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Summary. The concept of characterizing of partial algebras by many sorted signature
is introduced, i.e. we say that a signat@&eharacterizes a partial algebsaf there is anS-
algebra whose sorts form a partition of the carrier of algegbend operations are formed
from operations ofA by the partition. The main result is that for any partial algebra there is
the minimal many sorted signature which characterizes the algebra. The minimality means
that there are signature endomorphisms from any signature which characterizes theflgebra
onto the minimal one.

MML Identifier: PUA2MSS1.
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The articles[[1B],[[7],[[18],[[17],[11] [[11] [[19][20]14],[1[14] /[3] [18],[[6].[16] 121 ] [112] [[10], 2],
[15], [16], and [9] provide the notation and terminology for this paper.

1. PRELIMINARY

Let f be a non-empty function. Note that ridias non empty elements.

Let X, Y be non empty sets. One can check that there exists a partial functioiXftom which
iS non empty.

Let X be a set with non empty elements. One can verify that every finite sequence of elements
of X is non-empty.

Let A be a non empty set. One can verify that there exists a finite sequence of operational
functions ofA which is homogeneous, quasi total, non-empty, and non empty.

Let us note that every universal algebra structure which is non-empty is also non empty.

Let X be a non empty set with non empty elements. Observe that every elemeéns afon
empty.

The following propositions are true:

(1) For all non-empty function$, g such thaf] f € [1g holds domf = domg and for every
setx such thak € domf holds f(x) C g(x).

(2) For all non-empty function$, g such thaf] f =[]gholdsf =g.

Let Abe a non empty set and Iéthe a finite sequence of operational function&ofhen rngf
is a subset oA* A,

Let A, B be non empty sets and I8be a non empty subset 8B. We see that the element of
Sis a patrtial function fronA to B.

Let A be a non-empty universal algebra structure. An operation symbsli®fn element of
dom (the characteristic @&). An operation ofA is an element of rng (the characteristicA)f

Let A be a non-empty universal algebra structure ana le¢ an operation symbol &. The
functor Derfo, A) yields an operation oA and is defined by:
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(Def. 1) Deno,A) = (the characteristic of)(0).

2. PARTITIONS

Let X be a set. Note that every partition X¥fhas non empty elements.
Let X be a set and lg® be an equivalence relation ¥f Then ClasseR s a partition ofX.
Next we state a number of propositions:

(3) LetX be a setP be a partition ofX, andx, a, b be sets. Iix € aanda e P andx € b and
be P thena=h.

(4) LetX,Y be sets. Supposkis finer thanY. Let p be a finite sequence of elementsXaf
Then there exists a finite sequenpef elements ol such thaf] p C []a.

(5) LetX be a setP, Q be partitions oiX, andf be a function fronP into Q. Suppose that for
every seta such that € P holdsa C f(a). Let p be a finite sequence of elementsRoéndq
be a finite sequence of elements@fThen[Jp C [(gifand only if f - p=q.

(6) For every seP and for every functiorf such that rndg C |J P there exists a functiop such
that domp = domf and rngop C Pandf € []p.

(7) LetX be a setP be a partition ofX, and f be a finite sequence of elementsXaf Then
there exists a finite sequenpef elements oP such thatf € []p.

(8) LetX,Y be non empty set® be a partition ofX, andQ be a partition ofY. Then{[: p,
gj : pranges over elements Bf q ranges over elements Qf} is a partition off: X, Y .

(9) For every non empty set and for every partitiorP of X holds {[]p : p ranges over
elements oP*} is a partition ofX*.

(10) LetX be a non empty se,be a natural number, aitlbe a partition ofX. Then{[Jp: p
ranges over elements Bf'} is a partition ofX".

(11) LetX be a non empty set alibe a set. SupposeC X. Let P be a partition ofX. Then
{anY;aranges over elements Bf a meetsY} is a partition ofy.

(12) Letf be a non empty function arfd be a partition of doni. Then{f[a: a ranges over
elements oP} is a partition off.

Let X be a set. The functor SmallestPartitj) yielding a partition ofX is defined as follows:
(Def. 2) SmallestPartitiofX) = Classefidx ).

