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Summary. Inthe paper a first order language is constructed. It includes the universal
quantifier and the following propositional connectives: truth, negation, and conjunction. The
variables are divided into three kinds: bound variables, fixed variables, and free variables.
An infinite number of predicates for each arity is provided. Schemes of structural induction
and schemes justifying definitions by structural induction have been proved. The concept of a
closed formula (a formula without free occurrences of bound variables) is introduced.

MML Identifier: QC_LANGL.
WWW: http://mizar.org/JFM/Voll/qgc_langl.html

The articles|[7], [[6], [[5], [10], [[9], [8], 4], T11], B8], [12], [[4], and[[2] provide the notation and
terminology for this paper.
One can prove the following propositions:

(1) Forevery non empty s&; and for every seb, and for every elemeritof D; holds[: {k},
D> Z] - [Z D4, Dy ]

(2) For every non empty s&t; and for every seD, and for all elementk;, ko, ks of D1 holds
[Z {kl, Ko, kg}, D> Z] - [Z D4, Dy ]

In the sequek, | denote natural numbers.
The set Var is defined as follows:

(Def. 1) Var=[{4,5,6}, NJ].

Let us observe that Var is non empty.
One can prove the following proposition

@f] varc [N, NJ.

A variable is an element of Var. The subset BoundVar of Var is defined as follows:
(Def. 2) BoundVar= [ {4}, N].

The subset FixedVar of Var is defined by:

(Def. 3) FixedVar= [ {5}, N].

The subset FreeVar of Var is defined by:

(Def. 4) FreeVare= [ {6}, N].

1 The proposition (3) has been removed.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol1/qc_lang1.html

A FIRST ORDER LANGUAGE 2

The set PredSym is defined by:
(Def.5) PredSym= {(k, 1) : 7 <Kk}.
One can verify the following observations:
x  BoundVar is non empty,
x  FixedVar is non empty,
x  FreeVar is non empty, and
*x PredSym is non empty.

The following proposition is true
(10f] PredSymc [N, N7.

A predicate symbol is an element of PredSym.
Let P be an element of PredSym. The functor AfRy yields a natural number and is defined

by:
(Def. 6) Py =7+ Arity (P).

In the sequeP denotes a predicate symbol.
Let us considek. The functor PredSypyielding a subset of PredSym is defined by:

(Def. 7)  PredSym= {P: Arity (P) = k}.

Let us considek. Note that PredSypis non empty.

A bound variable is an element of BoundVar. A fixed variable is an element of FixedVar. A
free variable is an element of FreeVar. Let us congidéy k-ary predicate symbol is an element of
PredSym.

Let k be a natural number. A finite sequence of elements of Var is said to be a list of variables
of the lengthk if:

(Def. 8) lenit=k.
Let D be a set. We say thatis closed if and only if the conditions (Def. 9) are satisfied.

(Def. 9)(i) Dis asubsetofN, N,

(i)  for every natural numbek and for everyk-ary predicate symbagb and for every list of
variabled; of the lengthk holds{p) "1, € D,

(i) {(0,0)) €D,
(iv) for every finite sequencp of elements of N, N such thatp € D holds{{1, 0)) ~ p€ D,

(v) for all finite sequencep, g of elements of: N, N such thatp € D andq € D holds ({2,
0)) " p~geD,and

(vi) for every bound variablg and for every finite sequengeof elements of N, N such that
p €D holds({3,0)) "~ (x) ~ peD.

The non empty set WFF is defined by:
(Def. 10) WFF is closed and for every non emptyBetuch thaD is closed holds WFE D.

We now state the proposition

(21| WFF is closed.

2 The propositions (5)—(9) have been removed.
3 The propositions (11)-(20) have been removed.
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A formula is an element of WFF.
Let P be a predicate symbol and ldbe a finite sequence of elements of Var. Let us assume that
Arity (P) = lenl. The functorP[l] yielding an element of WFF is defined by:

(Def. 11) Pl =(P)"I.
The following proposition is true

(23&] Let k be a natural numbep be ak-ary predicate symbol, arlg be a list of variables of
the lengthk. Thenplly] = (p) " I1.

