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The articles[[15],[[11],[[19],[[171,[[3],.[20],.10],.[10],[213]/18] . [18] [11] . [4],.16],LI6],07],114],12],
and [16] provide the notation and terminology for this paper.

1. PRELIMINARIES
The following propositions are true:

(4H For every natural numberand for every finite sequencehere exists a finite sequenge
such thag =r|Segnandqg <.

(GH Let D be a non empty set,be a finite sequence of elementdnfr4, r, be finite sequences,
andk be a natural number. Suppoke-1 < lenr andr; =r[Sedk+ 1) andry = r|Sedk.
Then there exists an elemenof D such that; =r, "~ (x).

(7) LetD be a non empty set, be a finite sequence of elements®@f andr; be a finite
sequence. If X lenr andr; =r| Seg 1 then there exists an elementf D such that; = (X).

Let D be a non empty set and [Etbe a tree decorated with elementdbfObserve that every
element of don is function-like and relation-like.

Let D be a non empty set and I[&tbe a tree decorated with elementsinf Note that every
element of donT is finite sequence-like.

Let D be a non empty set. Observe that there exists a tree decorated with elenmenthich
is finite.

In the sequel denotes a decorated tree gmdenotes a finite sequence of element&lof

One can prove the following proposition

(8) T(p)=(TIp)(0).

1 The propositions (1)—-(3) have been removed.
2 The proposition (5) has been removed.
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In the sequel is a finite-branching decorated traeis an element of dof, x is a finite se-
guence, and is a natural number.
Next we state several propositions:

(9) sucgT,t) =T -Sucd.
(10) dom(T -Sucd) = dom Suct.
(11) domsuc(T,t) = dom Suct.
(12) t~(n) € domT iff n+ 1 € dom Suct.
(13) ForallT, x, nsuch thai™ (n) € domT holdsT (x~ (n)) = (sucdT,x))(n+1).

In the sequek, X' denote elements of domandy’ denotes a set.
Next we state two propositions:

(14) IfX € suc, thenT (X) € rngsucgT, x).
(15) Ify e rngsucgT,x), then there existg’ such that/ = T (x') andX € succx.

In the sequeh, k, mdenote natural numbers.
The schem&xDecTreesleals with a non empty set, an elementB of 4, and a unary functor
F yielding a finite sequence of elements®fand states that:
There exists a finite-branching tréedecorated with elements ¢f such thafl (0) =
B and for every elementof domT and for every element of 4 such thatv=T(t)
holds suc€T,t) = F(w)
for all values of the parameters.
We now state a number of propositions:

(16) Forevery tred and for every elemertof T holds Seg(t) is a finite chain ofT .

(17) For every tred@ holdsT-level(0) = {0}.

(18) For every tred@ holdsT-level(n+1) = |J{sucaw; wranges over elements f lenw=n}.
(19) For every finite-branching trédeand for every natural numberholdsT-level(n) is finite.

(20) For every finite-branching trée holdsT is finite iff there exists a natural numbersuch
thatT-level(n) = 0.

(21) For every finite-branching trée such thafT is not finite there exists a cha@of T such
thatC is not finite.

(22) For every finite-branching tréesuch thafl is not finite there exists a bran&hof T such
thatB is not finite.

(23) LetT be atreeCC be a chain ofl, andt be an element of . If t € C andC is not finite,
then there exists an elemahbf T such that’ € C andt < t'.

(24) LetT be atreeB be a branch oT, andt be an element of . Supposé € B andB is not
finite. Then there exists an eleméhof T such that’ € B andt’ € sucd.

(25) Letf be a function fromN into N. Suppose that for eveny holds f(n+ 1) qua natural
number< f(n) qua natural number. Then there existsuch that for everm such tham<n
holds f(n) = f(m).

The schemé&inDecTreedeals with a non empty set, a finite-branching tre& decorated with
elements of4, and a unary functof yielding a natural number, and states that:
B is finite
provided the parameters meet the following condition:
e For all elements, t’ of dom3 and for every element of 2 such that’ € suca and
d=B(t') holds ¥ (d) < F(B(t)).
In the sequeD denotes a hon empty set afidlenotes a tree decorated with elementd of
One can prove the following two propositions:
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(26) For every sey such thaty € rngT holdsy is an element ob.

(27) For every set such thatk € domT holdsT(x) is an element ob.

2. SUBFORMULA TREE

In the sequeF, G, H denote elements of WFF.
The following two propositions are true:

(28) IfF is a subformula o6, then le{@F) < len(@G).
(29) If F is a subformula o6 and ler{®F) = len(©G), thenF = G.

