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1. NONNEGATIVE AND NONPOSITIVEPART OF A REAL NUMBER

In this papern denotes a natural number andr denotes a real number.
Let n, mbe natural numbers. Then min(n,m) is a natural number.
Let r be a real number. The functor max+(r) yields a real number and is defined as follows:

(Def. 1) max+(r) = max(r,0).

The functor max−(r) yields a real number and is defined as follows:

(Def. 2) max−(r) = max(−r,0).

The following propositions are true:

(1) For every real numberr holdsr = max+(r)−max−(r).

(2) For every real numberr holds|r|= max+(r)+max−(r).

(3) For every real numberr holds 2·max+(r) = r + |r|.

(4) For all real numbersr, s such that 0≤ r holds max+(r ·s) = r ·max+(s).

(5) For all real numbersr, s holds max+(r +s)≤max+(r)+max+(s).

(6) For every real numberr holds 0≤max+(r) and 0≤max−(r).

(7) For all real numbersr1, r2, s1, s2 such thatr1 ≤ s1 and r2 ≤ s2 holds max(r1, r2) ≤
max(s1,s2).
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2. PROPERTIES OFREAL FUNCTION

The following propositions are true:

(8) LetD be a non empty set,F be a partial function fromD to R, andr, s be real numbers. If
r 6= 0, thenF−1({ s

r }) = (r F )−1({s}).

(9) For every non empty setD and for every partial functionF from D to R holds
(0 F)−1({0}) = domF.

(10) LetD be a non empty set,F be a partial function fromD to R, andr be a real number. If
0 < r, then|F |−1({r}) = F−1({−r, r}).

(11) For every non empty setD and for every partial functionF from D to R holds|F |−1({0}) =
F−1({0}).

(12) LetD be a non empty set,F be a partial function fromD to R, andr be a real number. If
r < 0, then|F |−1({r}) = /0.

(13) LetD, C be non empty sets,F be a partial function fromD to R, G be a partial function
from C to R, andr be a real number. Supposer 6= 0. ThenF andG are fiberwise equipotent
if and only if r F andr G are fiberwise equipotent.

(14) LetD, C be non empty sets,F be a partial function fromD to R, andG be a partial function
from C to R. ThenF andG are fiberwise equipotent if and only if−F and−G are fiberwise
equipotent.

(15) LetD, C be non empty sets,F be a partial function fromD to R, andG be a partial function
from C to R. SupposeF andG are fiberwise equipotent. Then|F | and |G| are fiberwise
equipotent.

Let X, Y be sets. Set of partial functions fromX to Y is defined by:

(Def. 3) Every element of it is a partial function fromX to Y.

Let X, Y be sets. Note that there exists a set of partial functions fromX toY which is non empty.
Let X, Y be sets. A non empty set of partial functions fromX to Y is a non empty set of partial

functions fromX to Y.
Let X, Y be sets. ThenX→̇Y is a set of partial functions fromX to Y. Let P be a non empty set

of partial functions fromX to Y. We see that the element ofP is a partial function fromX to Y.
Let D, C be non empty sets, letX be a subset ofD, and letc be an element ofC. ThenX 7−→ c

is an element ofD→̇C.
Let D be a non empty set and letF1, F2 be elements ofD→̇R. ThenF1 + F2 is an element of

D→̇R. ThenF1−F2 is an element ofD→̇R. ThenF1 F2 is an element ofD→̇R. Then F1
F2

is an
element ofD→̇R.

Let D be a non empty set and letF be an element ofD→̇R. Then|F | is an element ofD→̇R.
Then−F is an element ofD→̇R. Then 1

F is an element ofD→̇R.
Let D be a non empty set, letF be an element ofD→̇R, and letr be a real number. Thenr F is

an element ofD→̇R.
Let D be a non empty set. The functor+D→̇R yielding a binary operation onD→̇R is defined as

follows:

(Def. 4) For all elementsF1, F2 of D→̇R holds+D→̇R(F1, F2) = F1 +F2.

One can prove the following propositions:

(16) For every non empty setD holds+D→̇R is commutative.

(17) For every non empty setD holds+D→̇R is associative.

