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The articles [15], [11], [19], [17], [3], [20], [9], [10], [13], [8], [18], [1], [4], [5], [6], [7], [14], [2],
and [16] provide the notation and terminology for this paper.

1. PRELIMINARIES

The following propositions are true:

(4)1 For every natural numbern and for every finite sequencer there exists a finite sequenceq
such thatq = r�Segn andq� r.

(6)2 Let D be a non empty set,r be a finite sequence of elements ofD, r1, r2 be finite sequences,
andk be a natural number. Supposek+ 1≤ lenr andr1 = r�Seg(k+ 1) andr2 = r�Segk.
Then there exists an elementx of D such thatr1 = r2

a 〈x〉.

(7) Let D be a non empty set,r be a finite sequence of elements ofD, and r1 be a finite
sequence. If 1≤ lenr andr1 = r�Seg1, then there exists an elementx of D such thatr1 = 〈x〉.

Let D be a non empty set and letT be a tree decorated with elements ofD. Observe that every
element of domT is function-like and relation-like.

Let D be a non empty set and letT be a tree decorated with elements ofD. Note that every
element of domT is finite sequence-like.

Let D be a non empty set. Observe that there exists a tree decorated with elements ofD which
is finite.

In the sequelT denotes a decorated tree andp denotes a finite sequence of elements ofN.
One can prove the following proposition

(8) T(p) = (T�p)( /0).

1 The propositions (1)–(3) have been removed.
2 The proposition (5) has been removed.
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In the sequelT is a finite-branching decorated tree,t is an element of domT, x is a finite se-
quence, andn is a natural number.

Next we state several propositions:

(9) succ(T, t) = T ·Succt.

(10) dom(T ·Succt) = domSucct.

(11) domsucc(T, t) = domSucct.

(12) t a 〈n〉 ∈ domT iff n+1∈ domSucct.

(13) For allT, x, n such thatxa 〈n〉 ∈ domT holdsT(xa 〈n〉) = (succ(T,x))(n+1).

In the sequelx, x′ denote elements of domT andy′ denotes a set.
Next we state two propositions:

(14) If x′ ∈ succx, thenT(x′) ∈ rngsucc(T,x).

(15) If y′ ∈ rngsucc(T,x), then there existsx′ such thaty′ = T(x′) andx′ ∈ succx.

In the sequeln, k, m denote natural numbers.
The schemeExDecTreesdeals with a non empty setA , an elementB of A , and a unary functor

F yielding a finite sequence of elements ofA , and states that:
There exists a finite-branching treeT decorated with elements ofA such thatT( /0) =
B and for every elementt of domT and for every elementw of A such thatw= T(t)
holds succ(T, t) = F (w)

for all values of the parameters.
We now state a number of propositions:

(16) For every treeT and for every elementt of T holds Seg�(t) is a finite chain ofT.

(17) For every treeT holdsT-level(0) = { /0}.

(18) For every treeT holdsT-level(n+1) =
⋃
{succw;w ranges over elements ofT: lenw= n}.

(19) For every finite-branching treeT and for every natural numbern holdsT-level(n) is finite.

(20) For every finite-branching treeT holdsT is finite iff there exists a natural numbern such
thatT-level(n) = /0.

(21) For every finite-branching treeT such thatT is not finite there exists a chainC of T such
thatC is not finite.

(22) For every finite-branching treeT such thatT is not finite there exists a branchB of T such
thatB is not finite.

(23) LetT be a tree,C be a chain ofT, andt be an element ofT. If t ∈C andC is not finite,
then there exists an elementt ′ of T such thatt ′ ∈C andt ≺ t ′.

(24) LetT be a tree,B be a branch ofT, andt be an element ofT. Supposet ∈ B andB is not
finite. Then there exists an elementt ′ of T such thatt ′ ∈ B andt ′ ∈ succt.