Let p be an element of WFF. The list of immediate constituentp wielding a finite sequence
of elements of WFF is defined by:

ewrr, If p=VERUM or pis atomic
(Arg(p)), if pis negative

(LeftArg(p), RightArg(p)), if pis conjunctive
(Scopép)), otherwise.

(Def. 1) Thelist ofimmediate constituentspf=

We now state two propositions:

(30) Supposd € dom (the list of immediate constituents l6j andG = (the list of immediate
constituents of )(k). ThenG is an immediate constituent &f.

(31) rng(the list of immediate constituents®f = {G; G ranges over elements of WFE is
an immediate constituent &F}.

Let p be an element of WFF. The tree of subformulaggfields a finite tree decorated with
elements of WFF and is defined by the conditions (Def. 2).
(Def. 2)(i) (The tree of subformulae @f)(0) = p, and
(i) for every elemenk of dom (the tree of subformulae ) holds suc¢the tree of subformu-
lae of p, x) = the list of immediate constituents of (the tree of subformulap)¢f).

In the sequdl, t’ denote elements of dom (the tree of subformulag Jof
Next we state a number of propositions:

(34 F € rng(the tree of subformulae &).

(35) Supposé~™ (n) € dom(the tree of subformulae ). Then there exist& such that
(i) G=(the tree of subformulae &f)(t~ (n)), and
(i) Gis animmediate constituent of (the tree of subformulakg df).

(36) The following statements are equivalent
(i) H is animmediate constituent of (the tree of subformulag xf),
(i) there exists such that ~ (n) € dom (the tree of subformulae &) andH = (the tree of
subformulae of)(t ™ (n)).

(37) Supposé& < rng (the tree of subformulae &f) andH is an immediate constituent @.
ThenH e rng (the tree of subformulae &).

(38) If G erng(the tree of subformulae &f) andH is a subformula o6, thenH € rng(the tree
of subformulae of).

(39) G e rng(the tree of subformulae &) iff Gis a subformula of.

3 The propositions (32) and (33) have been removed.
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(40) rng(the tree of subformulae Bf) = Subformulaé-.

(41) Suppos¢ € sucd. Then (the tree of subformulae Bf)(t’) is an immediate constituent of
(the tree of subformulae &F)(t).

(42) Ift <t’, then (the tree of subformulae Bf)(t') is a subformula of (the tree of subformulae
of F)(t).

(43) Ift <t then ler{@(the tree of subformulae &)(t’)) < len(@(the tree of subformulae of
F)®).
(44) Ift <t', then (the tree of subformulae Bf(t') # (the tree of subformulae &)(t).

(45) Ift <t’, then (the tree of subformulae &)(t') is a proper subformula of (the tree of
subformulae of)(t).

(46) (The tree of subformulae &%)(t) = F iff t = 0.

(47) Suppose #t’ and (the tree of subformulae Bf)(t) = (the tree of subformulae &)(t).
Thent andt’ are notC-comparable.

Let F, G be elements of WFF. Thié-entry points in subformula tree @ yields an antichain
of prefixes of dom (the tree of subformulaefofand is defined by the condition (Def. 3).

(Def. 3) Lett be an element of dom (the tree of subformulaé-df Thent € the F-entry points in
subformula tree o6 if and only if (the tree of subformulae &)(t) = G.

Next we state several propositions:

(49@ The F-entry points in subformula tree @ = {t;t ranges over elements of dom (the tree
of subformulae of): (the tree of subformulae &f)(t) = G}.

(50) Gis a subformula of iff the F-entry points in subformula tree & # 0.

(51) Suppose¢’ =t~ (m) and (the tree of subformulae &f)(t) is negative. Then (the tree of
subformulae of)(t") = Arg((the tree of subformulae &)(t)) andm= Q0.
(52) Suppos¢# =t~ (m) and (the tree of subformulae Bf(t) is conjunctive. Then

(i) (the tree of subformulae &f)(t") = LeftArg((the tree of subformulae &)(t)) andm=0,
or

(i)  (the tree of subformulae oF)(t') = RightArg((the tree of subformulae df)(t)) and
m=1

(53) Suppose’ =t~ (m) and (the tree of subformulae Bf)(t) is universal. Then (the tree of
subformulae of)(t") = Scopé(the tree of subformulae &)(t)) andm= 0.
(54) Suppose (the tree of subformulad=ft) is negative. Then
(i) t~(0) € dom(the tree of subformulae &), and
(i) (the tree of subformulae d¥)(t ~ (0)) = Arg((the tree of subformulae &)(t)).

(55) Suppose (the tree of subformulag9gft) is conjunctive. Then

(i) t~(0) € dom(the tree of subformulae &),

(i)  (the tree of subformulae d¥)(t ~ (0)) = LeftArg((the tree of subformulae &f)(t)),
(i)t~ (1) € dom (the tree of subformulae &%), and

(iv) (the tree of subformulae d¥)(t ~ (1)) = RightArg((the tree of subformulae &)(t)).

