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Summary. We develop the first order language defined'in [6]. We continue the work
done in the article[]1]. We prove some schemes of defining by structural induction. We
deal with notions of closed subformulae and of still not bound variables in a formula. We
introduce the concept of the set of all free variables and the set of all fixed variables occurring
in a formula.
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The articlesl[¥],5],19], 18], [3], [4], [2], [6], and[] provide the notation and terminology for this
paper.

For simplicity, we adopt the following convention: j, k denote natural numbers,denotes a
bound variablea denotes a free variablg, g denote elements of WFFdenotes a finite sequence
of elements of VarP denotes a predicate symbol, avidienotes a non empty subset of Var.

In this article we present several logical schemes. The scl@Eunc Unigdeals with a non
empty set4, a function8 from WFF into 4, a functionC from WFF into 4, an elementD of 4,
a unary functorf yielding an element of, a unary functorg yielding an element ofl, a binary
functor # yielding an element ofa, and a binary functor yielding an element ofa, and states
that:

B=C
provided the following conditions are met:
e Letgivenpandds, d; be elements off. Then
(i) if p=VERUM, thenB(p) =D,
(i) if pis atomic, therB(p) = F(p),
(i) if pis negative andl; = B(Arg(p)), thenB(p) = G(d1),
(iv) if pis conjunctive andl; = B(LeftArg(p)) andd, = B(RightArg(p)), then
B(p) = H(d1,dz), and
(v) if pisuniversal andl; = B(Scopé€p)), thenB(p) = I(p,d1),
and
e Letgivenpandd;, d; be elements off. Then
() if p=VERUM,thenC(p) =D,
(i) if pisatomic, therC(p) = ¥ (p),
(i) if pis negative andy = C(Arg(p)), thenC(p) = G(d1),
(iv) if pis conjunctive andl; = C(LeftArg(p)) andd, = C(RightArg(p)), then
C(p) = #(dq,d2), and
(v) if pisuniversal andly = C(Scopép)), thenC(p) = I(p,ds).

The schem@&C Def Ddeals with a non empty sét, an elementB of 4, an element” of WFF,

a unary functorf yielding an element of, a unary functorg yielding an element ofl, a binary
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functor # yielding an element ofa, and a binary functor yielding an element ofa, and states
that:
(i) There exists an elemedtof 4 and there exists a functida from WFF into

A4 such that = F () and for every element of WFF and for all elementd;, d, of
4 holds if p= VERUM, thenF (p) = 8 and if p is atomic, therF (p) = ¥ (p) and
if pis negative and; = F(Arg(p)), thenF(p) = G(d;) and if p is conjunctive and
d; = F(LeftArg(p)) andd, = F(RightArg(p)), thenF(p) = #(d1,d>) and if p is
universal andl; = F(Scopép)), thenF(p) = I(p,d;), and
(i) for all elementsx, X2 of 4 such that there exists a functiénfrom WFF into
4 such thatx; = F(C) and for every elemern of WFF and for all elementd;, d»
of 4 holds if p= VERUM, thenF (p) = B and if p is atomic, therF(p) = F(p)
and if pis negative andi; = F(Arg(p)), thenF (p) = G(d1) and if pis conjunctive
andd; = F(LeftArg(p)) andd, = F(RightArg(p)), thenF (p) = #(d;,d;) and if p
is universal andl; = F(Scopép)), thenF (p) = I(p,d;) and there exists a function
F from WFF into 4 such thatx, = F(C) and for every element of WFF and for
all elementsd;, d of 4 holds if p=VERUM, thenF (p) = B and if p is atomic,
thenF(p) = F(p) and if p is negative andl; = F(Arg(p)), thenF(p) = G(d1)
and if p is conjunctive andl; = F(LeftArg(p)) andd, = F(RightArg(p)), then
F(p) = #(di1,dz) and if pis universal andl; = F (Scopép)), thenF (p) = I(p,d1)
holdsx; = %o

for all values of the parameters.