(25) Let f be a function fromN into N. Suppose that for everyn holds f (n+ 1) qua natural
number≤ f (n) qua natural number. Then there existsmsuch that for everyn such thatm≤ n
holds f (n) = f (m).

The schemeFinDecTreedeals with a non empty setA , a finite-branching treeB decorated with
elements ofA , and a unary functorF yielding a natural number, and states that:

B is finite
provided the parameters meet the following condition:

• For all elementst, t ′ of domB and for every elementd of A such thatt ′ ∈ succt and
d = B(t ′) holdsF (d) < F (B(t)).

In the sequelD denotes a non empty set andT denotes a tree decorated with elements ofD.
One can prove the following two propositions:
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(26) For every sety such thaty∈ rngT holdsy is an element ofD.

(27) For every setx such thatx∈ domT holdsT(x) is an element ofD.

2. SUBFORMULA TREE

In the sequelF , G, H denote elements of WFF.
The following two propositions are true:

(28) If F is a subformula ofG, then len(@F)≤ len(@G).

(29) If F is a subformula ofG and len(@F) = len(@G), thenF = G.

Let p be an element of WFF. The list of immediate constituents ofp yielding a finite sequence
of elements of WFF is defined by:

(Def. 1) The list of immediate constituents ofp=


εWFF, if p = VERUM or pis atomic,
〈Arg(p)〉, if pis negative,
〈LeftArg(p),RightArg(p)〉, if pis conjunctive,
〈Scope(p)〉, otherwise.

We now state two propositions:

(30) Supposek ∈ dom(the list of immediate constituents ofF) andG = (the list of immediate
constituents ofF)(k). ThenG is an immediate constituent ofF .

(31) rng(the list of immediate constituents ofF) = {G;G ranges over elements of WFF:G is
an immediate constituent ofF}.

Let p be an element of WFF. The tree of subformulae ofp yields a finite tree decorated with
elements of WFF and is defined by the conditions (Def. 2).

(Def. 2)(i) (The tree of subformulae ofp)( /0) = p, and

(ii) for every elementx of dom(the tree of subformulae ofp) holds succ(the tree of subformu-
lae of p, x) = the list of immediate constituents of (the tree of subformulae ofp)(x).

In the sequelt, t ′ denote elements of dom(the tree of subformulae ofF).
Next we state a number of propositions:

(34)3 F ∈ rng(the tree of subformulae ofF).

(35) Supposet a 〈n〉 ∈ dom(the tree of subformulae ofF). Then there existsG such that

(i) G = (the tree of subformulae ofF)(t a 〈n〉), and

(ii) G is an immediate constituent of (the tree of subformulae ofF)(t).

(36) The following statements are equivalent

(i) H is an immediate constituent of (the tree of subformulae ofF)(t),

(ii) there existsn such thatt a 〈n〉 ∈ dom(the tree of subformulae ofF) andH = (the tree of
subformulae ofF)(t a 〈n〉).

(37) SupposeG ∈ rng(the tree of subformulae ofF) andH is an immediate constituent ofG.
ThenH ∈ rng(the tree of subformulae ofF).

(38) If G∈ rng(the tree of subformulae ofF) andH is a subformula ofG, thenH ∈ rng(the tree
of subformulae ofF).

(39) G∈ rng(the tree of subformulae ofF) iff G is a subformula ofF .

3 The propositions (32) and (33) have been removed.
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(40) rng(the tree of subformulae ofF) = SubformulaeF.

(41) Supposet ′ ∈ succt. Then (the tree of subformulae ofF)(t ′) is an immediate constituent of
(the tree of subformulae ofF)(t).

(42) If t � t ′, then (the tree of subformulae ofF)(t ′) is a subformula of (the tree of subformulae
of F)(t).

(43) If t ≺ t ′, then len(@(the tree of subformulae ofF)(t ′)) < len(@(the tree of subformulae of
F)(t)).

