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The articles [8], [2], [10], [1], [4], [5], [3], [9], [7], and [6] provide the notation and terminology for
this paper.

1. PRELIMINARIES

For simplicity, we follow the rules:i, I denote sets,f denotes a function,x, x1, x2, y, A, B, X, Y, Z
denote many sorted sets indexed byI , J denotes a non empty set, andN1 denotes a many sorted set
indexed byJ.

Next we state three propositions:

(1) For every setX and for every many sorted setM indexed byI such thati ∈ I holds
dom(M+·(i 7−→. X)) = I .

(2) If f = /0, then f is a many sorted set indexed by/0.

(3) If I is non empty, then there exists noX which is empty yielding and non-empty.

2. SINGLETON AND UNORDERED PAIRS

Let us considerI , A. The functor{A} yielding a many sorted set indexed byI is defined by:

(Def. 1) For everyi such thati ∈ I holds{A}(i) = {A(i)}.

Let us considerI , A. One can check that{A} is non-empty and locally-finite.
Let us considerI , A, B. The functor{A,B} yielding a many sorted set indexed byI is defined

by:

(Def. 2) For everyi such thati ∈ I holds{A,B}(i) = {A(i),B(i)}.

Let us notice that the functor{A,B} is commutative.
Let us considerI , A, B. Note that{A,B} is non-empty and locally-finite.
The following propositions are true:

(4) X = {y} iff for every x holdsx∈ X iff x = y.

(5) If for everyx holdsx∈ X iff x = x1 or x = x2, thenX = {x1,x2}.

(6) If X = {x1,x2}, then for everyx such thatx = x1 or x = x2 holdsx∈ X.
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(7) {N1} 6= 0I .

(8) If x∈ {A}, thenx = A.

(9) x∈ {x}.

(10) If x = A or x = B, thenx∈ {A,B}.

(11) {A}∪{B}= {A,B}.

(12) {x,x}= {x}.

(14)1 If {A} ⊆ {B}, thenA = B.

(15) If {x}= {y}, thenx = y.

(16) If {x}= {A,B}, thenx = A andx = B.

(17) If {x}= {A,B}, thenA = B.

(18) {x} ⊆ {x,y} and{y} ⊆ {x,y}.

(19) If {x}∪{y}= {x} or {x}∪{y}= {y}, thenx = y.

(20) {x}∪{x,y}= {x,y}.

(22)2 If I is non empty and{x}∩{y}= 0I , thenx 6= y.

(23) If {x}∩{y}= {x} or {x}∩{y}= {y}, thenx = y.

(24) {x}∩{x,y}= {x} and{y}∩{x,y}= {y}.

(25) If I is non empty and{x}\{y}= {x}, thenx 6= y.

(26) If {x}\{y}= 0I , thenx = y.

(27) {x}\{x,y}= 0I and{y}\{x,y}= 0I .

(28) If {x} ⊆ {y}, then{x}= {y}.

(29) If {x,y} ⊆ {A}, thenx = A andy = A.

(30) If {x,y} ⊆ {A}, then{x,y}= {A}.

(31) 2{x} = {0I ,{x}}.

(32) {A} ⊆ 2A.

(33)
⋃
{x}= x.

(34)
⋃
{{x},{y}}= {x,y}.

(35)
⋃
{A,B}= A∪B.

(36) {x} ⊆ X iff x∈ X.

(37) {x1,x2} ⊆ X iff x1 ∈ X andx2 ∈ X.

(38) If A = 0I or A = {x1} or A = {x2} or A = {x1,x2}, thenA⊆ {x1,x2}.
1 The proposition (13) has been removed.
2 The proposition (21) has been removed.
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3. SUM OF UNORDERED PAIRS(OR A SINGLETON) AND A SET

Next we state several propositions:

(39) If x∈ A or x = B, thenx∈ A∪{B}.

(40) A∪{x} ⊆ B iff x∈ B andA⊆ B.

(41) If {x}∪X = X, thenx∈ X.

(42) If x∈ X, then{x}∪X = X.

(43) {x,y}∪A = A iff x∈ A andy∈ A.

(44) If I is non empty, then{x}∪X 6= 0I .

(45) If I is non empty, then{x,y}∪X 6= 0I .

4. INTERSECTION OF UNORDERED PAIRS(OR A SINGLETON) AND A SET

We now state several propositions:

(46) If X∩{x}= {x}, thenx∈ X.