One can prove the following propositions:

(13) For every non empty s&t holds SmallestPartitiqiX) = {{x} : x ranges over elements of
X}.

(14) LetX be a set angb be a finite sequence of elements of SmallestPar{i{onThen there
exists a finite sequenagof elements oK such thaf] p = {q}.

Let X be a set. A function is called an indexed partitiornXoif:
(Def. 3) rngitis a partition oKX and it is one-to-one.

Let X be a set. Note that every indexed partitiorXofs one-to-one and non-empty. LRRbe an
indexed partition oX. Then rndP is a partition ofX.

Let X be a non empty set. Note that every indexed partitiod &f non empty.

Let X be a set and I€® be a partition ofX. Then igs is an indexed partition oX.

Let X be a set, leP be an indexed partition of, and letx be a set. Let us assume that X.
TheP-index ofxis a set and is defined by:
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(Def. 4) TheP-index ofx € domP andx € P(the P-index ofx).

The following propositions are true:

(15) LetX be a set an® be a non-empty function. Suppasd® = X and for all set, y such
thatx € domP andy € domP andx # y holdsP(x) missesP(y). ThenP is an indexed partition
of X.

(16) LetX,Y be non empty set$? be a partition ofy, and f be a function fronX into P. If
P Crngf andf is one-to-one, theff is an indexed partition of .

3. RELATIONS GENERATED BY OPERATIONS OFPARTIAL ALGEBRA

In this article we present several logical schemes. The schaafeelationExdeals with non empty
sets4, B, a natural numbe(, a relationD between4 and B, and a binary functoff yielding a
relation betwee andB, and states that:
There exists a relatioR between4 and B and there exists a many sorted et
indexed byN such that
() R=F(C),
(i) F(0) =D, and
(i)  for every natural numberand for every relatioR betweenZ andB such that
R=F(i) holdsF(i+1) = F(R,i)
for all values of the parameters.
The schem&elationUnigdeals with non empty set8, B and a binary predicat®, and states
that:
Let Ry, Ry be relations betweeA andB. Suppose that
(i) for every elemenk of 4 and for every element of B holds (X, y) € Ry iff

P[x,y], and
(i) for every elemeni of 4 and for every element of B holds{x, y) € Ry iff
P[X,Y]-

ThenR; =Ry

for all values of the parameters.
The scheméndRelationUnicdeals with non empty setg, B, a natural numbec, a relationD
betweenq andB, and a binary functof yielding a relation betweeA and‘B, and states that:
Let Ry, Ry be relations betweeA and‘B. Suppose that
(i) there exists a many sorted $eindexed byN such thaR; = F () andF (0) =
D and for every natural numbeand for every relatiolR betweenZ andB such that
R=F(i) holdsF(i+1) = ¥(R,i), and
(i) there exists a many sorted $etndexed byN such thaR, = F () andF (0) =
D and for every natural numbéeand for every relatiolR between? and such that
R=F(i) holdsF(i+1) = F(Ri).
ThenR; =Ry
for all values of the parameters.
Let A be a partial non-empty universal algebra structure. The functor DoARgielding a
binary relation on the carrier @& is defined by the condition (Def. 5).

(Def. 5) Letx, y be elements of. Then(x, y) € DomRel[A) if and only if for every operatiorf of
A and for all finite sequencas q holdsp~ (x) ~ q € domf iff p~ (y) ~ g€ domf.

Let A be a partial non-empty universal algebra structure. Note that DofAREI total, sym-
metric, and transitive.

Let A be a non-empty partial universal algebra structure an® le¢ a binary relation on the
carrier of A. The functorR* yields a binary relation on the carrier & and is defined by the
condition (Def. 6).

(Def. 6) Letx, y be elements oA. Then(x,y) € R? if and only if the following conditions are
satisfied:
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0 (xy)eRand
(i) for every operationf of A and for all finite sequences g such thatp™ (x) ~ q € domf
andp” (y) ~ g€ domf holds(f(p~ (x)~q), f(p~{y) ~a)) eR

Let Abe a non-empty partial universal algebra structureRle¢ a binary relation on the carrier
of A, and leti be a natural number. The functBf' yields a binary relation on the carrier Afand
is defined by the condition (Def. 7).