(44) If t ≺ t ′, then (the tree of subformulae ofF)(t ′) 6= (the tree of subformulae ofF)(t).

(45) If t ≺ t ′, then (the tree of subformulae ofF)(t ′) is a proper subformula of (the tree of
subformulae ofF)(t).

(46) (The tree of subformulae ofF)(t) = F iff t = /0.

(47) Supposet 6= t ′ and (the tree of subformulae ofF)(t) = (the tree of subformulae ofF)(t ′).
Thent andt ′ are not⊆-comparable.

Let F , G be elements of WFF. TheF-entry points in subformula tree ofG yields an antichain
of prefixes of dom(the tree of subformulae ofF) and is defined by the condition (Def. 3).

(Def. 3) Lett be an element of dom(the tree of subformulae ofF). Thent ∈ theF-entry points in
subformula tree ofG if and only if (the tree of subformulae ofF)(t) = G.

Next we state several propositions:

(49)4 TheF-entry points in subformula tree ofG = {t; t ranges over elements of dom(the tree
of subformulae ofF): (the tree of subformulae ofF)(t) = G}.

(50) G is a subformula ofF iff the F-entry points in subformula tree ofG 6= /0.

(51) Supposet ′ = t a 〈m〉 and (the tree of subformulae ofF)(t) is negative. Then (the tree of
subformulae ofF)(t ′) = Arg((the tree of subformulae ofF)(t)) andm= 0.

(52) Supposet ′ = t a 〈m〉 and (the tree of subformulae ofF)(t) is conjunctive. Then

(i) (the tree of subformulae ofF)(t ′) = LeftArg((the tree of subformulae ofF)(t)) andm= 0,
or

(ii) (the tree of subformulae ofF)(t ′) = RightArg((the tree of subformulae ofF)(t)) and
m= 1.

(53) Supposet ′ = t a 〈m〉 and (the tree of subformulae ofF)(t) is universal. Then (the tree of
subformulae ofF)(t ′) = Scope((the tree of subformulae ofF)(t)) andm= 0.

(54) Suppose (the tree of subformulae ofF)(t) is negative. Then

(i) t a 〈0〉 ∈ dom(the tree of subformulae ofF), and

(ii) (the tree of subformulae ofF)(t a 〈0〉) = Arg((the tree of subformulae ofF)(t)).

(55) Suppose (the tree of subformulae ofF)(t) is conjunctive. Then

(i) t a 〈0〉 ∈ dom(the tree of subformulae ofF),

(ii) (the tree of subformulae ofF)(t a 〈0〉) = LeftArg((the tree of subformulae ofF)(t)),

(iii) t a 〈1〉 ∈ dom(the tree of subformulae ofF), and

(iv) (the tree of subformulae ofF)(t a 〈1〉) = RightArg((the tree of subformulae ofF)(t)).

4 The proposition (48) has been removed.
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(56) Suppose (the tree of subformulae ofF)(t) is universal. Then

(i) t a 〈0〉 ∈ dom(the tree of subformulae ofF), and

(ii) (the tree of subformulae ofF)(t a 〈0〉) = Scope((the tree of subformulae ofF)(t)).

In the sequelt denotes an element of dom(the tree of subformulae ofF) andsdenotes an element
of dom(the tree of subformulae ofG).

Next we state the proposition

(57) Supposet ∈ theF-entry points in subformula tree ofG ands∈ theG-entry points in sub-
formula tree ofH. Thent a s∈ theF-entry points in subformula tree ofH.

In the sequelt denotes an element of dom(the tree of subformulae ofF) ands denotes a finite
sequence.

Next we state several propositions:

(58) Supposet ∈ the F-entry points in subformula tree ofG andt a s∈ the F-entry points in
subformula tree ofH. Thens∈ theG-entry points in subformula tree ofH.

