be a finite sequence of elementsi»>fC, d be an element
of D, andn be a natural number. & is common for domf andn # 0, thend is common for
dom f|n.

(30) LetD, C be non empty setd, be a finite sequence of elementsi»f>C, d be an element
of D, andn be a natural number. tf is common for dont, thend is common for don .

(31) LetD be a non empty setl be an element db, andf be a finite sequence of elements of
D—R. Iflen f #£ 0, thend is common for donf iff d € domy f.

(32) LetD be a non empty sef, be a finite sequence of elementd®fR, d be an element of
D, andn be a natural number. Théri[n)#d = (f#d)In.

(33) For every non empty s& and for every finite sequendeand for every elemerd of D
holdsd is common for dom CH]f, D).

(34) LetD be a non empty set be an element oD, f be a finite sequence of elements of
D—=R, andR be a finite sequence of elementskf If d is common for domf, thend is
common for donR f.

(35) LetD be a non empty sef, be a finite sequenc® be a finite sequence of elementskaf
andd be an element db. Thend is common for donRCHI(f,D).

(36) LetD be a non empty setl be an element db, andf be a finite sequence of elements of
D—R. If d is common for dont, then(S f)(d) = 3 (f#d).

Let D be a non empty set and IEBtbe a partial function fronD to R. The functor max(F)
yields a partial function fron to R and is defined by:

(Def. 10) dommax(F) = domF and for every elemerd of D such thatd € dommax (F) holds
(max, (F))(d) = max; (F(d)).

The functor max (F) yielding a partial function fronD to R is defined by:

(Def. 11) dommax(F) = domF and for every elemerd of D such thatd € dommax (F) holds
(max_(F))(d) = max_(F(d)).

The following propositions are true:

(37) For every non empty sd&@ and for every partial functior from D to R holdsF =
max; (F) —max_(F) and|F| = max; (F) + max_(F) and 2 max (F) =F +|F|.

(38) LetD be a non empty seE be a partial function fronD to R, andr be a real number. If
0<r, thenF~1({r}) = (max.(F))~({r}).

(39) For every non empty sdd and for every partial functiorF from D to R holds
F~(—e,0]) = (max. (F))~*({0}).

(40) LetD be a non empty seE be a partial function fronD to R, andd be an element db.
If d € domF, then 0< (max; (F))(d).

(41) LetD be a non empty seE be a partial function fronD to R, andr be a real number. If
0<r, thenF~1({—r}) = (max_(F))~({r}).

(42) For every non empty sdd and for every partial functiorF from D to R holds
F4([0, +o0[) = (max_(F))~*({0}).

(43) LetD be a non empty seE be a partial function fronb to R, andd be an element db.
If d € domF, then 0< (max_(F))(d).

(44) LetD, Cbe non empty set$; be a partial function fronb to R, andG be a partial function
from C to R. Supposé= andG are fiberwise equipotent. Then ma¥) and max (G) are
fiberwise equipotent.
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(45) LetD, Cbe non empty set$; be a partial function fronb to R, andG be a partial function
from C to R. Supposé= andG are fiberwise equipotent. Then ma¥) and max (G) are
fiberwise equipotent.

Let A, B be sets. Note that there exists a partial function fioto B which is finite.

Let D be a non empty set and IEtbe a finite partial function frond to R. One can check that
max; (F) is finite and max (F) is finite.

Next we state several propositions:

(46) LetD, C be non empty set$; be a finite partial function frond to R, andG be a finite
partial function fromC to R. Suppose max(F) and max (G) are fiberwise equipotent and
max_(F) and max (G) are fiberwise equipotent. ThéhandG are fiberwise equipotent.

(47) For every non empty sé&t and for every partial functiofr from D to R and for every set
X holds max (F) [X = max, (F [X).

(48) For every non empty sét and for every partial functiofr from D to R and for every set
X holds max (F) X = max_(F [X).

(49) LetD be a non empty set arfel be a partial function fronb to R. If for every element
of D such thad € domF holdsF (d) > 0, then max (F) = F.

(50) LetD be a non empty set arfel be a partial function fronb to R. If for every element
of D such thad € domF holdsF (d) < 0, then max (F) = —F.

