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Summary. The goal of the article is to start the formalization of Knuth-Bendix com-
pletion method (see [2][ [10] o [1]; see also [11],[9]), i.e. to formalize the concept of the
completion of a reduction relation. The completion of a reduction reld®ama complete
reduction relation equivalent ®such that convertible elements have the same normal forms.
The theory formalized in the article includes concepts and facts concerning normal forms,
terminating reductions, Church-Rosser property, and equivalence of reduction relations.
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The articles([1P], [[15], [114],[13], [16], [[16], [14], [1B], [[1B], [I7], and_|8] provide the notation and
terminology for this paper.

1. FORGETTING CONCATENATION AND REDUCTION SEQUENCE

Let p, q be finite sequences. The funcie?™ q yielding a finite sequence is defined by:

(Def. 1)(i)) p® q=p qif p=0orq=0,

(i) there exists a natural numbeand there exists a finite sequerncsuch thatlep=i+1
andr = p|Seg andp®" q=r " q, otherwise.

In the sequep, q denote finite sequences axd/ denote sets.
We now state several propositions:

(1) 0> p=pandp* 0=p.

(2) Ifq#0 then(p~(x))* q=p~a.

@) (P~ ) () ~a)=p~(y)"q.

(4) 1fq#0,then(x)®* gq=q.

(5) If p#£0,then there exist, g such thatp = (x) ~ gand lenp=leng+ 1.

The schemdPathCatenatiordeals with finite sequence®, B and a binary predicat®, and
states that:
Leti be a natural number. Suppdse dom(4 %~ B8) andi + 1 € dom(4 %" B). Let
X,y be sets. Ifkk= (4% B)(i) andy = (4% B)(i + 1), then?[x, y]
provided the parameters meet the following requirements:
e For every natural numbésuch that € dom4 andi+ 1 € domA holds®[A(i), A(i +

D,
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e For every natural numbésuch that € dom3 andi+ 1 € dom3 holds?[B(i), B(i +
1)], and

e len4 > 0andlenB > 0andA4(len4) = B(1).

Let Rbe a binary relation. A finite sequence is called a reduction sequenceRfr.t.

(Def. 2) lenit> 0 and for every natural numbesuch that € domit andi + 1 € domit holds(it (i),
iti+1)) eR

Let R be a binary relation. One can verify that every reduction sequenceRis.thon empty.
Next we state several propositions:

(7E] For every binary relatioR and for every seé holds(a) is a reduction sequence w.R.

(8) For every binary relatioR and for all sets, b such that{a, b) € Rholds(a,b) is a reduc-
tion sequence w.r.R

(9) LetRbe abinary relation and, g be reduction sequences w.R. If p(lenp) = q(1), then
p®~ qis a reduction sequence w.IR.

(10) LetR be a binary relation ang be a reduction sequence w.rR. Then Reyp) is a
reduction sequence w.rR~.

(11) For all binary relation®, Q such thaR C Q holds every reduction sequence w.Ris a
reduction sequence w.r@.

2. REDUCIBILITY, CONVERTIBILITY AND NORMAL FORMS

Let Rbe a binary relation and let b be sets. We say th&reducesa to b if and only if:
(Def. 3) There exists a reduction sequempog.r.t. R such thatp(1) = aandp(lenp) =b.

Let Rbe a binary relation and let b be sets. We say thatandb are convertible w.r.tR if and
only if:

(Def. 4) RUR~ reducestob.

One can prove the following propositions:

(12) LetRbe a binary relation and, b be sets. TheRreduces to b if and only if there exists
a finite sequence such that lep > 0 andp(1) = a and p(lenp) = b and for every natural
numberi such thai € domp andi+ 1 € domp holds{p(i), p(i+1)) € R

(13) For every binary relatioR and for every sed holdsR reducesto a.
(14) For all sets, b such that) reducesato b holdsa=h.

(15) For every binary relatioR and for all sets, b such thaRR reducesa to b anda ¢ fieldR
holdsa=b.

(16) For every binary relatioR and for all sets, b such thafa, b) € RholdsR reducesato b.

(17) LetRbe a binary relation and, b, ¢ be sets. Suppogereducesato b andR reducesd to
¢. ThenRreducesatoc.

(18) LetRbe a binary relationp be a reduction sequence w.R, andi, j be natural numbers.
If i € dompandj € domp andi < j, thenRreduces(i) to p(j).

(19) For every binary relatioR and for all sets, b such thaR reducesa to b anda # b holds
ac fieldRandb € fieldR.

1 The proposition (6) has been removed.
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(20) For every binary relatioR and for all set®, b such thaR reduces to b holdsa € fieldR
iff b € fieldR.

