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Desargues Theorem In Projective 3-Space
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Summary. Proof of the Desargues theorem in Fanoian projective at least 3-dimensional
space.

MML Identifier: PROJDES1.

WWW: http://mizar.org/JFM/Vol2/projdesl.html

The articlesl[2] and [1] provide the notation and terminology for this paper.

We adopt the following conventior; denotes an up 3-dimensional projective space defined in

terms of collinearity ana, &, b, b/, ¢, ¢, d, d’, 0, p, g, 1, S, t, U, X denote elements .

The following propositions are true:

(1) Suppose, b andc are collinear. Then
(i) b,candaare collinear,

(i) c,aandb are collinear,

(i)  b,aandc are collinear,

(iv) a candbare collinear, and

(v) ¢, bandaare collinear.

(SH There exisq, r such thatp, g andr are not collinear.

(6) If a, bandc are not collinear and, b andb’ are collinear ané # b/, thena, b’ andc are
not collinear.

(7) If a, bandc are not collinear and, b andd are collinear an@, c andd are collinear, then
a=d.

(8) Suppose than, a andd are not collinear and, d andd’ are collinear and, d ands are
collinear andd # d’ anda’, d’ ands are collinear ana, a anda are collinear and # &'.
Thens#d.

Let us consideF, a, b, ¢, d. We say thag, b, ¢, d are coplanar if and only if:
(Def. 1) There exists an elementf F; such that, b andx are collinear and, d andx are collinear.

One can prove the following propositions:

1 The propositions (2)—(4) have been removed.
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(10f] Suppose that
() a, bandcare collinear, or
(i) b, candd are collinear, or

(iii) c,dandaare collinear, or

(iv) d,aandbare collinear.
Thena, b, ¢, d are coplanar.

(11) Suppose, b, c, d are coplanar. Theb, c, d, a are coplanar and, d, a, b are coplanar and
d, a, b, c are coplanar and, a, c, d are coplanar and, b, d, a are coplanar and, ¢, a, b are
coplanar an@, d, b, c are coplanar and, c, d, b are coplanar ant, d, a, c are coplanar and
¢, a, b, d are coplanar and, b, ¢, a are coplanar and, a, d, b are coplanar and, b, a, c are
coplanar ang, c, b, d are coplanar ant, d, ¢, a are coplanar and, b, d, c are coplanar and
a, d, ¢, b are coplanar anl, c, a, d are coplanar anh, a, d, c are coplanar and, b, a, d are
coplanar and, d, b, aare coplanar and, a, ¢, b are coplanar and, ¢, b, a are coplanar.

(12) Suppose that

() a bandcare not collinear,
(i) a, b, c, pare coplanar,

(i)  a, b, c, gare coplanar,

(iv) ab,c,r are coplanar, and
(v) &, b,c,sare coplanar.
Thenp, q, r, sare coplanar.

(13) Suppose that
(i) p,gandr are not collinear,
(i) a, b, c, pare coplanar,
(i) a, b, c,rarecoplanar,
(iv) a,b,c, qare coplanar, and
(v) p,q,r,sarecoplanar.
Thena, b, ¢, sare coplanar.
(14) Suppose # g andp, g andr are collinear ang, b, c, p are coplanar and, b, c, g are
coplanar. Them, b, ¢, r are coplanar.
(15) Suppose that
() a, bandcare not collinear,
(i) a, b, c, pare coplanar,
(i)  a, b, c, gare coplanar,
(iv) ab,c,r are coplanar, and
(v) &, b,c,sare coplanar.
Then there existg such thatp, g andx are collinear and, sandx are collinear.

(16) There exish, b, ¢, d such thag, b, c, d are not coplanar.
(17) If p, gandr are not collinear, then there existsuch thatp, g, r, sare not coplanar.
(18) Ifa=bora=corb=cora=dorb=dord=c,thena, b, c, dare coplanar.

(19) Ifa, b, c, oare not coplanar angl a anda are collinear ana # &', thena, b, ¢, & are not
coplanar.

2 The proposition (9) has been removed.
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(20) Suppose tha, b andc are not collinear and’, b’ andc’ are not collinear and, b, c, p are
coplanar ané, b, ¢, g are coplanar and, b, c, r are coplanar and, b/, ¢/, p are coplanar and
a, b, d, qare coplanar and, b, ¢, r are coplanar and, b, ¢, & are not coplanar. Thep,
g andr are collinear.

(21) Suppose tha # & ando, a anda’ are collinear and, b, ¢, o are not coplanar and, b/
andc’ are not collinear and, b andp are collinear and’, b’ andp are collinear and, c and
g are collinear andy, ¢’ andq are collinear an, c andr are collinear an@’, ¢’ andr are
collinear. Therp, g andr are collinear.

(22) Supposey, b, c, d are not coplanar and, b, c, o are coplanar and, b ando are not
collinear. Therg, b, d, o0 are not coplanar.

(23) Suppose that, b, ¢, o are not coplanar and, a anda’ are collinear ana, b andb’ are
collinear andb, c andc’ are collinear and # & ando # b ando # ¢’. Thend', b/ andc’ are
not collinear and, b, ¢, o are not coplanar.

(24) Suppose tha, b, ¢, 0 are coplanar and, b, ¢, d are not coplanar and, b, d, o are not
coplanar and, ¢, d, o are not coplanar and, c, d, o are not coplanar and, d andd’ are
collinear anch, a anda’ are collinear and, b andb’ are collinear and, c andc’ are collinear
anda, d ands are collinear and’, d’ ands are collinear ant, d andt are collinear and/, d’
andt are collinear and, d andu are collinear ana # & ando # d’ andd # d’ ando # b/'.
Thens, t andu are not collinear.

Let us consideF, o, a, b, c. We say thab, a, b, andc constitute a quadrangle if and only if the
conditions (Def. 2) are satisfied.

(Def. 2)()) a, bandc are not collinear,
(i) o,aandb are not collinear,
(i) o, bandc are not collinear, and
(iv) o, candaare not collinear.

Next we state two propositions:

(26 Suppose thad, a andb are not collinear and, b andc are not collinear and, a andc
are not collinear and, a anda are collinear ana, b andb’ are collinear ana, c andc’ are
collinear anda, b and p are collinear and’, b’ and p are collinear ané # a andb, ¢ andr
are collinear and¥’, ¢’ andr are collinear and, ¢ andq are collinear anth # b’ anda’, ¢’ and
g are collinear an # & ando # b’ ando # ¢’. Thenr, g andp are collinear.

(27) Every up 3-dimensional projective space defined in terms of collinearity is Desarguesian.

Let us note that every up 3-dimensional projective space defined in terms of collinearity is
Desarguesian.

REFERENCES

[1] Wojciech Ledczuk and Krzysztof Pe@nowski. Projective spacesournal of Formalized Mathematic&, 1990.http://mizar.org/
JFM/Vol2/anproj_2.html.

3 The proposition (25) has been removed.


http://mizar.org/JFM/Vol2/anproj_2.html
http://mizar.org/JFM/Vol2/anproj_2.html

DESARGUES THEOREM IN PROJECTIVB-SPACE 4

[2] Wojciech Skaba. The collinearity structudaurnal of Formalized Mathematic®, 1990http://mizar.org/JFM/Vol2/collsp.htmll

Received August 13, 1990

Published January 2, 2004


http://mizar.org/JFM/Vol2/collsp.html

	desargues theorem in projective 3-space By eugeniusz kusak

