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Summary. Basic operations in the set of partial functions which map a domain to
the set of all real numbers are introduced. They include adition, subtraction, multiplication,
division, multipication by a real number and also module. Main properties of these operations
are proved. A definition of the partial function bounded on a set (bounded below and bounded
above) is presented. There are theorems showing the laws of conservation of totality and
boundedness for operations of partial functions. The characteristic function of a subset of a
domain as a partial function is redefined and a few properties are proved.
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The articles|[9], [11], [[1], [[10], [15], [I3], 2], [[8], [12], [[4], [[7], and[[6] provide the notation and
terminology for this paper.

For simplicity, we adopt the following rule, Y are setsC is a hon empty set is an element

of C, f, f1, f, f3, g, g1 are partial functions fror® to R, andr, rq, p, p1 are real numbers.
Next we state the proposition

(ZH If0 < pandO<randp< ppandr <rp, thenp-r < pz;-ri.

Let us conside€ and let us considefy, fo. The functor% yields a partial function fron€ to
R and is defined by:

(Def. 4E| don‘(%) = domfy N (domf,\ f,71({0})) and for everyc such thatc € dom(%) holds
(1)(©) = fa(c)- fa(0) ™.

Let us conside€ and let us considef. The functor% yielding a partial function fron€ to R is
defined by:

(Def. Sﬂ dom(}) = domf \ f~1({0}) and for everyc such that € dom(}) holds(#)(c) = f(c)~%.

We now state a number of propositions:
(11f| dom(3) € domg and donyn (domg\ g~*({0})) = domg\ g *({0}).

(12) dont(fy f2)\ (f1 f2)~*({0}) = (domfy \ f7*({0})) N (domfz \ f2~4({0})).

1 The proposition (1) has been removed.

2 The definitions (Def. 1)—(Def. 3) have been removed.
3 The definitions (Def. 5)—(Def. 7) have been removed.
4 The propositions (3)—(10) have been removed.
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If c € dom($), thenf(c) 0.
(1)'({0}) =0

[f171({0}) = f~*({0}) and(—f)~*({0}) = F~*({0}).
don’(i) = dom(f [dom(%)).

Ifr #0, then(r f)~1({0}) = f~1({0}).
(fo+ f2) + f3 = f1 4 (f2+ f3).
(f1 f2) fa= 1 (f2 fa).

(fo+ fp) f3 = f1 f34 fo fa.

f3 (f1+ f2) = fa f1+ f3 fo.

r(fy fp) =(rfy) o

r(fy fa) = 1 (r f).

(fr—fo) fa= f1 fa— fo fa.

f3 f1— fa fo = fa (f1— fa).

r(fi4+fy)=rfi+rfo.

(r-p)f=r(pf).

r(fi—fy)=rfi—rfy

f1— o= (—1) (fa— f0).

fr— (fot f3) = f1— fo— fa.

1f =f.

f1—(fo—f3) = (f1— f2) + fs.
fi14+(fo—f3) = (f1+ f2) — fs.

[T faf = [f1] |f2.
Ir £l =|r[[f].
f— (1) f.
——f=f.

fi—fo=f1+-—"1.
fi——fo=f1+ 2.
1 = fdom(}).

5 The proposition (18) has been removed.
6 The proposition (20) has been removed.
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46) =13l
@7 =11
(48) ri="4.
(49)

(50)
1 _

(51) g = fr

(52) gt ="

(53) ;gg =

(54) —é = —landLt =L
(55) 24l lhilgngh f_hol

(56) 4o _howml

g fg
i f (g1 dom(& )
(57) ﬁ = g 9

f fig—gp f
(58) Tl 91:19f91'

(59) |#|=F.
(60) (

(61) (fl fz) fX = (fl [X) (fz [X) and(fl fz) FX = (fl [X) fz and(fl fz) [X = f]_ (f2 [X)
(62) (—f)IX=—f[Xand$X= ¢ and|f[|X = [f]X|.