(21) For every binary relatioR and for all sets, b holdsR reducesa to b iff a=Db or (a,
b) € R*.

(22) For every binary relatioR and for all set®, b holdsRreducesaito biff R* reducesato b.

(23) LetR, Q be binary relations. SupposeC Q. Let a, b be sets. IRreducesato b, thenQ
reducesto b.

(24) LetRbe a binary relationX be a set, and, b be sets. TheR reducesa to b if and only if
RUidx reducesato b.

(25) For every binary relatioR and for all sets, b such thaR reduces to b holdsR~ reduces
btoa.

(26) LetR be a binary relation and, b be sets. SuppodR reducesato b. Thena andb are
convertible w.r.tR andb anda are convertible w.r.tR.

(27) For every binary relatioR and for every sed holdsa anda are convertible w.r.tR.
(28) For all sets, b such that andb are convertible w.r.td holdsa = b.

(29) LetRbe a binary relation ana b be sets. I andb are convertible w.r.tRanda ¢ fieldR,
thena="h.

(30) For every binary relatioR and for all sets, b such that(a, b) € R holdsa andb are
convertible w.r.tR.

(31) LetRbe a binary relation and, b, c be sets. Supposeandb are convertible w.r.tR and
b andc are convertible w.r.tR. Thena andc are convertible w.r.tR.

(32) LetRbe a binary relation and, b be sets. Supposeandb are convertible w.r.tR. Then
b anda are convertible w.r.tR.

(33) LetRbe a binary relation and, b be sets. Ifa andb are convertible w.r.tR anda # b,
thena € fieldR andb € fieldR.

Let Rbe a binary relation and letbe a set. We say thatis a normal form w.r.tR if and only
if:

(Def. 5) Itis nottrue that there exists a $etuch that{a, b) € R

We now state two propositions:

(34) LetRbe abinary relation ana b be sets. Ifais a normal form w.r.tRandR reducesto
b, thena=h.

(35) For every binary relatioR and for every set such that ¢ fieldR holdsa is a normal form
w.rt. R

Let Rbe a binary relation and let b be sets. We say thatis a normal form o w.r.t. Rif and
only if:

(Def. 6) bis anormal form w.r.tRandRreducestob.
We say that andb are convergent w.r.Rif and only if:

(Def. 7) There exists a setsuch thaR reducesa to c andR reduced to c.
We say that andb are divergent w.r.tR if and only if:

(Def. 8) There exists a setsuch thaR reduces to a andR reduces to b.



REDUCTION RELATIONS 4

We say that andb are convergent at most in 1 step w.Rtif and only if:
(Def. 9) There exists a setsuch that{a, c) e Rora=cbut(b,c) e Rorb=c.
We say thah andb are divergent at most in 1 step w.RRif and only if:
(Def. 10) There exists a sesuch that{c, a) € Rora=chbut{c,b) e Rorb=c.
The following propositions are true:
(36) For every binary relatioR and for every set such that ¢ fieldR holdsais a normal form
ofaw.rt. R
(37) LetRbe a binary relation and, b be sets. Suppogereducesatob. Then
(i) aandbare convergent w.r.R,
(i) aandb are divergent w.r.tR,
(i)  bandaare convergent w.r.R, and
(iv) bandaare divergent w.r.tR.

(38) LetRbe abinary relation ana b be sets. Supposeandb are convergent w.r.R oraand
b are divergent w.r.tR. Thena andb are convertible w.r.tR.

(39) LetRbe a binary relation andbe a set. Thea anda are convergent w.r.R anda anda
are divergent w.r.tR.

(40) For all sets, b such thata andb are convergent w.r.td or a andb are divergent w.r.t0
holdsa=b.

(41) LetRbe a binary relation and, b be sets. Supposeandb are convergent w.r.fR Then
b anda are convergent w.r.R.

(42) LetRbe a binary relation and, b be sets. Supposeandb are divergent w.r.tR. Thenb
anda are divergent w.r.tR.
(43) LetRbe a binary relation and, b, ¢ be sets. Suppose that
(i) Rreducesatobandbandc are convergent w.r.R, or
(i) aandb are convergent w.r.RandRreduces to b.
Thena andc are convergent w.r.R.
(44) LetRbe a binary relation and, b, ¢ be sets. Suppose that
() Rreduced toaandbandc are divergent w.r.tR, or
(i) aandb are divergent w.r.tRandRreducedtoc.
Thenaandc are divergent w.r.tR.