(18) For every non empty setD holdsΩD 7−→ (0 qua real number) is a unity w.r.t.+D→̇R.
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(19) For every non empty setD holds1+D→̇R = ΩD 7−→ (0 qua real number).

(20) For every non empty setD holds+D→̇R has a unity.

Let D be a non empty set and letf be a finite sequence of elements ofD→̇R. The functor∑ f
yields an element ofD→̇R and is defined by:

(Def. 5) ∑ f = +D→̇R ~ f .

One can prove the following propositions:

(21) For every non empty setD holds∑(ε(D→̇R)) = ΩD 7−→ (0 qua real number).

(22) For every non empty setD and for every elementG of D→̇R holds∑〈G〉= G.

(23) LetD be a non empty set,f be a finite sequence of elements ofD→̇R, andG be an element
of D→̇R. Then∑( f a 〈G〉) = ∑ f +G.

(24) For every non empty setD and for all finite sequencesf1, f2 of elements ofD→̇R holds
∑( f1 a f2) = ∑ f1 +∑ f2.

(25) LetD be a non empty set,f be a finite sequence of elements ofD→̇R, andG be an element
of D→̇R. Then∑(〈G〉a f ) = G+∑ f .

(26) For every non empty setD and for all elementsG1, G2 of D→̇R holds∑〈G1,G2〉 = G1 +
G2.

(27) For every non empty setD and for all elementsG1, G2, G3 of D→̇R holds ∑〈G1,G2,
G3〉= G1 +G2 +G3.

(28) LetD be a non empty set andf , g be finite sequences of elements ofD→̇R. If f andg are
fiberwise equipotent, then∑ f = ∑g.

Let D be a non empty set and letf be a finite sequence. The functor CHI( f ,D) yields a finite
sequence of elements ofD→̇R and is defined as follows:

(Def. 6) lenCHI( f ,D) = len f and for everyn such thatn∈ domCHI( f ,D) holds(CHI( f ,D))(n) =
χ f (n),D.

Let D be a non empty set, letf be a finite sequence of elements ofD→̇R, and letR be a finite
sequence of elements ofR. The functorR f yielding a finite sequence of elements ofD→̇R is
defined by the conditions (Def. 7).

(Def. 7)(i) len(R f) = min(lenR, len f ), and

(ii) for every n such thatn∈ dom(R f) and for every partial functionF from D to R and for
everyr such thatr = R(n) andF = f (n) holds(R f)(n) = r F.

Let D be a non empty set, letf be a finite sequence of elements ofD→̇R, and letd be an element
of D. The functor f #d yields a finite sequence of elements ofR and is defined by the conditions
(Def. 8).

(Def. 8)(i) len( f #d) = len f , and

(ii) for every natural numbern and for every elementG of D→̇R such thatn∈ dom( f #d) and
f (n) = G holds( f #d)(n) = G(d).

Let D, C be non empty sets, letf be a finite sequence of elements ofD→̇C, and letd be an
element ofD. We say thatd is common for domf if and only if:

(Def. 9) For every elementG of D→̇C and for every natural numbern such thatn ∈ dom f and
f (n) = G holdsd ∈ domG.

The following propositions are true:
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(29) LetD, C be non empty sets,f be a finite sequence of elements ofD→̇C, d be an element
of D, andn be a natural number. Ifd is common for domf andn 6= 0, thend is common for
dom f �n.

(30) LetD, C be non empty sets,f be a finite sequence of elements ofD→̇C, d be an element
of D, andn be a natural number. Ifd is common for domf , thend is common for domf�n.

(31) LetD be a non empty set,d be an element ofD, and f be a finite sequence of elements of
D→̇R. If len f 6= 0, thend is common for domf iff d ∈ dom∑ f .

(32) LetD be a non empty set,f be a finite sequence of elements ofD→̇R, d be an element of
D, andn be a natural number. Then( f �n)#d = ( f #d)�n.

(33) For every non empty setD and for every finite sequencef and for every elementd of D
holdsd is common for dom CHI( f ,D).

(34) Let D be a non empty set,d be an element ofD, f be a finite sequence of elements of
D→̇R, andR be a finite sequence of elements ofR. If d is common for domf , thend is
common for domR f.

(35) LetD be a non empty set,f be a finite sequence,R be a finite sequence of elements ofR,
andd be an element ofD. Thend is common for domRCHI( f ,D).

