JOURNAL OF FORMALIZED MATHEMATICS
Volumel, Released 1989,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Properties of Binary Relations]

Edmund Woronowicz Anna Zalewska
Warsaw University Warsaw University
Biatystok Biatystok

Summary. The paper contains definitions of some properties of binary relations: re-
flexivity, irreflexivity, symmetry, asymmetry, antisymmetry, connectedness, strong connected-
ness, and transitivity. Basic theorems relating the above mentioned notions are given.
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The articlesl[2],[[1], and_[3] provide the notation and terminology for this paper.
We follow the rulesX denotes a sex, y, zdenote sets, ané, R denote binary relations.
Let us consideR, X. We say thaR s reflexive inX if and only if:

(Def. 1) Ifxe X, then(x,x) € R.
We say thaRis irreflexive inX if and only if:
(Def. 2) Ifxe X, then(x,x) ¢ R.
We say thaR is symmetric inX if and only if:
(Def. 3) Ifxe X andye X and(x, y) € R then(y, x) € R
We say thaR is antisymmetric irX if and only if:
(Def. 4) Ifxe Xandye X and({x,y) € Rand(y, x) € R thenx=y.
We say thaR is asymmetric irX if and only if:
(Def.5) Ifxe X andy e X and{x, y) € R, then(y,x) ¢ R.
We say thaRis connected itX if and only if:
(Def. 6) Ifxe X andy € X andx#Yy, then(x,y) € Ror {y,x) € R.
We say thaRis strongly connected iX if and only if:
(Def. 7) Ifxe X andy € X, then(x,y) € Ror {y,x) € R.
We say thaR s transitive inX if and only if:
(Def. 8) Ifxe Xandy e X andze X and({x, y) € Rand(y, z) € R then{x, z2) e R
Let us consideR. We say thaR s reflexive if and only if:

(Def. 9) Ris reflexive in fieldR.
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We say thaRis irreflexive if and only if:
(Def. 10) Ris irreflexive in fieldR.
We say thaR is symmetric if and only if:
(Def. 11) Ris symmetric in fieldR.
We say thaRis antisymmetric if and only if:
(Def. 12) Ris antisymmetric in fieldR.
We say thaR is asymmetric if and only if:
(Def. 13) Ris asymmetric in fieldR.
We say thaRis connected if and only if:
(Def. 14) Ris connected in fiel&.
We say thaR s strongly connected if and only if:
(Def. 15) Ris strongly connected in fieR
We say thaRis transitive if and only if:
(Def. 16) Ris transitive in fieldR.
One can prove the following propositions:
@A7§] Ris reflexive iff ichelgr € R
(18) Risirreflexive iff idseigr MissesR.
(19) Ris antisymmetric irX iff R\ idx is asymmetric irX.
(20) If Ris asymmetric irX, thenRUidy is antisymmetric irX.
(21) If Ris antisymmetric irX, thenR\ idy is asymmetric irX.
(22) If Ris symmetric and transitive, théhis reflexive.
(23) idx is symmetric and id is transitive.
(24) idx is antisymmetric and iglis reflexive.
(25) If Ris irreflexive and transitive, theR is asymmetric.
(26) If Ris asymmetric, theR is irreflexive and antisymmetric.
(27) If Ris reflexive, therR~ is reflexive.
(28) If Ris irreflexive, therR~ is irreflexive.
(29) If Ris reflexive, then dorR= dom(R~) and rndR=rng(R~).
(30) Ris symmetriciffR=R".
(31) If Pisreflexive andRis reflexive, therP URis reflexive and® N Ris reflexive.
(32) If Pisirreflexive ancRis irreflexive, therPUR s irreflexive and® N Riis irreflexive.
(33) If Pisirreflexive, therP\ Ris irreflexive.

(34) If Ris symmetric, themlR~ is symmetric.

1 The propositions (1)-(16) have been removed.
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(35) If Pis symmetric andR is symmetric, thef? U R is symmetric and® N Ris symmetric and
P\ Ris symmetric.

(36) If Ris asymmetric, theR~ is asymmetric.

(37) If Pis asymmetric andR is asymmetric, theRN R is asymmetric.
(38) If Pis asymmetric, theR\ Ris asymmetric.

(39) Ris antisymmetric ifRNR~ C idgomr-

(40) If Ris antisymmetric, theR~ is antisymmetric.

(41) If Pis antisymmetric, theRP N Ris antisymmetric an® \ Ris antisymmetric.
(42) If Ris transitive, therR~ is transitive.

(43) If Pis transitive andR is transitive, thelP N Ris transitive.

(44) Ristransitive iffR-RCR.

(45) Ris connected iff:fieldR, fieldR] \ idfielgr € RUR™.

(46) If Ris strongly connected, théis connected and reflexive.

(47) Ris strongly connected ifffieldR, fieldR] = RUR~.
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