(45) LetRbe a binary relation and, b be sets. Supposeandb are convergent at most in 1
step w.r.t.R. Thena andb are convergent w.r.R.

(46) LetRbe a binary relation and, b be sets. Supposeandb are divergent at most in 1 step
w.r.t. R. Thena andb are divergent w.r.tR.

Let Rbe a binary relation and letbe a set. We say thathas a normal form w.r.RRif and only
if:
(Def. 11) There exists a set which is a normal fornaef.r.t. R.
The following proposition is true

(47) For every binary relatioR and for every sea such tha ¢ fieldR holdsa has a normal
formw.rt. R

Let Rbe a binary relation and letbe a set. Let us assume tlaatas a normal form w.r.Rand
for all setsh, ¢ such thab is a normal form ofa w.r.t. Randc is a normal form ofa w.r.t. R holds
b = c. The functor nk(a) is defined by:

(Def. 12) nk(a) is a normal form o w.r.t. R.
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3. TERMINATING REDUCTIONS

Let Rbe a binary relation. We say thRtis reversely well founded if and only if:
(Def. 13) R~ is well founded.
We say thaR is weakly-normalizing if and only if:
(Def. 14) For every sea such that € fieldR holdsa has a normal form w.r.iR.
We say thaRis strongly-normalizing if and only if:

(Def. 15) For every many sorted skindexed byN there exists a natural numbiesuch that{f (i),
fi+1) ¢R

Let R be a binary relation. Let us observe this reversely well founded if and only if the
condition (Def. 16) is satisfied.

(Def. 16) LetY be a set. SupposecC fieldRandY # 0. Then there exists a satsuch that € Y and
for every seb such thab € Y anda # b holds(a, b) ¢ R.

The schemeoNoetherianinductiodeals with a binary relatio and a unary predicatg, and

states that:
For every set such that € field 4 holds?[a]
provided the following conditions are met:

e A4 isreversely well founded, and

e For every set such that for every sdit such that(a, b) € 4 anda # b holds 2?[b]

holds?[a).

Let us note that every binary relation which is strongly-normalizing is also irreflexive and re-
versely well founded and every binary relation which is reversely well founded and irreflexive is
also strongly-normalizing.

Let us observe that every binary relation which is empty is also weakly-normalizing and strongly-
normalizing.

Let us note that there exists a binary relation which is empty.

Next we state the proposition

(48) LetQ be areversely well founded binary relation dle a binary relation. IRC Q, then
Ris reversely well founded.

Let us note that every binary relation which is strongly-normalizing is also weakly-normalizing.

4, CHURCH-ROSSER PROPERTY

Let R, Q be binary relations. We say thRtcommutes-weakly witl@Q if and only if the condition
(Def. 17) is satisfied.

(Def. 17) Leta, b, c be sets. Suppoda, b) € Rand(a, c) € Q. Then there exists a sdtsuch thaQ
reduced tod andRreduces tod.

Let us note that the predicalcommutes-weakly witlQ is symmetric. We say th& commutes
with Q if and only if the condition (Def. 18) is satisfied.

(Def. 18) Leta, b, cbe sets. Suppodereducesa to b andQ reduces to c. Then there exists a set
such thaQ reduces to d andRreducesg to d.

Let us note that the predicaRcommutes withQ is symmetric.
Next we state the proposition

(49) For all binary relation®, Q such thaR commutes withQ holdsR commutes-weakly with

Q.



REDUCTION RELATIONS 6

Let R be a binary relation. We say thRthas unique normal form property if and only if the
condition (Def. 19) is satisfied.

(Def. 19) Leta, b be sets. Supposeis a normal form w.r.tR andb is a normal form w.r.tR anda
andb are convertible w.r.tR. Thena=b.

We say thaR has normal form property if and only if the condition (Def. 20) is satisfied.

(Def. 20) Leta, b be sets. Supposeis a normal form w.r.tR anda andb are convertible w.r.tR.
ThenRreduced to a.

We say thaR is subcommutative if and only if;

(Def. 21) For all sets, b, c such thafa, b) € Rand(a, ¢) € Rholdsb andc are convergent at most
in 1 step w.r.tR.

We introduceR has diamond property as a synonympbfs subcommutative. We say thRtis
confluent if and only if:

(Def. 22) For all sets, b such thata andb are divergent w.r.tR holdsa andb are convergent w.r.t.
R.

We say thaR has Church-Rosser property if and only if:

(Def. 23) For all sets, b such that andb are convertible w.r.tR holdsa andb are convergent w.r.t.
R.

We say thaRis locally-confluent if and only if:
(Def. 24) For all sets, b, c such thata, b) € Rand{(a, c) € Rholdsb andc are convergent w.r.R.