(36) LetD be a non empty set,d be an element ofD, and f be a finite sequence of elements of
D→̇R. If d is common for domf , then(∑ f )(d) = ∑( f #d).

Let D be a non empty set and letF be a partial function fromD to R. The functor max+(F)
yields a partial function fromD to R and is defined by:

(Def. 10) dommax+(F) = domF and for every elementd of D such thatd ∈ dommax+(F) holds
(max+(F))(d) = max+(F(d)).

The functor max−(F) yielding a partial function fromD to R is defined by:

(Def. 11) dommax−(F) = domF and for every elementd of D such thatd ∈ dommax−(F) holds
(max−(F))(d) = max−(F(d)).

The following propositions are true:

(37) For every non empty setD and for every partial functionF from D to R holds F =
max+(F)−max−(F) and|F |= max+(F)+max−(F) and 2 max+(F) = F + |F |.

(38) LetD be a non empty set,F be a partial function fromD to R, andr be a real number. If
0 < r, thenF−1({r}) = (max+(F))−1({r}).

(39) For every non empty setD and for every partial functionF from D to R holds
F−1(]−∞,0]) = (max+(F))−1({0}).

(40) LetD be a non empty set,F be a partial function fromD to R, andd be an element ofD.
If d ∈ domF, then 0≤ (max+(F))(d).

(41) LetD be a non empty set,F be a partial function fromD to R, andr be a real number. If
0 < r, thenF−1({−r}) = (max−(F))−1({r}).

(42) For every non empty setD and for every partial functionF from D to R holds
F−1([0,+∞[) = (max−(F))−1({0}).

(43) LetD be a non empty set,F be a partial function fromD to R, andd be an element ofD.
If d ∈ domF, then 0≤ (max−(F))(d).

(44) LetD, C be non empty sets,F be a partial function fromD to R, andG be a partial function
from C to R. SupposeF andG are fiberwise equipotent. Then max+(F) and max+(G) are
fiberwise equipotent.
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(45) LetD, C be non empty sets,F be a partial function fromD to R, andG be a partial function
from C to R. SupposeF andG are fiberwise equipotent. Then max−(F) and max−(G) are
fiberwise equipotent.

Let A, B be sets. Note that there exists a partial function fromA to B which is finite.
Let D be a non empty set and letF be a finite partial function fromD to R. One can check that

max+(F) is finite and max−(F) is finite.
Next we state several propositions:

(46) LetD, C be non empty sets,F be a finite partial function fromD to R, andG be a finite
partial function fromC to R. Suppose max+(F) and max+(G) are fiberwise equipotent and
max−(F) and max−(G) are fiberwise equipotent. ThenF andG are fiberwise equipotent.

(47) For every non empty setD and for every partial functionF from D to R and for every set
X holds max+(F)�X = max+(F�X).

(48) For every non empty setD and for every partial functionF from D to R and for every set
X holds max−(F)�X = max−(F�X).

(49) LetD be a non empty set andF be a partial function fromD to R. If for every elementd
of D such thatd ∈ domF holdsF(d)≥ 0, then max+(F) = F.

(50) LetD be a non empty set andF be a partial function fromD to R. If for every elementd
of D such thatd ∈ domF holdsF(d)≤ 0, then max−(F) =−F .

Let D be a non empty set, letF be a partial function fromD to R, and letr be a real number.
The functorF− r yielding a partial function fromD to R is defined as follows:

(Def. 12) dom(F − r) = domF and for every elementd of D such thatd ∈ dom(F − r) holds(F −
r)(d) = F(d)− r.

Next we state four propositions:

(51) For every non empty setD and for every partial functionF from D to R holdsF−0 = F.

(52) LetD be a non empty set,F be a partial function fromD to R, r be a real number, andX
be a set. ThenF�X− r = (F− r)�X.

(53) LetD be a non empty set,F be a partial function fromD to R, andr, s be real numbers.
ThenF−1({s+ r}) = (F− r)−1({s}).

(54) LetD, C be non empty sets,F be a partial function fromD to R, G be a partial function
from C to R, andr be a real number. ThenF andG are fiberwise equipotent if and only if
F− r andG− r are fiberwise equipotent.