Let D be a non empty set, € be a partial function fronD to R, and letr be a real number.
The functorF —r yielding a partial function fronb to R is defined as follows:

(Def. 12) dontF —r) = domF and for every elemerd of D such thad € dom(F —r) holds (F —
ry(d)=F(d)—r.
Next we state four propositions:

(51) For every non empty sétand for every partial functiof from D to R holdsF —0=F.

(52) LetD be a non empty seE be a partial function fronD to R, r be a real number, and
be aset. TheRk [X —r = (F —r)[X.

(53) LetD be a non empty seE be a partial function fronD to R, andr, s be real numbers.
ThenF~Y({s+r}) = (F —r)"({s}).

(54) LetD, C be non empty set$; be a partial function fron to R, G be a partial function
from C to R, andr be a real number. Theh andG are fiberwise equipotent if and only if
F —r andG —r are fiberwise equipotent.

Let F be a partial function froniR to R and letX be a set. We say thé&tis convex onX if and
only if the conditions (Def. 13) are satisfied.
(Def. 13)()) X C domF, and
(i) for every real numbep such that 6< p andp < 1 and for all real numbens s such that
re Xandse X andp-r+(1—p)-s€ X holdsF(p-r+(1—p)-s) < p-F(r)+(1—p)-F(s).
The following propositions are true:

(55) Leta, b be real numbers anid be a partial function fronR to R. ThenF is convex on
[a,b] if and only if the following conditions are satisfied:

() [ab] € domF, and

(i) for every real numbep such that < p andp < 1 and for all real numbens s such that
r € [a,b] ands e [a,b] holdsF(p-r+(1—p)-s) < p-F(r)+(1—p)-F(9).
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(56) Leta, b be real numbers anid be a partial function fronR to R. ThenF is convex on
[a,b] if and only if the following conditions are satisfied:
() [ab] € domF, and

(i) forall real numbers, X2, X3 such that; € [a,b] andx; € [a,b] andxs € [a,b] andx; < X2

andxz < X3 holds F(X;E:EZ(XZ) < F(Xf(;:)';(“).

(57) LetF be a partial function fronR to R andX, Y be sets. If is convex onX andY C X,
thenF is convex ory.

(58) LetF be a partial function fronR to R, X be a set, and be a real number. Thef is
convex onX if and only if F —r is convex orX.

(59) LetF be a partial function froniR to R, X be a set, and be a real number. Suppose.
ThenF is convex onX if and only if r F is convex onX.

(60) For every partial functiofr from R to R and for every seX such thatX C domF holds
OF is convex onX.

(61) LetF, G be partial functions froni to R andX be a set. Suppogeis convex onX andG
is convex onX. ThenF + G is convex onX.

(62) LetF be a partial function fronR to R, X be a set, and be a real number. I is convex
on X, then max (F —r) is convex onX.

(63) LetF be a partial function fronR to R andX be a set. IF is convex onX, then max (F)
is convex onX.

(64) idg is convex onR.

(65) For every real numberholds max (idg, —r) is convex orR.

Let D be a non empty set, 1€t be a partial function fronD to R, and letX be a set. Let us
assume that doffr [X) is finite. The functor Fin&, X) yielding a non-increasing finite sequence
of elements oR is defined by:

(Def. 14) F[X and FingF, X) are fiberwise equipotent.

We now state two propositions:

(66) LetD be anon empty sef, be a partial function frond to R, andX be a set. If dorfF [X)
is finite, then Fin®F, dom(F [ X)) = Fin§(F, X).

(67) LetD be anonempty sef, be a partial function fronD to R, andX be a set. If dorfF [X)
is finite, then Fin®F X, X) = FIn§(F, X).

Let D be a non empty set, I&t be a partial function fronD to R, and letX be a finite set. Then
F X is a finite partial function fronD to R.
The following propositions are true:

(68) LetD be a non empty setl be an element db, X be a set, an@ be a partial function
from D to R. SupposeX is finite andd € dom(F [X). Then(FinS(F, X\ {d})) ~ (F(d)) and
F X are fiberwise equipotent.

(69) LetD be anon empty sed,be an element dD, X be a set, an#& be a partial function from
D to R. Suppose doiff [X) is finite andd € dom(F [X). Then(FinS(F, X\ {d})) ~ (F(d))
andF X are fiberwise equipotent.