We introducer has weak Church-Rosser property as a synonyRiisflocally-confluent.
The following four propositions are true:

(50) LetRbe a binary relation. Supposeis subcommutative. Led, b, ¢ be sets. Suppode
reducesato b and(a, ¢) € R Thenb andc are convergent w.r.R.

(51) For every binary relatioR holdsR is confluent iffR commutes withR.

(52) LetRbe a binary relation. TheR is confluent if and only if for all seta, b, ¢ such thaR
reducesato b and(a, c) € Rholdsb andc are convergent w.r.R.

(53) For every binary relatioR holdsR is locally-confluent iffR commutes-weakly withR.
One can verify the following observations:

x every binary relation which has Church-Rosser property is also confluent,

x every binary relation which is confluent is also locally-confluent and has Church-Rosser

property,
x every binary relation which is subcommutative is also confluent,
x every binary relation which has Church-Rosser property has also normal form property,

x every binary relation which has normal form property has also unigue normal form prop-
erty, and

% every binary relation which is weakly-normalizing and has unique normal form property
has also Church-Rosser property.

One can verify that every binary relation which is empty is also subcommutative.
Let us mention that there exists a binary relation which is empty.
Next we state three propositions:
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(54) LetRbe a binary relation with unique normal form property @8, c be sets. Suppose
is a normal form ofaw.r.t. Randc is a normal form ohhw.r.t. R. Thenb=c.

(55) LetRbe a weakly-normalizing binary relation with unique normal form propertyabe
a set. Then nrf(a) is a normal form o w.r.t. R.

(56) LetR be a weakly-normalizing binary relation with unique normal form propertyanx
be sets. lfa andb are convertible w.r.tR, then nk(a) = nfr(b).

Let us mention that every binary relation which is strongly-normalizing and locally-confluent is
also confluent.

Let Rbe a binary relation. We say thRtis complete if and only if:
(Def. 25) Ris confluent and strongly-normalizing.

Let us mention that every binary relation which is complete is also confluent and strongly-
normalizing and every binary relation which is confluent and strongly-normalizing is also complete.

Let us observe that there exists a binary relation which is empty.

Let us note that there exists a non empty binary relation which is complete.

The following three propositions are true:

(57) LetR, Q be binary relations with Church-Rosser propertyRIEommutes withQ, then
RUQ has Church-Rosser property.

(58) For every binary relatioR holdsR is confluent iffR* has weak Church-Rosser property.

(59) For every binary relatioR holdsR is confluent iffR* is subcommutative.

5. COMPLETION METHOD

LetR, Q be binary relations. We say thiRandQ are equivalent if and only if the condition (Def. 26)
is satisfied.

(Def. 26) Leta, b be sets. Thea andb are convertible w.r.tR if and only if a andb are convertible
w.r.t. Q.

Let us note that the predicaRandQ are equivalent is symmetric.

Let Rbe a binary relation and let b be sets. We say thatandb are critical w.r.t.Rif and only
if:

(Def. 27) aandb are divergent at most in 1 step w.lRanda andb are not convergent w.r.R.

The following propositions are true:

(60) LetRbe a binary relation ana, b be sets. Supposeandb are critical w.r.t.R. Thenaand
b are convertible w.r.tR.

(61) LetRbe a binary relation. Suppose that it is not true that there exisasbtsuch thata
andb are critical w.r.t.R. ThenRis locally-confluent.

(62) LetR, Qbe binary relations. Suppose that for all sgtb such thata, b) € Q holdsa and
b are critical w.r.t.R. ThenRandRuU Q are equivalent.

(63) LetRbe a binary relation. Then there exists a complete binary relisach that
(i) fieldQ CfieldR, and
(i) for all setsa, b holdsa andb are convertible w.r.tRiff a andb are convergent w.r.Q.

LetRbe a binary relation. A complete binary relation is said to be a completiRifdtfsatisfies
the condition (Def. 28).
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(Def. 28) Leta, b be sets. Thea andb are convertible w.r.tR if and only if a andb are convergent

W.ILL. it.

We now state three propositions:

(64) For every binary relatioR and for every completiof of R holdsR andC are equivalent.

(65) LetRbe a binary relation an@ be a complete binary relation. RandQ are equivalent,

thenQ is a completion oR.

(66) LetR be a binary relationC be a completion oR, anda, b be sets. Them andb are

(1

(2

4

(5]

6]

(7]

8

[

[20]

[11]

[12]

[13]

[14]

[15]

[16]

convertible w.r.tRif and only if nfc(a) = nfc(b).
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