Let F be a partial function fromR to R and letX be a set. We say thatF is convex onX if and
only if the conditions (Def. 13) are satisfied.

(Def. 13)(i) X ⊆ domF, and

(ii) for every real numberp such that 0≤ p andp≤ 1 and for all real numbersr, s such that
r ∈X ands∈X andp· r +(1− p) ·s∈X holdsF(p· r +(1− p) ·s)≤ p·F(r)+(1− p) ·F(s).

The following propositions are true:

(55) Let a, b be real numbers andF be a partial function fromR to R. ThenF is convex on
[a,b] if and only if the following conditions are satisfied:

(i) [a,b]⊆ domF, and

(ii) for every real numberp such that 0≤ p andp≤ 1 and for all real numbersr, s such that
r ∈ [a,b] ands∈ [a,b] holdsF(p· r +(1− p) ·s)≤ p·F(r)+(1− p) ·F(s).
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(56) Let a, b be real numbers andF be a partial function fromR to R. ThenF is convex on
[a,b] if and only if the following conditions are satisfied:

(i) [a,b]⊆ domF, and

(ii) for all real numbersx1, x2, x3 such thatx1 ∈ [a,b] andx2 ∈ [a,b] andx3 ∈ [a,b] andx1 < x2

andx2 < x3 holds F(x1)−F(x2)
x1−x2

≤ F(x2)−F(x3)
x2−x3

.

(57) LetF be a partial function fromR to R andX, Y be sets. IfF is convex onX andY ⊆ X,
thenF is convex onY.

(58) Let F be a partial function fromR to R, X be a set, andr be a real number. ThenF is
convex onX if and only if F− r is convex onX.

(59) LetF be a partial function fromR to R, X be a set, andr be a real number. Suppose 0< r.
ThenF is convex onX if and only if r F is convex onX.

(60) For every partial functionF from R to R and for every setX such thatX ⊆ domF holds
0 F is convex onX.

(61) LetF , G be partial functions fromR to R andX be a set. SupposeF is convex onX andG
is convex onX. ThenF +G is convex onX.

(62) LetF be a partial function fromR to R, X be a set, andr be a real number. IfF is convex
onX, then max+(F− r) is convex onX.

(63) LetF be a partial function fromR to R andX be a set. IfF is convex onX, then max+(F)
is convex onX.

(64) idΩR is convex onR.

(65) For every real numberr holds max+(idΩR − r) is convex onR.

Let D be a non empty set, letF be a partial function fromD to R, and letX be a set. Let us
assume that dom(F�X) is finite. The functor FinS(F,X) yielding a non-increasing finite sequence
of elements ofR is defined by:

(Def. 14) F�X and FinS(F,X) are fiberwise equipotent.

We now state two propositions:

(66) LetD be a non empty set,F be a partial function fromD to R, andX be a set. If dom(F�X)
is finite, then FinS(F,dom(F�X)) = FinS(F,X).

(67) LetD be a non empty set,F be a partial function fromD to R, andX be a set. If dom(F�X)
is finite, then FinS(F�X,X) = FinS(F,X).

Let D be a non empty set, letF be a partial function fromD to R, and letX be a finite set. Then
F�X is a finite partial function fromD to R.

The following propositions are true:

(68) Let D be a non empty set,d be an element ofD, X be a set, andF be a partial function
from D to R. SupposeX is finite andd ∈ dom(F�X). Then(FinS(F,X \{d})) a 〈F(d)〉 and
F�X are fiberwise equipotent.

(69) LetD be a non empty set,d be an element ofD, X be a set, andF be a partial function from
D to R. Suppose dom(F�X) is finite andd ∈ dom(F�X). Then(FinS(F,X \ {d})) a 〈F(d)〉
andF�X are fiberwise equipotent.

(70) LetD be a non empty set,F be a partial function fromD to R, X be a set, andY be a finite
set. IfY = dom(F�X), then lenFinS(F,X) = cardY.
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(71) For every non empty setD and for every partial functionF from D to R holds FinS(F, /0) =
εR.

(72) LetD be a non empty set,F be a partial function fromD to R, andd be an element ofD.
If d ∈ domF, then FinS(F,{d}) = 〈F(d)〉.