(Def. 7) There exists a many sorted Beindexed byN such that
i) RM=F(),
(i) F(0)=Rand
(i)  for every natural number and for every binary relatioR on the carrier ofA such that
R=F(i) holdsF (i +1) = RA.
We now state several propositions:

(17) LetA be a non-empty partial universal algebra structureRbe a binary relation on the
carrier ofA. ThenRA = RandRA = RA.

(18) LetAbe a non-empty partial universal algebra structubg a natural number, arRlbe a
binary relation on the carrier &. ThenRA 1 = (RAHA,

(19) LetAbe a non-empty partial universal algebra structyrgpe natural numbers, aribe
a binary relation on the carrier & ThenRA I = (RA)AIL

(20) LetA be a non-empty partial universal algebra structure Ri@ an equivalence relation
of the carrier ofA. If RC DomRe[A), thenR* is total, symmetric, and transitive.

(21) LetA be a non-empty partial universal algebra structureRibe a binary relation on the
carrier ofA. ThenR* C R.

(22) LetA be a non-empty partial universal algebra structure Ribé an equivalence relation
of the carrier ofA. Supposér C DomRel[A). Leti be a natural number. The®f*' is total,
symmetric, and transitive.

Let A be a non-empty partial universal algebra structure. The functor LimDofARgielding
a binary relation on the carrier éfis defined by:

(Def. 8) For all elementz, y of Aholds(x, y) € LimDomRelA) iff for every natural numberholds
(X, y) € (DomRe[A))Al.

The following proposition is true

(23) For every non-empty partial universal algebra structérédnolds LimDomRe|A) C
DomRelA).

Let A be a non-empty partial universal algebra structure. One can check that LimD@mRel
total, symmetric, and transitive.

4., PARTITABILITY

Let X be a non empty set, Idtbe a partial function fronX* to X, and letP be a partition ofX. We
say thatf is partitable w.r.tP if and only if:

(Def. 9) For every finite sequenge of elements ofP there exists an elemeiat of P such that
f°rpca

Let X be a non empty set, ldtbe a partial function fronX* to X, and letP be a partition ofX.
We say thaff is exactly partitable w.r.t? if and only if:
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(Def. 10) f is partitable w.r.tP and for every finite sequengeof elements oP such thaf] p meets
domf holds[] p € domf.

We now state the proposition

(24) LetA be a non-empty partial universal algebra structure. Then every operatidnisof
exactly partitable w.r.t. SmallestPartitighe carrier ofA).

The schemd-initeTransitivity deals with finite sequence®, B, a unary predicateP, and a
binary predicat&), and states that:
P[B
provided the following requirements are met:
° fP[.fZl],
e lenq =lenB,
e For all finite sequencep, q and for all sets;, z such that?[p~ (z) ~ g and
Q[z1,2] holds?[p~ (z) " q], and
e For every natural numbéisuch that € domA4 holdsQ[A4(i), B(i)].
The following proposition is true

(25) For every non-empty partial universal algebra strucfutelds every operation oA is
exactly partitable w.r.t. ClassesLimDomRa).

Let A be a partial non-empty universal algebra structure. A partition of the carrfeisodaid to
be a partition ofA if:

(Def. 11) Every operation oA is exactly partitable w.r.t. it.

Let A be a partial non-empty universal algebra structure. An indexed partition of the carrier of
Ais said to be an indexed partition Afif;

(Def. 12) rngitis a partition oA.

Let A be a partial non-empty universal algebra structure ang ke an indexed partition 4.
Then rndP is a partition ofA.
Next we state three propositions:

(26) For every non-empty partial universal algebra strucfuhelds Classes LimDomR@) is
a partition ofA.

(27) LetX be a non empty seR be a partition ofX, p be a finite sequence of elementsRyf
g1, o2 be finite sequences, axdy be sets. Supposg ~ (x) ™ o € []p and there exists an
elementa of P such thaikx € aandy € a. Thengs ™ (y) ~ g2 € [ p.

(28) For every partial non-empty universal algebra structunelds every partition oA is finer
than ClassesLimDomR@\).

5. SGNATURE MORPHISMS

Let S, S be many sorted signatures andfeg be functions. We say thdtandg form morphism
betweer, andS; if and only if the conditions (Def. 13) are satisfied.