(59) Let givenF , G, H. Then{t a s; t ranges over elements of dom(the tree of subformulae of
F), s ranges over elements of dom(the tree of subformulae ofG): t ∈ theF-entry points in
subformula tree ofG ∧ s∈ theG-entry points in subformula tree ofH} ⊆ theF-entry points
in subformula tree ofH.

(60) (The tree of subformulae ofF)�t = the tree of subformulae of (the tree of subformulae of
F)(t).

(61) t ∈ the F-entry points in subformula tree ofG if and only if (the tree of subformulae of
F)�t = the tree of subformulae ofG.

(62) TheF-entry points in subformula tree ofG = {t; t ranges over elements of dom(the tree of
subformulae ofF): (the tree of subformulae ofF)�t = the tree of subformulae ofG}.

In the sequelC is a chain of dom(the tree of subformulae ofF).
One can prove the following proposition

(63) Let givenF , G, H, C. Suppose that

(i) G∈ {(the tree of subformulae ofF)(t); t ranges over elements of dom(the tree of subfor-
mulae ofF): t ∈C}, and

(ii) H ∈ {(the tree of subformulae ofF)(t); t ranges over elements of dom(the tree of subfor-
mulae ofF): t ∈C}.
ThenG is a subformula ofH or H is a subformula ofG.

Let F be an element of WFF. An element of WFF is called a subformula ofF if:

(Def. 4) It is a subformula ofF .

Let F be an element of WFF and letG be a subformula ofF . An element of dom(the tree of
subformulae ofF) is said to be an entry point in subformula tree ofG if:

(Def. 5) (The tree of subformulae ofF)(it) = G.

In the sequelG denotes a subformula ofF andt, t ′ denote entry points in subformula tree ofG.
Next we state the proposition

(65)5 If t 6= t ′, thent andt ′ are not⊆-comparable.

5 The proposition (64) has been removed.
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Let F be an element of WFF and letG be a subformula ofF . The entry points in subformula tree
of G yields a non empty antichain of prefixes of dom(the tree of subformulae ofF) and is defined
by:

(Def. 6) The entry points in subformula tree ofG = theF-entry points in subformula tree ofG.

We now state two propositions:

(67)6 t ∈ the entry points in subformula tree ofG.

(68) The entry points in subformula tree ofG= {t; t ranges over entry points in subformula tree
of G: t = t}.

In the sequelG1, G2 denote subformulae ofF , t1 denotes an entry point in subformula tree of
G1, ands denotes an element of dom(the tree of subformulae ofG1).

Next we state the proposition

(69) If s∈ theG1-entry points in subformula tree ofG2, thent1a s is an entry point in subformula
tree ofG2.

In the sequels is a finite sequence.
We now state three propositions:

(70) If t1a s is an entry point in subformula tree ofG2, thens∈ theG1-entry points in subformula
tree ofG2.

(71) Let givenF , G1, G2. Then{t a s; t ranges over entry points in subformula tree ofG1,
s ranges over elements of dom(the tree of subformulae ofG1): s∈ the G1-entry points in
subformula tree ofG2} = {t a s; t ranges over elements of dom(the tree of subformulae of
F), s ranges over elements of dom(the tree of subformulae ofG1): t ∈ theF-entry points in
subformula tree ofG1 ∧ s∈ theG1-entry points in subformula tree ofG2}.

(72) Let givenF , G1, G2. Then{t a s; t ranges over entry points in subformula tree ofG1,
s ranges over elements of dom(the tree of subformulae ofG1): s∈ the G1-entry points in
subformula tree ofG2} ⊆ the entry points in subformula tree ofG2.

In the sequelG1, G2 are subformulae ofF , t1 is an entry point in subformula tree ofG1, andt2
is an entry point in subformula tree ofG2.

Next we state two propositions:

(73) If there existt1, t2 such thatt1 � t2, thenG2 is a subformula ofG1.

(74) If G2 is a subformula ofG1, then for everyt1 there existst2 such thatt1 � t2.
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