Let p be an element of WFF. The funct@p yields a finite sequence of elements[f, N
and is defined by:

(Def. 12) @p=np.
The formula VERUM is defined as follows:
(Def. 13) VERUM= ({0, 0)).
Let p be an element of WFF. The functep yielding a formula is defined as follows:
(Def. 14) —p=((1,0))~ (®p).
Let g be an element of WFF. The functpr\ q yielding a formula is defined by:
(Def. 15) pAg=((2,0)) " (®p)~ (q).

Letx be a bound variable and Iptbe an element of WFF. The functdgp yields a formula and
is defined by:

(Def. 16) Wxp=((3,0))" (x)~ (®p).

The schem@&C Indconcerns a unary predicafe and states that:
For every elemerft of WFF holds?[F]

provided the parameters meet the following conditions:

e Letkbe a natural numbeP, be ak-ary predicate symbol, arlg be a list of variables
of the lengthk. Then?[P[l4]],
PIVERUM],
For every elemenp of WFF such thatP[p] holdsP[—p],
For all elementp, q of WFF such that?[p] and®[qg] holdsP[pA ], and
For every bound variablg and for every elemenp of WFF such thatP[p] holds
P[Vxp].

Let F be an element of WFF. We say ttratis atomic if and only if the condition (Def. 17) is
satisfied.

(Def. 17) There exists a natural numtkeand there exists leary predicate symbgd and there exists
a list of variabled; of the lengthk such thafF = pJl4].

We say thaf is negative if and only if:
(Def. 18) There exists an elemembf WFF such thaF = —p.
We say thaf is conjunctive if and only if:
(Def. 19) There exist elemengs g of WFF such thaF = pAg.
We say thaf is universal if and only if:
(Def. 20) There exists a bound variabland there exists an elemembf WFF such thaF = Vyp.

One can prove the following propositions:

4 The proposition (22) has been removed.
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(SSE] For every elemenfE of WFF holdsF = VERUM or F is atomic, negative, conjunctive,
and universal.

(34) For every elemerf of WFF holds 1< len(@F).
(35) For every natural numbérand for everyk-ary predicate symbd? holds Arity(P) = k.

In the sequeF, G are elements of WFF argis a finite sequence.
The following propositions are true:

(36)() If (9F)(1)1 =0, thenF = VERUM,
(i) if (9F)(1)1 = 1, thenF is negative,

(i) if (®F)(1); = 2, thenF is conjunctive,
(iv) if (9F)(1); = 3, thenF is universal, and

(v) ifthere exists a natural numbksuch thaf @F)(1) is ak-ary predicate symbol, thef is
atomic.

(37) IfO@F = (@G)~ s, then@F = @G.

LetF be an element of WFF. Let us assume fhas atomic. The functor PredSy(f) yielding
a predicate symbol is defined by the condition (Def. 21).

(Def. 21) There exists a natural numbeand there exists a list of variablésof the lengthk and
there exists &-ary predicate symbd? such that PredSy(f) = P andF = P[l4].

Let F be an element of WFF. Let us assume thas atomic. The functor Arg$ ) yielding a
finite sequence of elements of Var is defined by the condition (Def. 22).

(Def. 22) There exists a natural numtkeand there exists leary predicate symbd? and there exists
a list of variabled; of the lengthk such that Arg&) = I; andF = P[l4].

Let F be an element of WFF. Let us assume thas negative. The functor Algr) yields a
formula and is defined as follows:

(Def. 23) F =-Arg(F).

Let F be an element of WFF. Let us assume tRas conjunctive. The functor LeftAidr)
yielding a formula is defined as follows:

(Def. 24) There exists an elemenof WFF such thaF = LeftArg(F) Aq.

Let F be an element of WFF. Let us assume thas conjunctive. The functor RightA(§ )
yields a formula and is defined as follows:

(Def. 25) There exists an elemegmbf WFF such thalF = p A RightArg(F).