(63) (fi— )X =f1[X—faIXand(fi— f2)[X = f1[X— fpand(fy— fo)[X = f1— fo[X.
(64) %{X:g—&and%[X:flf—;xand%[X:fz%.
(65) (rf)IX=r(fIX).

(66)(i) f1is total andf; is total iff f; + f; is total,
(i)  fqis total andf; is total iff f; — fo is total, and
(i) fq is total andf; is total iff f1 fy is total.

(67) fistotaliffr f is total.
(68) fistotal iff —f is total.
(69) fis totaliff |f|is total.
(70) % is total iff f~1({0}) = 0 and f is total.

(71) fyis total andf,~1({0}) = 0 and f; is total iff % is total.

(72) If f1 is total andf; is total, then(f, + f2)(c) = f1(c) + f2(c) and(f1 — f2)(c) = f1(c) —
fa(c) and(fy f2)(c) = f1(c) - fa(c).
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(73) If fistotal, then(r f)(c) =r- f(c).

(74) If fistotal, then(—f)(c) = —f(c) and|f|(c) = |f(c)|.
(75) If +istotal, then($)(c) = f(c) L.

(76) If f1 is total andy. is total, ther\(%)(c) = f1(c)- f2(c)~ L.

Let X, C be sets. TheMx ¢ is a partial function fronC to R.
The following propositions are true:

(77) f =Xxc iff domf = C and for everyc holds ifc € X, thenf(c) = 1 and ifc ¢ X, then
f(c)=0.

(78) Xxc is total.
(79) ceXiff Xxc(c) =1.
(80) c¢ Xiff Xxc(c)=0.
(81) ceC\XIiff Xxc(c)=0.
83)] Xcc(c)=1.
(84) Xxc(c)#1iff Xxc(c)=0.
(85) If X missesy, thenXx c +Xv.c = Xxuvrc-
(86) XxcXvc = Xxnvc-
Let us conside€ and let us considef, Y. We say thaff is upper bounded o¥i if and only if:
(Def. 9) There exists such that for everg such that € Y ndomf holdsf(c) <r.
We say thaff is lower bounded ok if and only if:
(Def. 10) There exists such that for everg such that € Y ndomf holdsr < f(c).
Let us conside€ and let us considef, Y. We say thaff is bounded oty if and only if:
(Def. 11) f is upper bounded ovi and lower bounded o¥i.

One can prove the following propositions:

(QOE] f is bounded orY iff there existsr such that for everg such thatc € Y ndomf holds
[f(o)<r.

(91)()) IfY C X andf is upper bounded oK, thenf is upper bounded ov,
(i) if YC X andf is lower bounded oiX, thenf is lower bounded oiv, and
(i) if Y C X andf is bounded orX, thenf is bounded orY.

(92) If f is upper bounded oX and lower bounded o¥, thenf is bounded orXNY.
(93) If X misses donfi, thenf is bounded orX.
(94) If0=r, thenr f is bounded ory.

(95)(i) If fis upper bounded ovi and 0O< r, thenr f is upper bounded o¥i, and
(iiy if fis upperbounded ovi andr < 0, thenr f is lower bounded oi.

7 The proposition (82) has been removed.
8 The propositions (87)—(89) have been removed.



PARTIAL FUNCTIONS FROM A DOMAIN TO THE SET. .. 5

(96)(i) If fislower bounded ol and 0< r, thenr f is lower bounded olY, and
(i) if fislower bounded olf andr <0, thenr f is upper bounded o¥i.

(97) If f is bounded ory, thenr f is bounded ofy.
(98) |f]|is lower bounded oiX.
(99) If f is bounded orY, then|f| is bounded oY and—f is bounded orY.

(100)(i) If f1is upper bounded oX andf; is upper bounded o, thenf; + f, is upper bounded
onXnNY,

(i) if f1is lower bounded oiX andf; is lower bounded olY, thenf; + f5 is lower bounded
onXnNY,and

(i) if fyis bounded oX andf; is bounded orY, thenf; + f; is bounded oiX NY.