(47) If x∈ X, thenX∩{x}= {x}.

(48) x∈ X andy∈ X iff {x,y}∩X = {x,y}.

(49) If I is non empty and{x}∩X = 0I , thenx /∈ X.

(50) If I is non empty and{x,y}∩X = 0I , thenx /∈ X andy /∈ X.

5. DIFFERENCE OF UNORDERED PAIRS(OR A SINGLETON) AND A SET

The following propositions are true:

(51) If y∈ X \{x}, theny∈ X.

(52) If I is non empty andy∈ X \{x}, theny 6= x.

(53) If I is non empty andX \{x}= X, thenx /∈ X.

(54) If I is non empty and{x}\X = {x}, thenx /∈ X.

(55) {x}\X = 0I iff x∈ X.

(56) If I is non empty and{x,y}\X = {x}, thenx /∈ X.

(58)3 If I is non empty and{x,y}\X = {x,y}, thenx /∈ X andy /∈ X.

(59) {x,y}\X = 0I iff x∈ X andy∈ X.

(60) If X = 0I or X = {x} or X = {y} or X = {x,y}, thenX \{x,y}= 0I .

3 The proposition (57) has been removed.



SOME BASIC PROPERTIES OF MANY SORTED SETS 4

6. CARTESIAN PRODUCT

One can prove the following propositions:

(61) If X = 0I or Y = 0I , then[[X,Y]] = 0I .

(62) If X is non-empty andY is non-empty and[[X,Y]] = [[Y,X]], thenX = Y.

(63) If [[X,X]] = [[Y,Y]], thenX = Y.

(64) If Z is non-empty and if[[X,Z]]⊆ [[Y,Z]] or [[Z,X]]⊆ [[Z,Y]], thenX ⊆Y.

(65) If X ⊆Y, then[[X,Z]]⊆ [[Y,Z]] and[[Z,X]]⊆ [[Z,Y]].

(66) If x1 ⊆ A andx2 ⊆ B, then[[x1,x2]]⊆ [[A,B]].

(67) [[X∪Y,Z]] = [[X,Z]]∪ [[Y,Z]] and[[Z,X∪Y]] = [[Z,X]]∪ [[Z,Y]].

(68) [[x1∪x2,A∪B]] = [[x1,A]]∪ [[x1,B]]∪ [[x2,A]]∪ [[x2,B]].

(69) [[X∩Y,Z]] = [[X,Z]]∩ [[Y,Z]] and[[Z,X∩Y]] = [[Z,X]]∩ [[Z,Y]].

(70) [[x1∩x2,A∩B]] = [[x1,A]]∩ [[x2,B]].

(71) If A⊆ X andB⊆Y, then[[A,Y]]∩ [[X,B]] = [[A,B]].

(72) [[X \Y,Z]] = [[X,Z]]\ [[Y,Z]] and[[Z,X \Y]] = [[Z,X]]\ [[Z,Y]].

(73) [[x1,x2]]\ [[A,B]] = [[x1\A,x2]]∪ [[x1,x2\B]].

(74) If x1∩x2 = 0I or A∩B = 0I , then[[x1,A]]∩ [[x2,B]] = 0I .

(75) If X is non-empty, then[[{x},X]] is non-empty and[[X,{x}]] is non-empty.

(76) [[{x,y},X]] = [[{x},X]]∪ [[{y},X]] and[[X,{x,y}]] = [[X,{x}]]∪ [[X,{y}]].

(77) If x1 is non-empty andA is non-empty and[[x1,A]] = [[x2,B]], thenx1 = x2 andA = B.

(78) If X ⊆ [[X,Y]] or X ⊆ [[Y,X]], thenX = 0I .

(79) If A∈ [[x,y]] andA∈ [[X,Y]], thenA∈ [[x∩X,y∩Y]].

(80) If [[x,X]]⊆ [[y,Y]] and[[x,X]] is non-empty, thenx⊆ y andX ⊆Y.

(81) If A⊆ X, then[[A,A]]⊆ [[X,X]].

(82) If X∩Y = 0I , then[[X,Y]]∩ [[Y,X]] = 0I .

(83) If A is non-empty and if[[A,B]]⊆ [[X,Y]] or [[B,A]]⊆ [[Y,X]], thenB⊆Y.

(84) If x⊆ [[A,B]] andy⊆ [[X,Y]], thenx∪y⊆ [[A∪X,B∪Y]].
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