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Summary. Anintroduction to the rearrangement theory for finite functions (e.g. with
the finite domain and codomain). The notion of generators and cogenerators of finite sets
(equivalent to the order in the language of finite sequences) has been defined. The notion of

rearrangement for a function into finite set is presented. Some basic properties of these notions
have been proved.
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The articles[[15],[[6],[[18],[[1171,[[20],[4],[18],[01], 091, 21],[12],[[18],121],[[5],[[12],1113],[17],[18],
[10], [14], and [15] provide the notation and terminology for this paper.
In this papemn, mdenote natural numbers andenotes a real number.

Let D be a non empty set, I& be a partial function fronD to R, and letr be a real number.
Thenr F is an element ob—-R.

Let 1 be a finite sequence. We say thahas cardinality by index if and only if:

(Def. 1) For everyn such that 1< n andn < lenl; and for every finite seB such thatB = 11(n)
holds card = n.

We say that; is ascending if and only if:
(Def. 2) For everyn such that I< nandn <lenl; — 1 holdsl;(n) C I1(n+1).

Let X be a set and lely be a finite sequence of elementsXof We say that; has length by
cardinality if and only if:

(Def. 3) There exists a finite sBtsuch thaB = |JX and led; = cardB.

Let D be a non empty finite set. One can check that there exists a finite sequence of elements of
2P which is ascending and has cardinality by index and length by cardinality.

Let D be a non empty finite set. A rearrangement generatbrisfan ascending finite sequence
of elements of 2 with cardinality by index and length by cardinality.
In the sequeC, D denote non empty finite sets aadienotes a finite sequence of elements of
2D,
We now state a number of propositions:

(1) For every finite sequenaeof elements of 2 holdsa has length by cardinality iff lea =
cardD.

(2) Letabe a finite sequence. Theris ascending if and only if for alh, m such than <m
andn € doma andm e doma holdsa(n) C a(m).

1Dedicated to Professor Tsuyoshi Ando on his sixtieth birthday.
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(3) For every finite sequenca of elements of 2 with cardinality by index and length by
cardinality holdsa(lena) = D.

(4) For every finite sequenaeof elements of 2 with length by cardinality holds les+ 0.

(5) Letabe an ascending finite sequence of element&afigh cardinality by index and given
n, m. If n € doma andm € doma andn # m, thena(n) # a(m).

(6) Letabe an ascending finite sequence of element$ afith cardinality by index and given
n. If 1 <nandn<lena—1, thena(n) # a(n+1).

(7) For every finite sequeneeof elements of 2 with cardinality by index such thate doma
holdsa(n) # 0.

(8) Leta be a finite sequence of elements &f ®ith cardinality by index. If 1< nandn <
lena— 1, thena(n+ 1)\ a(n) # 0.

(9) Letabe a finite sequence of elements 8f\&ith cardinality by index and length by cardi-
nality. Then there exists an elemehof D such thag(1) = {d}.

(10) Letabe an ascending finite sequence of element&afieh cardinality by index. Suppose
1 <nandn<lena— 1. Then there exists an elemahof D such thag(n+ 1)\ a(n) = {d}
anda(n+1) =a(n)U{d} anda(n+1)\ {d} = a(n).

Let D be a non empty finite set and I&tbe a rearrangement generatorldf The functor
co-GerfA) yields a rearrangement generatoiDo&nd is defined as follows:

(Def. 4) For everym such that 1< m and m < lenco-GerfA) — 1 holds (co-Ger{fA))(m) = D\
A(lenA—m).

Next we state two propositions:

(11) For every rearrangement generdaaf D holds co-Gefco-GerfA)) = A.

(12) LetF be a partial function fronD to R andA be a rearrangement generatoiQflf F is
total and car€ = cardD, then len MIM(FinS(F,D)) = len CHI(A,C).

Let D, C be non empty finite sets, I&tbe a rearrangement generatopfand letF be a partial
function fromD to R. The functorF;' yielding a partial function fronC to R is defined as follows:

(Def. 5) F{ =¥ (MIM (FinS(F, D)) CHI(A,C)).
The functorFy’ yields a partial function fron€ to R and is defined as follows:
(Def. 6) F) = (MIM (FinS(F, D)) CHI(co-Ger{A),C)).
One can prove the following propositions:

(13) LetF be a partial function fronD to R andA be a rearrangement generatoi®flf F is
total and car@ = cardD, then donF;{' =C.

(14) Letc be an element oF, F be a partial function fronD to R, andA be a rearrangement
generator o€. Supposé- is total and car@ = cardD. Then

() if ceA(1),then(MIM (FinS(F,D)) CHI(A,C))#c = MIM (Fin§(F,D)), and

(i)  for every n such that 1< n and n < lenA and ¢ € A(n+ 1) \ A(n) holds
(MIM (FinS(F, D)) CHI(A,C))#c = (n+— (0 quareal number))y MIM ((FinS(F,D)) n).

(15) Letc be an element of, F be a partial function fron to R, andA be a rearrangement
generator ofC. Suppose- is total and car@ = cardD. Then if c € A(1), then (F{')(c) =
(Fin§(F,D))(1) and for everyn such that 1< n andn < lenA andc € A(n+1) \ A(n) holds
(F)(c) = (Fin§(F,D))(n+1).
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(16) LetF be a partial function fronD to R andA be a rearrangement generatoi®flf F is
total and car€ = cardD, then rd-;' = rngFin§F,D).