(70) LetD be a non empty seF, be a partial function fronD to R, X be a set, an¥ be a finite
set. IfY = dom(F [ X), then lenFin$F, X) = cardy.
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(71) For every non empty sBtand for every partial functioR from D to R holds FingF,0) =
ER.

(72) LetD be a non empty seE be a partial function fron to R, andd be an element db.
If d € domF, then Fin§F,{d}) = (F(d)).

(73) LetD be a non empty seE be a partial function fronD to R, X be a set, and be an
element oD. If dom(F X) is finite andd € dom(F [X) and (FinS(F, X)) (lenFingF, X)) =
F(d), then FingF,X) = (Fin§(F, X\ {d})) ™ (F(d)).

(74) LetD be a non empty seE, be a partial function fronD to R, andX, Y be sets. Suppose

dom(F [X) is finite andYy C X and for all elementdy, dz of D such thatl; € dom(F|Y) and
d2 € dom(F [(X\Y)) holdsF(d1) > F(d2). Then Fin§F, X) = (FinS(F,Y)) ~ FinS(F, X\ Y).

(75) LetD be anon empty sef, be a partial function fronD to R, r be a real numbek be a set,
andd be an element dD. Suppose dofr [X) is finite andd € dom(F [X). Then(Fin§(F —
r,X))(lenFin§F —r,X)) = (F —r)(d) if and only if (FinS(F, X))(lenFin§F, X)) = F(d).

(76) LetD be a non empty seE be a partial function fronD to R, r be a real numbeiX be a
set, andZ be a finite set. IZ = dom(F [ X), then Fin§F —r, X) = Fin§(F, X) — cardZ — r.

(77) LetD be a non empty seE be a partial function fronD to R, andX be a set. Suppose
dom(F [ X) is finite and for every element of D such thaid € dom(F [X) holdsF (d) > 0.
Then Fingmax; (F),X) = Fin§(F, X).

(78) LetD be anon empty sef, be a partial function frond to R, X be a setr be a real number,
andZ be a finite set. IZ = dom(F [X) and rndF [X) = {r}, then Fin§F,X) = cardZ — r.

(79) LetD be a non empty seE be a partial function fronD to R, andX, Y be sets. Suppose
dom(F [(XUY)) is finite andX missesy. Then FingF, X UY) and(FinS(F, X)) ~ FinS(F,Y)
are fiberwise equipotent.

Let D be a non empty set, I€t be a partial function frond to R, and letX be a set. The functor
Z)K(=O F (k) yielding a real number is defined by:
(Def. 15) $X_oF(k) = ¥ FinS(F,X).
Next we state several propositions:

(80) LetD be a non empty seE be a partial function fronD to R, X be a set, and be a real
number. If dontF [X) is finite, thenyX_o(r F)(K) =r-SX_oF(K).

(81) LetD be a non empty sek, G be partial functions fronD to R, X be a set, and/
be a finite set. IfY = dom(F[X) and dontF [X) = dom(G|X), then TX_o(F + G)(K) =
Sk-oF (K)+ 3K _0G(K).

(82) LetD be a non empty set-, G be partial functions fronD to R, and X be a set.
If dom(F[X) is finite and doniF [X) = dom(G[X), thenTX_o(F — G)(K) = TX_oF(K) —
Sk-0G(K).

(83) LetD be anonempty sef, be a partial function fronD to R, X be a sety be a real number,
andY be a finite set. I¥ = dom(F [X), thensX_o(F —r)(K) = Sx_oF (k) —r -cardY.

(84) For every non empty sBtand for every partial functioR fromD to R holdsz“,():0 F(k)=
0.

(85) LetD be a non empty seE be a partial function fronD to R, andd be an element db.
If d € domF, theny (% F (k) = F(d).

(86) LetD be a non empty sef; be a partial function fronD to R, and X, Y be sets. If
dom(F [(XUY)) is finite andX missesY, theny XY F (k) = SX_oF(K) + 3 _oF (K).

(87) LetD be a non empty sef be a partial function fronD to R, andX, Y be sets. If
dom(F [(XUY)) is finite and donF [X) misses dor(F [Y), theny X F (k) = SX_oF (k) +
Sx-oF (K).
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