(101) If f1 is bounded orX andf; is bounded orY, thenf; f, is bounded orXNY and f; — f;
is bounded orXNY.

(102) If f is upper bounded oK and upper bounded of thenf is upper bounded oK UYY.
(103) If f is lower bounded o and lower bounded o¥i, thenf is lower bounded oX UY.
(104) If f is bounded orX and bounded ol, thenf is bounded orX UY.

(105) Supposd; is a constant oX andf; is a constant olW. Thenf; + f; is a constant oXNY
andf; — fyis a constant oX NY andf; fy is a constant oXNY.

(106) If f is a constant olY, thenp f is a constant oN.
(107) If f is a constant olY, then|f| is a constant olY and— f is a constant olY.
(108) If f is a constant oY, thenf is bounded orY.

(109) If f is a constant olY, then for every holdsr f is bounded oryY and—f is bounded oY
and|f| is bounded orY.

(110)()) If f1is upper bounded oK andf, is a constant olY, thenfy + f2 is upper bounded on
XnY,

(i) if fyis lower bounded oiX and f, is a constant oiY, then f; + f5 is lower bounded on
XNY, and

(iiiy if fyis bounded orX andf; is a constant olY, thenf; + f» is bounded orX NY.
(111)(i) If f1 is upper bounded oX andfs is a constant olY, thenf; — f, is upper bounded on
XNy,

(i) if fyis lower bounded oiX and f; is a constant oiY, then f; — f; is lower bounded on
XnNY, and

(@ii) if fqis bounded orX and f; is a constant ory, then f; — f, is bounded orX NY and
fo — f1 is bounded orX NY and f; f, is bounded orXNY.

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbedsurnal of Formalized Mathematic&, 1989.http://mizar.org/JFM/Voll/ordinall.
html.

[2] Czestaw Bylhski. Basic functions and operations on functiodsurnal of Formalized Mathematic4, 1989.http://mizar.org/
JFM/Voll/funct_3.html.

[3] Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematics, 1989/http://mizar.org/JFM/Voll/
funct_1.html.

[4] Czestaw Bylhski. Partial functionsJournal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/partfunl.html}


http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/funct_3.html
http://mizar.org/JFM/Vol1/funct_3.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/partfun1.html

5

6l

(7]

8l

[

[10]

[11]

[12]

PARTIAL FUNCTIONS FROM A DOMAIN TO THE SET. .. 6

Krzysztof Hryniewiecki. Basic properties of real numbetgurnal of Formalized Mathematicd, 1989./http://mizar.org/JFM/
Voll/real_1.html}

Jarostaw Kotowicz. Real sequences and basic operations on fleermal of Formalized Mathematic&, 1989.http://mizar.org/
JFM/Voll/seq_1.html]

Jarostaw Kotowicz. Partial functions from a domain to a domdwurnal of Formalized Mathematicg, 1990.http://mizar.org/
JFM/Vol2/partfun2.html.

Jan Popiotek. Some properties of functions modul and signdournal of Formalized Mathematic4, 1989. http://mizar.org/
JEM/Voll/absvalue.html.

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989 http://mizar.org/JFM/
Axiomatics/tarski.htmll

Andrzej Trybulec. Subsets of real numbedsurnal of Formalized Mathematicéddenda, 2003http://mizar.org/JFM/Addenda/
numbers.htmll

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989http://mizar.org/JFM/Voll/subset_1.htmll

Edmund Woronowicz. Relations defined on setkurnal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
relset_1.html.

Received May 27, 1990

Published January 2, 2004


http://mizar.org/JFM/Vol1/real_1.html
http://mizar.org/JFM/Vol1/real_1.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol2/partfun2.html
http://mizar.org/JFM/Vol2/partfun2.html
http://mizar.org/JFM/Vol1/absvalue.html
http://mizar.org/JFM/Vol1/absvalue.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/relset_1.html

	partial functions from a domain to the set … By jaroslaw kotowicz

