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Summary. In this article, a radix-2 signed-digit number (Radix¥2SD number) is
defined and based on it a high-speed adder algorithm is discussed.

The processes of coding and encoding for public-key cryptograms require a great deal
of addition operations of natural number of many figures. This results in a long time for
the encoding and decoding processes. It is possible to reduce the processing time using the
high-speed adder algorithm.

In the first section of this article, we prepared some useful theorems for natural numbers
and integers. In the second section, we defined the concept of fadixs@t name#-SD and
proved some properties about them. In the third section, we provide some important functions
for generating Radix{2SD numbers from natural numbers and natural numbers from Radix-
2% SD numbers. In the fourth section, we defined the carry and data components of addition
with Radix-Z SD numbers and some properties about them. In the fifth section, we defined a
theorem for checking whether or not a natural number can be expresaetigits Radix-¥
SD number.

In the last section, a high-speed adder algorithm on RafikE2numbers is proposed and
we provided some properties. In this algorithm, the carry of each digit has an effect on only
the next digit. Properties of the relationships of the results of this algorithm to the operations
of natural numbers are also given.

MML Identifier: RADIX_1.

WWW: http://mizar.org/JFM/Volll/radix_1.html

The articlesl[8],[[11],[[2], 1], 4], 7], [8], [10], [6], [2], and.[b] provide the notation and terminol-
ogy for this paper.

1. SOME USEFULTHEOREMS

We follow the rulesi, k, m, n, x, y are natural numbers, i, i3 are integers, andis a set.
We now state several propositions:

@F 1f nmodk = k— 1, then(n+ 1) modk = 0.
(3) If k#0andnmodk < k—1, then(n+ 1) modk = (nmodk) + 1.
(4) If m#£ 0, thenkmodm- nmodn = kmodn.

(5) Ifk#£0,then(n+1)modk =0 or (n+ 1) modk = (nmodk) + 1.

1 The proposition (1) has been removed.
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(6) If i 0 andk + 0, then(nmodik) = ik-"1 < i.
(7) Ifk<n,thenmk|m".

(8) If i2 >0 andi3 > 0, thenilmodiz- i3 modi3 = il modi3.

2. DEFINITION FORRADIX-2%, k-SD

Let us considen. The functor Radix yields a natural number and is defined as follows:
(Def. 1) Radin=2".
Let us considek. The functork —SD yields a set and is defined as follows:
(Def. 2) k—SD= {e eranges over elements @f e < Radixk—1 A e> —Radixk+ 1}.
One can prove the following propositions:
(9) Radixn#0.
(10) For everye holdsec 0—-SD iff e= 0.
(11) 0-SD={0}.
(12) k—SDC (k+1)—SD.
(13) If ee k—SD, theneis an integer.
(14) k—-SDCZ.
(15) |Ifi; € k—SD, theni; < Radixk— 1 andi; > —Radixk+ 1.
(16) Oek-sSD.
Let us considek. One can verify thak—SD is non empty.

Let us considek. Thenk—SD is a non empty subset @f

3. FUNCTIONS FORGENERATING RADIX -2 SD NUMBERS FROMNATURAL NUMBERS AND
NATURAL NUMBERS FROMRADIX -2 SD NUMBERS

In the sequedis an-tuple ofk—SD.
Next we state the proposition

(18E] If i € Sem, thena(i) is an element ok—SD.

Leti, k, n be natural numbers and lebe an-tuple ofk—SD. The functor DigAx,i) yields an
integer and is defined by:

(Def. 3)(i) DigA(x,i) = x(i) if i € Seqn,
(i) DigA (x.i)=0ifi=0.

Leti, k, n be natural numbers and lebe an-tuple ofk—SD. The functor DigBx,i) yields an
element ofZ and is defined as follows:

(Def. 4) DigB(x,i) = DigA(x,i).
Next we state two propositions:
(19) Ifi € Seqn, then DigA(a, i) is an element ok—SD.

(20) For every 1-tuple of Z such that; = mholdsx = (m).

2 The proposition (17) has been removed.
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Leti, k, n be natural numbers and Igtbe an-tuple ofk—SD. The functor SubDigfK, i, k)
yielding an element of. is defined by:

(Def.5) SubDigitx, i, k) = (Radixk)~'2- DigB(x,i).