(73) Let D be a non empty set,F be a partial function fromD to R, X be a set, andd be an
element ofD. If dom(F�X) is finite andd ∈ dom(F�X) and(FinS(F,X))(lenFinS(F,X)) =
F(d), then FinS(F,X) = (FinS(F,X \{d}))a 〈F(d)〉.

(74) LetD be a non empty set,F be a partial function fromD to R, andX, Y be sets. Suppose
dom(F�X) is finite andY ⊆ X and for all elementsd1, d2 of D such thatd1 ∈ dom(F�Y) and
d2∈ dom(F�(X\Y)) holdsF(d1)≥ F(d2). Then FinS(F,X) = (FinS(F,Y))a FinS(F,X\Y).

(75) LetD be a non empty set,F be a partial function fromD to R, r be a real number,X be a set,
andd be an element ofD. Suppose dom(F�X) is finite andd ∈ dom(F�X). Then(FinS(F −
r,X))(lenFinS(F− r,X)) = (F− r)(d) if and only if (FinS(F,X))(lenFinS(F,X)) = F(d).

(76) LetD be a non empty set,F be a partial function fromD to R, r be a real number,X be a
set, andZ be a finite set. IfZ = dom(F�X), then FinS(F− r,X) = FinS(F,X)−cardZ 7→ r.

(77) LetD be a non empty set,F be a partial function fromD to R, andX be a set. Suppose
dom(F�X) is finite and for every elementd of D such thatd ∈ dom(F�X) holdsF(d) ≥ 0.
Then FinS(max+(F),X) = FinS(F,X).

(78) LetD be a non empty set,F be a partial function fromD to R, X be a set,r be a real number,
andZ be a finite set. IfZ = dom(F�X) and rng(F�X) = {r}, then FinS(F,X) = cardZ 7→ r.

(79) LetD be a non empty set,F be a partial function fromD to R, andX, Y be sets. Suppose
dom(F�(X∪Y)) is finite andX missesY. Then FinS(F,X∪Y) and(FinS(F,X))a FinS(F,Y)
are fiberwise equipotent.

Let D be a non empty set, letF be a partial function fromD to R, and letX be a set. The functor
∑X

κ=0F(κ) yielding a real number is defined by:

(Def. 15) ∑X
κ=0F(κ) = ∑FinS(F,X).

Next we state several propositions:

(80) LetD be a non empty set,F be a partial function fromD to R, X be a set, andr be a real
number. If dom(F�X) is finite, then∑X

κ=0(r F )(κ) = r ·∑X
κ=0F(κ).

(81) Let D be a non empty set,F , G be partial functions fromD to R, X be a set, andY
be a finite set. IfY = dom(F�X) and dom(F�X) = dom(G�X), then ∑X

κ=0(F + G)(κ) =
∑X

κ=0F(κ)+∑X
κ=0G(κ).

(82) Let D be a non empty set,F , G be partial functions fromD to R, and X be a set.
If dom(F�X) is finite and dom(F�X) = dom(G�X), then∑X

κ=0(F −G)(κ) = ∑X
κ=0F(κ)−

∑X
κ=0G(κ).

(83) LetD be a non empty set,F be a partial function fromD to R, X be a set,r be a real number,
andY be a finite set. IfY = dom(F�X), then∑X

κ=0(F− r)(κ) = ∑X
κ=0F(κ)− r ·cardY.

(84) For every non empty setD and for every partial functionF from D to R holds∑ /0
κ=0F(κ) =

0.

(85) LetD be a non empty set,F be a partial function fromD to R, andd be an element ofD.

If d ∈ domF, then∑{d}
κ=0F(κ) = F(d).

(86) Let D be a non empty set,F be a partial function fromD to R, andX, Y be sets. If
dom(F�(X∪Y)) is finite andX missesY, then∑X∪Y

κ=0 F(κ) = ∑X
κ=0F(κ)+∑Y

κ=0F(κ).

(87) Let D be a non empty set,F be a partial function fromD to R, andX, Y be sets. If
dom(F�(X∪Y)) is finite and dom(F�X) misses dom(F�Y), then∑X∪Y

κ=0 F(κ) = ∑X
κ=0F(κ)+

∑Y
κ=0F(κ).
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[6] Czesław Bylínski. Partial functions.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/partfun1.html.
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