The schem&C D ResultVERUMleals with a non empty set, a unary functor¥ yielding
an element of4, an elementB of 4, a unary functorg yielding an element ofd, a unary functor
H vyielding an element ofd, a binary functor! yielding an element ofd, and a binary functoy
yielding an element ofd, and states that:

F(VERUM) = B
provided the parameters satisfy the following condition:

e Let p be a formula and be an element off. Thend = ¥ (p) if and only if there
exists a functiorr from WFF into 4 such that = F(p) and for every elemen of
WFF and for all elementd;, d; of 4 holds if p=VERUM, thenF (p) = B and ifp
is atomic, ther (p) = G(p) and if p is negative andl; = F (Arg(p)), thenF (p) =
H(d1) and if p is conjunctive andl; = F(LeftArg(p)) andd, = F(RightArg(p)),
thenF(p) = I(dy,d2) and if p is universal andd; = F(Scopép)), thenF(p) =
J(p,dy).

The schem&C D Result’atomiaeals with a non empty set, an elementB of 4, a unary
functor ¥ yielding an element ofa, a formulaC, a unary functorg yielding an element ofd, a
unary functor# yielding an element afl, a binary functorf yielding an element aff, and a binary
functor 7 yielding an element ofl, and states that:

F(C)=¢6(C)
provided the parameters satisfy the following conditions:

e Let p be a formula andl be an element off. Thend = 7 (p) if and only if there

exists a functior from WFF into4 such that = F(p) and for every element of
WFF and for all elementd;, d, of 4 holds if p=VERUM, thenF (p) = B and ifp
is atomic, ther=(p) = G(p) and if p is negative andl; = F (Arg(p)), thenF(p) =
#(dy1) and if p is conjunctive andl; = F(LeftArg(p)) andd, = F(RightArg(p)),
thenF(p) = I(d1,d2) and if p is universal andl; = F(Scopép)), thenF(p) =
J(p,d1), and

e (is atomic.

The schem@&C D Result'negativeeals with a non empty set, an element of 4, a formula
C, a unary functor¥ yielding an element of4, a unary functorg yielding an element of, a
binary functor# yielding an element ofa, a binary functor! yielding an element of1, and a
unary functor/ yielding an element of1, and states that:

J(C) = G(J(Arg(C)))
provided the parameters meet the following requirements:

e Let p be a formula andl be an element ofi. Thend = J(p) if and only if there

exists a functior from WFF into 4 such that = F(p) and for every elemen of



VARIABLES IN FORMULAE OF THE FIRST ORDER. .. 3

WFF and for all elementd;, d; of 4 holds if p=VERUM, thenF (p) = Band ifp
is atomic, therF(p) = ¥ (p) and if p is negative andl; = F (Arg(p)), thenF (p) =
G(dp) and if p is conjunctive andl; = F(LeftArg(p)) andd; = F(RightArg(p)),
thenF(p) = #(di1,dz) and if p is universal andl; = F(Scopép)), thenF(p) =
I(p,d1), and

e (is negative.

The schem&C D Result’conjunctivdeals with a non empty sgt, an elementB of 4, a unary
functor ¥ yielding an element ofd, a unary functorg yielding an element of, a binary functor
H yielding an element of1, a binary functor yielding an element afl, a unary functoy yielding
an element of2, and a formulaC, and states that:

For all elementsl;, dy of 4 such that; = J(LeftArg(C)) andd, = J(RightArg(C))
holdsJ(C) = H (dy,d2)
provided the following requirements are met:

e Let p be a formula andl be an element ofi. Thend = 7(p) if and only if there
exists a functior from WFF into4 such that = F(p) and for every element of
WFF and for all elementd;, d; of 4 holds if p=VERUM, thenF (p) = B and ifp
is atomic, ther(p) = ¥ (p) and if pis negative andl, = F(Arg(p)), thenF(p) =
G(dp) and if p is conjunctive andl; = F(LeftArg(p)) andd; = F(RightArg(p)),
thenF(p) = #(dy1,dz) and if p is universal andl; = F(Scopép)), thenF(p) =
I(p,ds), and

e (is conjunctive.