Let n, k be natural numbers and letbe an-tuple ofk—SD. The functor DigitSIx yielding a
n-tuple ofZ is defined by:

(Def. 6) For every natural numbesuch thai € Segn holds(DigitSDx); = SubDigit(x, i,K).

Let n, k be natural numbers and letbe an-tuple ofk—SD. The functor SDDecyielding an
integer is defined by:

(Def. 7) SDDex = 3 DigitSDx.

Leti, k, x be natural numbers. The functor DigitD€i, k) yields an element of—SD and is
defined by:

(Def. 8) DigitDC(x,i, k) = (xmod(Radixk)') = (Radixk) L.

Let k, n, x be natural numbers. The functor Dec&, k) yields an-tuple of k—SD and is
defined by:

(Def.9) For every natural number such thati € Segh holds DigA(DecSOXx,n,k),i) =
DigitDC(x,i,k).

4. DEFINITION FOR CARRY AND DATA COMPONENTS OFADDITION

Let x be an integer. The functor SBdd_Carryx yielding an integer is defined as follows:

i) 1,ifx>2
(Def. 10) SDAdd Carryx= (i) —1,if x< —2,
0, otherwise.

Next we state the proposition
(21) SDAdd_Carry0=0.

Let x be an integer and lé¢ be a natural number. The functor SRld_Datax, k) yields an
integer and is defined by:

(Def. 11) SDAdd_Datax, k) = x— SD_Add_Carryx- Radixk.
Next we state two propositions:
(22) SDAdd.Datg0,k) =0.
(23) Ifk>2andi; € k—SD andi, € k—SD, then—Radixk+ 2 < SD_Add_Datd(i1 +i»,k) and
SD_Add_Datdi1 + iz, k) < Radixk — 2.

5. DEFINITION FOR CHECKING WHETHER OR NOT ANATURAL NUMBER CAN BE
EXPRESSED AS NDIGITS RADIX -2K SD NUMBER

Letn, x, k be natural numbers. We say thas represented by, k if and only if:
(Def. 12) x < (Radixk)".
One can prove the following propositions:
(24) If mis represented by X, then DigADecSOm, 1,k),1) = m.

(25) For everyn such thatn > 1 and for everym such thatm is represented by, k holds
m= SDDecDecSDm,n, k).

(26) If k> 2 and m is represented by 1k and n is represented by 1k, then
SD_Add_Carry DigA(DecSOm, 1,k), 1) + DigA(DecSOn, 1,k), 1) = SD_Add_Carrym—+n.

(27) If mis represented by+ 1, k, then DigA(DecSOm,n+ 1,k),n+ 1) = m-= (Radixk)".
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6. DEFINITION FORADDITION OPERATION FOR AHIGH-SPEEDADDER ALGORITHM ON
RADIX -2¥ SD NUMBER

Letk, i, n be natural numbers and Iety be n-tuples ofk—SD. Let us assume that Segh and
k > 2. The functor Addx,y,i,k) yielding an element dt—SD is defined by:

(Def. 13) AddXx,y,i,k) = SD_Add_DataDigA(x,i) + DigA(y,i),k) + SD_Add_Carry DigA(x,i —’
1)+ DigA(y,i —'1).
Letn, k be natural numbers and bety ben-tuples ofk —SD. The functox’ +'y yields an-tuple
of k—SD and is defined by:
(Def. 14) For every such thai € Segn holds DigAX +'y,i) = Add(x,y,i,k).

The following propositions are true:

(28) If k> 2 and m is represented by 1k and n is represented by 1k, then
SDDecDecSDm, 1,k)’ +' DecSOn, 1,k) = SD_Add_Datam+ n, k).

(29) Letgivem. Supposa > 1. Let givenk, X, y. Supposé > 2 andx is represented by, k and
yis represented b, k. Thenx+y = SDDecDecSDx, n, k)’ +' DecS0Oy,n, k) + (Radixk)" -
SD_Add_Carry DigA(DecSOx, n, k), n) + DigA(DecSOYy, n, k), n).
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