(17) LetF be a partial function fronD to R andA be a rearrangement generatoCofSuppose
F is total and car@ = cardD. ThenF} and Fin§F, D) are fiberwise equipotent.

(18) LetF be a partial function fron to R andA be a rearrangement generatoiGfIf F is
total and car@ = cardD, then Fin§F',C) = FinS(F,D).

(19) LetF be a partial function fron to R andA be a rearrangement generatoiQfIf F is
total and car€ = cardD, then$_oF2 (K) = TR_oF(K).

(20) LetF be a partial function fronD to R andA be a rearrangement generatoi®fif F is
total and car@ = cardD, then Fin§(F4') —r,C) = FinS(F —r,D) andy$_o((F&) —r)(K) =
e_o(F —1)(K).

(21) LetF be a partial function fronD to R andA be a rearrangement generatoiQflf F is
total and car€ = cardD, then dont,’ =C.

(22) Letcbe an element of, F be a partial function fronD to R, andA be a rearrangement
generator ofC. Supposd- is total and car@ = cardD. Then if c € (co-GerfA))(1), then
(FY)(c) = (Fin§(F,D))(1) and for everyn such that 1< n andn < lenco-GeifA) andc €
(co-GerfA))(n+1) \ (co-GerfA))(n) holds(Fy)(c) = (Fin§(F,D))(n+1).

(23) LetF be a partial function fronD to R andA be a rearrangement generatoi®flf F is
total and car@ = cardD, then rng=y’ = rngFingF,D).

(24) LetF be a partial function fronD to R andA be a rearrangement generatoofSuppose
F is total and car@ = cardD. ThenF,' and Fin§F,D) are fiberwise equipotent.

(25) LetF be a partial function fronD to R andA be a rearrangement generatoiflf F is
total and car€ = cardD, then Fin§Fy,C) = FinS(F,D).

(26) LetF be a partial function fronD to R andA be a rearrangement generatoi®flf F is
total and car€ = cardD, thenS$_ Fy (k) = TR_oF (k).

(27) LetF be a partial function fronD to R andA be a rearrangement generatoi@flf F is
total and car@ = cardD, then Fin§(Fy) —r,C) = FinS(F —r,D) andS$_((FY) —r)(k) =
Si-o(F —1)(x).

(28) LetF be a partial function fronD to R andA be a rearrangement generatoCofSuppose
F is total and car@ = cardD. ThenF,” andF,' are fiberwise equipotent and Fiff&,C) =

FinS(FX,C) andy o' (k) = 320 FA (K).

(29) LetF be a partial function fronD to R andA be a rearrangement generatoofSuppose
F is total and car@ = cardD. Then max.((Fs') —r) and max (F —r) are fiberwise equipo-
tent and Fin@max, ((F{') —r),C) = Fin§(max, (F —r),D) andy$_ymax, ((F{) —r)(k) =
S R_omax; (F —r)(k).

(80) LetF be a partial function fronD to R andA be a rearrangement generatoCofSuppose
F is total and car@ = cardD. Then max ((F4') —r) and max (F —r) are fiberwise equipo-
tent and Fin@max_((F{') —r),C) = Fingmax_(F —r),D) andy$_gmax_((F{) —r)(kK) =
SR_gmax_ (F —r)(K).

(31) LetF be a partial function fronD to R andA be a rearrangement generatoi®flf F is
total and card = cardC, then lenFin$F;',C) = cardC and 1< lenFin§F}',C).

(32) LetF be a partial function fronD to R andA be a rearrangement generatoi®flf F is
total and cardD = cardC andn € domA, then FingF.',C) [n = Fin§(F{', A(n)).

(33) LetF be a partial function fronD to R andA be a rearrangement generatoi@flf F is
total and card = cardC, then(F —r)x = (F{') —r.
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(34) LetF be a partial function fronD to R andA be a rearrangement generatoCofSuppose

F is total and car@ = cardD. Then max.((Fy') —r) and max (F —r) are fiberwise equipo-
tent and Fin@max ((Fy) —r),C) = Fin§(max, (F —r),D) andy$_omax; ((Fy) —r)(k) =
S R-omax; (F —r)(k).

(35) LetF be a patrtial function fronD to R andA be a rearrangement generatoCofSuppose

F is total and car@ = cardD. Then max ((F,') —r) and max (F —r) are fiberwise equipo-
tent and Fin@max_((Fy) —r),C) = Fin§max_(F —r),D) ands$_ymax_((FyY) —r)(k) =
yR_gmax_(F —r)(K).

(36) LetF be a partial function fronD to R andA be a rearrangement generatoi®flf F is

total and card = cardC, then lenFin®F,’,C) = cardC and 1< lenFin§Fy,C).

(37) LetF be a partial function fronD to R andA be a rearrangement generatoi@flf F is

total and card = cardC andn € domA, then Fin§Fy,C)[n = Fin§(Fy, (co-Ger{A))(n)).

(838) LetF be a partial function fron to R andA be a rearrangement generatoiQfIf F is

total and car® = cardC, then(F — r)x = (FAV) —r.

(39) LetF be a patrtial function fronD to R andA be a rearrangement generatoCofSuppose
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F is total and car® = cardC. ThenF}' andF are fiberwise equipotent arigl/ andF are
fiberwise equipotent and ri{' = rngF and rng=y’ = rngF.
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