4 The proposition (48) has been removed.
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(56) Suppose (the tree of subformuladft) is universal. Then
(i) t~(0) € dom(the tree of subformulae ), and
(i) (the tree of subformulae d¥)(t ~ (0)) = Scopé(the tree of subformulae &)(t)).
In the sequd denotes an element of dom (the tree of subformuld€ ahds denotes an element

of dom (the tree of subformulae ).
Next we state the proposition

(57) Suppose € theF-entry points in subformula tree & ands € the G-entry points in sub-
formula tree ofH. Thent ™ s € theF-entry points in subformula tree &f.

In the sequet denotes an element of dom (the tree of subformula€)ainds denotes a finite
sequence.
Next we state several propositions:

(58) Suppos¢ € the F-entry points in subformula tree @ andt ~ s € the F-entry points in
subformula tree ofH. Thens € the G-entry points in subformula tree &f.

(59) LetgivenF, G, H. Then{t " s;t ranges over elements of dom (the tree of subformulae of
F), sranges over elements of dom (the tree of subformula®)ot < the F-entry points in
subformula tree o6 A s e the G-entry points in subformula tree &f} C the F-entry points
in subformula tree oH.

(60) (The tree of subformulae &) [t = the tree of subformulae of (the tree of subformulae of

F)(t).

(61) t e theF-entry points in subformula tree @ if and only if (the tree of subformulae of
F) It = the tree of subformulae @3.

(62) TheF-entry points in subformula tree & = {t;t ranges over elements of dom (the tree of
subformulae of): (the tree of subformulae &) [t = the tree of subformulae @}.

In the sequeC is a chain of dom (the tree of subformulaeFof
One can prove the following proposition

(63) LetgivenF, G, H, C. Suppose that

(i) G e {(the tree of subformulae &f)(t);t ranges over elements of dom (the tree of subfor-
mulae ofF): t € C}, and

(i)  H e {(the tree of subformulae &F)(t);t ranges over elements of dom (the tree of subfor-
mulae ofF): t € C}.

ThenG is a subformula oH or H is a subformula o6.
Let F be an element of WFF. An element of WFF is called a subformufa ifif
(Def. 4) Itis a subformula of.

Let F be an element of WFF and I& be a subformula oF. An element of dom (the tree of
subformulae of) is said to be an entry point in subformula treeGif:

(Def.5) (The tree of subformulae &f)(it) = G.

In the sequeG denotes a subformula &f andt, t’ denote entry points in subformula tree®f
Next we state the proposition

(GSE] If t #t/, thent andt’ are notC-comparable.

5 The proposition (64) has been removed.
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LetF be an element of WFF and I6tbe a subformula df . The entry points in subformula tree
of G yields a non empty antichain of prefixes of dom (the tree of subformul& afnd is defined
by:

(Def. 6) The entry points in subformula tree®f= the F-entry points in subformula tree &.

We now state two propositions:

(67@ t € the entry points in subformula tree Gt

(68) The entry points in subformula tree®f= {t;t ranges over entry points in subformula tree
of Gt =t}.

In the sequels:, Gp denote subformulae dF, t; denotes an entry point in subformula tree of
G1, andsdenotes an element of dom (the tree of subformula@;df
Next we state the proposition

(69) If se theGs-entry points in subformula tree &, thent; ~ sis an entry point in subformula
tree ofGo.

In the sequesis a finite sequence.
We now state three propositions:

(70) Ifty~ sisanentry pointin subformula tree 8%, thens € theGi-entry points in subformula
tree ofGo.

(71) Let givenF, Gi, G,. Then{t " s;t ranges over entry points in subformula tree@f,
s ranges over elements of dom (the tree of subformula&:9f s € the Gi-entry points in
subformula tree of3;} = {t ™ s;t ranges over elements of dom (the tree of subformulae of
F), sranges over elements of dom (the tree of subformula@:pft € the F-entry points in
subformula tree 061 A s € the Gs-entry points in subformula tree &}.

(72) Let givenF, G1, Gp. Then{t " s;t ranges over entry points in subformula treeGf,
s ranges over elements of dom (the tree of subformula@9f s € the Gi-entry points in
subformula tree of5;} C the entry points in subformula tree G5.

In the sequel, G, are subformulae df, t; is an entry point in subformula tree 6f, andt;
is an entry point in subformula tree 5.
Next we state two propositions:

(73) If there existy, t such that; <ty, thenGs; is a subformula 06;.

(74) If Gy is a subformula of51, then for everyt; there exists, such that; <t,.
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