The schem@&C D Result'universaleals with a non empty set, an elementB of 4, a formula
C, a unary functor¥ yielding an element ofd, a unary functorG yielding an element of1, a
binary functor# yielding an element ofa, a binary functor! yielding an element of2, and a
unary functor/ yielding an element of1, and states that:

J(C)=I(C,I(Scopé()))
provided the parameters satisfy the following conditions:

e Let p be a formula andl be an element ofi. Thend = J(p) if and only if there
exists a functior from WFF into 4 such that = F(p) and for every elemen of
WFF and for all elementd;, d; of 4 holds if p=VERUM, thenF (p) = B and ifp
is atomic, therF(p) = ¥ (p) and if pis negative andl; = F(Arg(p)), thenF(p) =
G(dp) and if p is conjunctive andl; = F(LeftArg(p)) andd; = F(RightArg(p)),
thenF(p) = #(di1,dy) and if p is universal andl; = F(Scopép)), thenF(p) =
I(p,d;), and

e (isuniversal.

We now state the proposition

(3H P is a Arity(P)-ary predicate symbol.

Let us considel and let us considey. The functor variableg!) yielding an element of 2is
defined as follows:

(Def. ZE] variableg (1) ={lI(k) : 1<k A k<lenl A I(k) eV}.
Next we state a number of propositions:
(6F] snh(l) = variablegoungvar])-
(7) snVERUM) = 0.
(8) For every formulg such thatp is atomic holds snfp) = sni{Args(p)).
(9) For everyk-ary predicate symbdP and for every list of variablek of the lengthk holds

snl(P[l]) = sni(l).
(10) For every formulg such thatp is negative holds srilp) = sn{Arg(p)).

1 The propositions (1) and (2) have been removed.
2 The definition (Def. 1) has been removed.
3 The propositions (4) and (5) have been removed.
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For every formulg holds snif—p) = sni(p).
SnifFALSUM) = 0.

For every formulap such thatp is conjunctive holds srp) = snkLeftArg(p)) U

sni(RightArg(p)).

(14)
(15)
(16)
17)

For all formulaep, g holds snlyp A q) = snk(p) Usnk(q).

For every formulg such thafp is universal holds srfp) = snb(Scopép)) \ {Boundp)}.
For every formulg holds snifvyp) = snk(p) \ {x}.

For every formulap such thatp is disjunctive holds snip) = sni(LeftDisj(p)) U

sni(RightDisj(p)).

(18)
(19)

For all formulaep, g holds snlgpV q) = snk(p) Usnk(q).
For every formulap such thatp is conditional holds snlp) = snk{Anteceden(tp)) U

sni(Consequetip)).

(20)
(21)

For all formulaep, g holds snlgp = q) = sni(p) Usnk(q).
For every formulap such thatp is biconditional holds snip) = sni(LeftSideg(p)) U

sni(RightSidép)).

(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)

For all formulaep, g holds snlgp < q) = snk(p) Usnk(q).

For every formulg holds snif3xp) = snk(p) \ {x}.

VERUM is closed and FALSUM is closed.

For every formula holdsp is closed iff-pis closed.

For all formulaep, g holdspis closed andj is closed iffpA q s closed.
For every formulg holdsVyp is closed iff snijp) C {x}.

For every formulg such thatp is closed hold&/p is closed.

For all formulaep, g holdspis closed andj is closed iffpV q is closed.
For all formulaep, g holdspis closed andj is closed iffp = g is closed.
For all formulaep, g holdspis closed andj is closed iffp < g is closed.
For every formulg holds3xp is closed iff snlfp) C {x}.

For every formulg such thatp is closed holdslkp is closed.

Let us considek. The functor x yields a bound variable and is defined as follows:

(Def. 3)

*% = (4, k).

One can prove the following two propositions:

(35[f] 1fx; =x;, theni = j.

(36)

There exists such that x= x.

Let us considek. The functoray yields a free variable and is defined by:

(Def. 4) ax= (6, k).

4 The proposition (34) has been removed.
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One can prove the following propositions:
(38F] If & =ay, theni = j.
(39) There existssuch that; = a.
(40) For every elemerttof FixedVar and for every elemeatof FreeVar holdg +# a.
(41) For every elemerttof FixedVar and for every elemertof BoundVar holds # x.

(42) For every elemer#t of FreeVar and for every elemextf BoundVar holdsa # x.

