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Summary. The aim of the article is to give a number of useful theorems concern-
ing equalities and inequalities in real numbers. Some of the theorems are extensions of [2]
theorems, others were found to be needed in practice.
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The articles [4], [1], [3], and [2] provide the notation and terminology for this paper.
In this papera, b, d, eare real numbers.
The following propositions are true:

(63)1 For alla, b there existsesuch thata = b−e.

(64) For alla, b such thata 6= 0 andb 6= 0 there existsesuch thata = b
e.

(105)2 If a+−b≤ 0 orb−a≥ 0 orb+−a≥ 0 ora−e≤ b+−eor a+−e≤ b−eor e−a≥ e−b,
thena≤ b.

(106) If a+−b< 0 orb−a> 0 or−a+b> 0 ora−e< b+−eor a+−e< b−eor e−a> e−b,
thena < b.

(109)3 If a≤−b, thena+b≤ 0 and−a≥ b.

(110) If a <−b, thena+b < 0 and−a > b.

(111) If−a≤ b, thena+b≥ 0.

(112) If−b < a, thena+b > 0.

(117)4 Supposeb > 0. Then

(i) if a
b > 1, thena > b,

(ii) if a
b < 1, thena < b,

(iii) if a
b >−1, thena >−b andb >−a, and

(iv) if a
b <−1, thena <−b andb <−a.

1 The propositions (1)–(62) have been removed.
2 The propositions (65)–(104) have been removed.
3 The propositions (107) and (108) have been removed.
4 The propositions (113)–(116) have been removed.
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(118) Supposeb > 0. Then

(i) if a
b ≥ 1, thena≥ b,

(ii) if a
b ≤ 1, thena≤ b,

(iii) if a
b ≥−1, thena≥−b andb≥−a, and

(iv) if a
b ≤−1, thena≤−b andb≤−a.

(119) Supposeb < 0. Then

(i) if a
b > 1, thena < b,

(ii) if a
b < 1, thena > b,

(iii) if a
b >−1, thena <−b andb <−a, and

(iv) if a
b <−1, thena >−b andb >−a.

(120) Supposeb < 0. Then

(i) if a
b ≥ 1, thena≤ b,

(ii) if a
b ≤ 1, thena≥ b,

(iii) if a
b ≥−1, thena≤−b andb≤−a, and

(iv) if a
b ≤−1, thena≥−b andb≥−a.

(121) If a≥ 0 andb≥ 0 ora≤ 0 andb≤ 0, thena·b≥ 0.

(122) If a < 0 andb < 0 ora > 0 andb > 0, thena·b > 0.

(123) If a≥ 0 andb≤ 0 ora≤ 0 andb≥ 0, thena·b≤ 0.

(125)5 If a≤ 0 andb≤ 0 ora≥ 0 andb≥ 0, then a
b ≥ 0.

(126) If a≥ 0 andb < 0 ora≤ 0 andb > 0, then a
b ≤ 0.

(127) If a > 0 andb > 0 ora < 0 andb < 0, then a
b > 0.

(128) If a < 0 andb > 0, then a
b < 0 andb

a < 0.

(129) If a·b≤ 0, thena≥ 0 andb≤ 0 ora≤ 0 andb≥ 0.

(132)6 If a·b < 0, thena > 0 andb < 0 ora < 0 andb > 0.

(133) If b 6= 0 anda
b ≤ 0, thenb > 0 anda≤ 0 orb < 0 anda≥ 0.

(134) If b 6= 0 anda
b ≥ 0, thenb > 0 anda≥ 0 orb < 0 anda≤ 0.

(135) If b 6= 0 anda
b < 0, thenb < 0 anda > 0 orb > 0 anda < 0.

(136) If b 6= 0 anda
b > 0, thenb > 0 anda > 0 orb < 0 anda < 0.

(137) If a > 1 butb > 1 orb≥ 1 ora <−1 butb <−1 orb≤−1, thena·b > 1.

(138) If a≥ 1 andb≥ 1 ora≤−1 andb≤−1, thena·b≥ 1.

(139) If 0≤ a anda < 1 and 0≤ b andb≤ 1 or 0≥ a anda > −1 and 0≥ b andb≥ −1, then
a·b < 1.

(140) If 0≤ a anda≤ 1 and 0≤ b andb≤ 1 or 0≥ a anda≥ −1 and 0≥ b andb≥ −1, then
a·b≤ 1.

(142)7 If 0 < a anda < b or b < a anda < 0, then a
b < 1 andb

a > 1.

5 The proposition (124) has been removed.
6 The propositions (130) and (131) have been removed.
7 The proposition (141) has been removed.
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(143) If 0< a anda≤ b or b≤ a anda < 0, then a
b ≤ 1 andb

a ≥ 1.

(144) If a > 0 andb > 1 ora < 0 andb < 1, thena·b > a.

(145) If a > 0 andb < 1 ora < 0 andb > 1, thena·b < a.

(146) If a≥ 0 andb≥ 1 ora≤ 0 andb≤ 1, thena·b≥ a.

(147) If a≥ 0 andb≤ 1 ora≤ 0 andb≥ 1, thena·b≤ a.