Let F be an element of WFF. Let us assume thas universal. The functor Bouri#) yielding
a bound variable is defined as follows:

(Def. 26) There exists an elemembf WFF such thaF = Vgoungr) P-
The functor Scop@-) yielding a formula is defined by:
(Def. 27) There exists a bound variablsuch thaF = Vy ScopéF ).

In the sequep denotes an element of WFF.
The following propositions are true:

@5f] If pis negative, then Iei®Arg(p)) < len(@p).

5 The propositions (24)-(32) have been removed.
6 The propositions (38)—(44) have been removed.
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(46) If pis conjunctive, then Ief®LeftArg(p)) < len(@p) and le{@RightArg(p)) < len(@p).
(47) If pis universal, then lefPScopép)) < len(@p).

The schem@&C Ind2concerns a unary predicate and states that:
For every elemenp of WFF holds?|p|
provided the parameters meet the following condition:
e Let pbe an element of WFF. Then
(i) if pisatomic, ther?[p],
(i) P[VERUM],
(i) if pisnegative and’[Arg(p)], then®[p],
(iv) if pis conjunctive and’[LeftArg(p)] andP[RightArg(p)], then?[p], and
(v) if pis universal and’[Scopép)], then®[p].
In the sequeF denotes an element of WFF.
Next we state three propositions:

(48) For every natural numbe&rand for everyk-ary predicate symbd? holdsP; # 0 andP; £ 1
andPy #*2 andP, £ 3.

49)() (®VERUM)(1)1=0,

(i) if F is atomic, then there exists a natural numksuch that @F)(1) is ak-ary predicate
symbol,

(iiiy if Fis negative, thei®F)(1); = 1,
(iv) if F is conjunctive, thed®F)(1); = 2, and
(v) if Fis universal, the®F)(1); = 3.

(50) If F is atomic, ther{®F)(1)1 # 0 and(@F)(1)1 # 1 and(®F ) (1)1 # 2 and(®F (1)1 # 3.

In the sequep denotes an element of WFF.
The following proposition is true

(51)()) VERUM is not atomic and VERUM is not negative and VERUM is not conjunctive and
VERUM is not universal, and

(ii) there exists ng which is atomic, negative, atomic, conjunctive, atomic, universal, nega-
tive, conjunctive, negative, universal, conjunctive, and universal.

The schem&C Func Exdeals with a non empty set, an elementB of 4, a unary functorf
yielding an element of2, a unary functoi§ yielding an element ofd, a binary functor#/ yielding
an element of4, and a binary functor yielding an element off, and states that:

There exists a functioR from WFF into4 such that
() F(VERUM)= 3, and
(i) for every elementp of WFF holds if p is atomic, thenF(p) = #(p) and
if pis negative, therr(p) = G(F(Arg(p))) and if p is conjunctive, therF(p) =
H (F(LeftArg(p)), F (RightArg(p))) and if pis universal, thefr (p) = I(p,F (Scopép)))
for all values of the parameters.

In the sequek denotes a natural number.

Letl be afinite sequence of elements of Var. The functoflshlields an element ofBpundvar
and is defined by:

(Def. 28) snifl1) = {l1(k): 1<k A k<lenl; A I1(k) € BoundVat.

Letb be a bound variable. Thefb} is an element of 2oundvar

Let X, Y be elements of ®undVal ThenX UY is an element of 2°U"dVar ThenX \ Y is an
element of Boundvar

In the sequek denotes a natural number.

Let p be a formula. The functor sip) yields an element of 2"V and is defined by the
condition (Def. 29).
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(Def. 29) There exists a functidh from WFF into 20undVargych that

() snb(p) =F(p), and

(i) for every elementp of WFF holdsF(VERUM) = 0 and if p is atomic, thenF(p) =
{Args(p)(k) : 1<k A k<lenArggp) A Args(p)(k) € BoundVa# and if p is negative, then
F(p) = F(Arg(p)) and if p is conjunctive, ther-(p) = F(LeftArg(p)) U F(RightArg(p))
and if pis universal, therfr (p) = F(Scopgp)) \ {Bound p)}.

Let p be a formula. We say thatis closed if and only if:

(Def. 30) snijp) = 0.
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