Let us consideV and letvy, V, be elements of2 ThenV; UV, is an element of 2
Let us conside¥ and let us considep. The functor Varg(p) yields an element of'2and is
defined by the condition (Def. 5).

(Def. 5) There exists a functioh from WFF into 2’ such that

() Varsy(p)=F(p),and

(i) for every elementp of WFF and for all elements, do of 2¥ holds if p = VERUM,
thenF(p) = Oy and if p is atomic, thernF(p) = variableg (Args(p)) and if p is negative
andd; = F(Arg(p)), thenF(p) = di and if p is conjunctive andl; = F (LeftArg(p)) and
d2 = F(RightArg(p)), thenF (p) = d1Ud; and if pis universal andl; = F (Scopé€p)), then
F(p) =di.

The following propositions are true:
(46f| Vars,(VERUM) = 0.

(47) If pis atomic, then Vakg(p) = variableg (Args(p)) and Varg (p) = {Args(p)(k) : 1 <
k A k<lenArgqp) A Args(p)(k) € V}.

(48) LetP be ak-ary predicate symbol antdbe a list of variables of the length Then
Varsy (P[l]) = variableg (I) and Varg (P[1]) = {I(i) : 1 <i Ai<lenl A I(i) eV}.

(49) If pis negative, then Vayg p) = Vars, (Arg(p)).

(50) Vars/(—p) = Vars/(p).

(51) Vars (FALSUM) = 0.

(52) If pis conjunctive, then Vaig p) = Vars, (LeftArg(p)) U Vars, (RightArg(p)).
(53) Vars/(pAQ) = Vars,(p)UVars(q).

(54) If pis universal, then Vaig p) = Vars, (Scopégp)).

(55) Vars/(Vxp) = Vars,(p).

(56) If pis disjunctive, then Vatg p) = Vars, (LeftDisj(p)) U Vars, (RightDisj(p)).
(57) Vars/(pVQq) = Vars,(p)UVars,(q).

(58) If pis conditional, then Varg(p) = Vars, (Anteceden(tp)) U Vars, (Consequertp)).
(59) Vars/(p=-q)=Vars,(p)UVars/(q).

(60) If pis biconditional, then Varg p) = Vars, (LeftSidg p)) U Vars, (RightSidé p)).
(61) Vars (p< q)=Vars,(p)UVars/(q).

(62) If pis existential, then Vaig p) = Vars, (Arg(ScopéArg(p)))).

5 The proposition (37) has been removed.
6 The propositions (43)—(45) have been removed.
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(63) Vars (3xp) = Vars,(p).

Let us considep. The functor Fre@ yields an element of?2°¢V&and is defined as follows:

(Def. 6)

Free = Varsreeval( p)-

Next we state a number of propositions:

(65)] Free VERUM= 0.

(66)

Let P be ak-ary predicate symbol andbe a list of variables of the lengthk Then

FregP[l]) ={I(i):1<i Ai<lenl A I(i) € FreeVat.

(67)
(68)
(69)
(70)
(71)
(72)
(73)
(74)

Free-p = Freep.

Free FALSUM= 0.

FreépA Q) = FreepU Freen.
Freedyxp = Freep.

FreépV q) = FreepU Freen.
Freép = q) = FreepU Freeq.
Freép < q) = FreepU Freeq.
Freelyp = Freep.

Let us considep. The functor Fixeg yields an element of2€4Va and is defined as follows:

(Def. 7)

Fixedp = Varsrixedvar p)-

The following propositions are true:

(76f] Fixed VERUM= 0.

(77)

Let P be ak-ary predicate symbol anbe a list of variables of the lengtk Then

FixedPl]) = {I(i): 1 <i Ai<lenl A I(i) € FixedVag.

(78)
(79)
(80)
(81)
(82)
(83)
(84)
(85)

Fixed—-p = Fixedp.

Fixed FALSUM= 0.

Fixed pA q) = FixedpU Fixedq.
Fixedvkp = Fixedp.

Fixed pV q) = FixedpU Fixedq.
Fixed p = q) = FixedpU Fixedq.
Fixed p < q) = FixedpU Fixedq.
Fixeddyp = Fixedp.

" The proposition (64) has been removed.
8 The proposition (75) has been removed.
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