(149)8 If a < 0, then 1
a < 0 anda−1 < 0.

(150) If 1
a < 0, thena < 0 and if 1

a > 0, thena > 0.

(151) If 0< a or b < 0 and ifa < b, then 1
a > 1

b.

(152) If 0< a or b < 0 and ifa≤ b, then 1
a ≥

1
b.

(153) If a < 0 andb > 0, then 1
a < 1

b.

(154) If 1
b > 0 or 1

a < 0 and if 1
a > 1

b, thena < b.

(155) If 1
b > 0 or 1

a < 0 and if 1
a ≥

1
b, thena≤ b.

(156) If 1
a < 0 and1

b > 0, thena < b.

(157) If a <−1, then 1
a >−1.

(158) If a≤−1, then 1
a ≥−1.

(164)9 If 1 ≤ a, then 1
a ≤ 1.

(165) If b≤ e−a, thena≤ e−b and ifb≥ e−a, thena≥ e−b.

(167)10 If a+b≤ e+d, thena−e≤ d−b.

(168) If a+b < e+d, thena−e< d−b.

(169) If a−b≤ e−d, thena+d≤ e+b anda−e≤ b−d ande−a≥ d−b andb−a≥ d−e.

(170) If a−b < e−d, thena+d < e+b anda−e< b−d ande−a > d−b andb−a > d−e.

(171) If a+b≤ e−d, thena+d≤ e−b and ifa+b≥ e−d, thena+d≥ e−b.

(173)11 If a < 0, thena+b < b andb−a > b and ifa+b < b or b−a > b, thena < 0.

(174) If a≤ 0, thena+b≤ b andb−a≥ b and ifa+b≤ b or b−a≥ b, thena≤ 0.

(177)12(i) If b > 0 anda·b≤ e, thena≤ e
b,

(ii) if b < 0 anda·b≤ e, thena≥ e
b,

(iii) if b > 0 anda·b≥ e, thena≥ e
b, and

(iv) if b < 0 anda·b≥ e, thena≤ e
b.

(178)(i) If b > 0 anda·b < e, thena < e
b,

(ii) if b < 0 anda·b < e, thena > e
b,

(iii) if b > 0 anda·b > e, thena > e
b, and

(iv) if b < 0 anda·b > e, thena < e
b.

8 The proposition (148) has been removed.
9 The propositions (159)–(163) have been removed.

10 The proposition (166) has been removed.
11 The proposition (172) has been removed.
12 The propositions (175) and (176) have been removed.
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(181)13 If for everya such thata> 0 holdsb+a≥ eor for everya such thata< 0 holdsb−a≥ e,
thenb≥ e.

(182) If for everya such thata> 0 holdsb−a≤ eor for everya such thata< 0 holdsb+a≤ e,
thenb≤ e.

(183) If for everya such thata > 1 holdsb ·a≥ e or for everya such that 0< a anda < 1 holds
b
a ≥ e, thenb≥ e.

(184) If for everya such that 0< a anda < 1 holdsb ·a≤ e or for everya such thata > 1 holds
b
a ≤ e, thenb≤ e.

(185) If b > 0 andd > 0 orb < 0 andd < 0 and ifa·d < e·b, then a
b < e

d .

(186) If b > 0 andd < 0 orb < 0 andd > 0 and ifa·d < e·b, then a
b > e

d .

(187) If b > 0 andd > 0 orb < 0 andd < 0 and ifa·d≤ e·b, then a
b ≤

e
d .

(188) If b > 0 andd < 0 orb < 0 andd > 0 and ifa·d≤ e·b, then a
b ≥

e
d .

(193)14 If b < 0 andd < 0 or b > 0 andd > 0, then if a ·b < e
d , thena ·d < e

b and if a ·b > e
d ,

thena·d > e
b.

(194) If b < 0 andd > 0 orb > 0 andd < 0, then ifa·b < e
d , thena·d > e

b and ifa·b > e
d , then

a·d < e
b.

(197)15 If 0 < a or 0≤ a anda < b or a≤ b and 0< eor 0≤ eande≤ d, thena·e≤ b·d.

(198) If 0≥ a anda≥ b and 0≥ eande≥ d, thena·e≤ b·d.

(199) If 0 < a anda≤ b and 0< e ande < d or 0 > a anda≥ b and 0> e ande > d, then
a·e< b·d.

(200) If e> 0 anda > 0 anda < b, then e
a > e

b and ife> 0 andb < 0 anda < b, then e
a > e

b.

(201) If e≥ 0 and ifa > 0 orb < 0 and ifa≤ b, then e
a ≥

e
b.

(202) If e< 0 and ifa > 0 orb < 0 and ifa < b, then e
a < e

b.

(203) If e≤ 0 and ifa > 0 orb < 0 and ifa≤ b, then e
a ≤

e
b.

(204) LetX, Y be subsets ofR. SupposeX 6= /0 andY 6= /0 and for alla, b such thata∈ X and
b∈Y holdsa≤ b. Then there existsd such that for everya such thata∈ X holdsa≤ d and
for everyb such thatb∈Y holdsd≤ b.
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