(Def. 13)()) domf = the carrier ofS;,
(i) domg = the operation symbols &,
(i) rng f C the carrier ofS,
(iv) rngg C the operation symbols &,
(v) f-the result sort 0§ = (the result sort 0&;) - g, and

(vi) for every seto and for every functiorp such thato € the operation symbols & and
p = (the arity ofS;)(0) holds f - p = (the arity ofS;)(g(0)).
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One can prove the following propositions:

(29) Let S be a non void non empty many sorted signature. Theg dghier ors and
idthe operation symbols & form morphism betweeS andS.

(30) LetS, S, S3 be many sorted signatures afd fo, g1, g2 be functions. Supposk andg;
form morphism betweef; and$,; and f, andg, form morphism betwee®, andS;. Then
fo- f1 andgy - g1 form morphism betweef; andSs.

Let S, S be many sorted signatures. We say tBatis rougher thar, if and only if the
condition (Def. 14) is satisfied.

(Def. 14) There exist function§, g such thatf andg form morphism betwee8, andS; and rngf =
the carrier ofS; and rngy = the operation symbols &;.

Let S, & be non void non empty many sorted signatures. Let us note that the preSidate
rougher tharg; is reflexive.
Next we state the proposition

(81) For all many sorted signatur€s, S, S3 such thatS; is rougher thars, andS; is rougher
thanS; holdsS; is rougher tharss.

6. MANY SORTED SIGNATURE OF PARTIAL ALGEBRA

Let A be a partial non-empty universal algebra structure ang leg a partition ofA. The functor
MSSign(A, P) yields a strict many sorted signature and is defined by the conditions (Def. 15).

(Def. 15)()) The carrier of MSSigi\,P) =P,

(i) the operation symbols of MSSigA, P) = {(o, p); 0 ranges over operation symbolsAf
p ranges over elements Bf: [ p meets domDefo,A)}, and

(iii)  for every operation symbob of A and for every elemenp of P* such that[] p meets
domDer{o,A) holds (the arity of MSSigfA,P))({o, p}) = p and (Den(o,A))° [ p C (the
result sort of MSSigfA, P))({o, p}).

Let A be a partial non-empty universal algebra structure ané ket a partition ofA. Note that
MSSign(A, P) is non empty and non void.

Let A be a partial non-empty universal algebra structureRlbe a partition ofA, and leto be
an operation symbol of MSSig@A, P). Theno; is an operation symbol &. Theno, is an element
of P*.

Let A be a partial non-empty universal algebra structureSle¢ a non void non empty many
sorted signature, leB be an algebra ove®, and letP be an indexed partition of the operation
symbols ofS. We say thatA can be characterized Iy G, andP if and only if the conditions
(Def. 16) are satisfied.

(Def. 16)()) The sorts 06 are an indexed partition @
(i)  domP = dom (the characteristic &), and
(i)  for every operation symbob of A holds (the characteristics @)|P(0) is an indexed
partition of Der{o,A).

Let Abe a partial non-empty universal algebra structure angbeta non void non empty many
sorted signature. We say thatcan be characterized [&if and only if the condition (Def. 17) is
satisfied.

(Def. 17) There exists an algeb@over S and there exists an indexed partitiBrof the operation
symbols ofSsuch thatA can be characterized I G, andP.

One can prove the following propositions:
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(32) LetAbe a partial non-empty universal algebra structureRibeé a partition ofA. ThenA
can be characterized by MSSignP).

(33) LetAbe a partial non-empty universal algebra struct@ree a non void non empty many
sorted signaturec be an algebra ove$, andQ be an indexed partition of the operation
symbols ofS. Suppose can be characterized I8 G, andQ. Leto be an operation symbol
of Aandr be a finite sequence of elements of rng (the sortS)oSupposg]r C domDerfo,
A). Then there exists an operation symbalf S such that (the sorts @) - Arity (s) =r and
se Q(o).

(34) LetAbe a partial non-empty universal algebra structureRbd a partition ofA. Suppose
P = ClassesLimDomRé¢A). Let Sbe a non void non empty many sorted signaturé ¢an
be characterized b then MSSigiiA, P) is rougher thars.
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