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Summary. This article is the first in a series of four articles (continued in [23],[22],[24])
about modelling circuits by many-sorted algebras.

Here, we introduce some auxiliary notations and prove auxiliary facts about many sorted
sets, many sorted functions and trees.

MML Identifier: PRE_CIRC.

WWW: http://mizar.org/JFM/Vol6/pre_circ.html

The articles [26], [15], [31], [4], [30], [2], [1], [5], [29], [19], [32], [13], [18], [14], [25], [17], [7],
[3], [9], [10], [11], [6], [8], [27], [20], [28], [21], [12], and [16] provide the notation and terminology
for this paper.

1. VARIA

The schemeFraenkelFinImdeals with a finite non empty setA , a unary functorF yielding a set,
and a unary predicateP , and states that:

{F (x);x ranges over elements ofA : P [x]} is finite
for all values of the parameters.

Next we state three propositions:

(2)1 For every functionf and for all setsx, y such that domf = {x} and rngf = {y} holds
f = {〈〈x, y〉〉}.

(3) For all functionsf , g, h such thatf ⊆ g holds f+·h⊆ g+·h.

(4) For all functionsf , g, h such thatf ⊆ g and domf misses domh holds f ⊆ g+·h.

Let us note that there exists a set which is finite, non empty, and natural-membered.
Let A be a finite non empty real-membered set. Then supA is a real number and it can be

characterized by the condition:

(Def. 1) supA∈ A and for every real numberk such thatk∈ A holdsk≤ supA.

We introduce maxA as a synonym of supA.
Let X be a finite non empty natural-membered set. One can verify that maxX is natural.

1This work was initiated while the second author visited Nagano (March–May 1994) and then continued
when the third author visited Edmonton (May–June 1994). The work was finalized when the fourth author
visited Białystok (October–November 1994). Partial funding for this work has been provided by: Shinshu
Endowment Fund for Information Science, NSERC Grant OGP9207, JSTF award 651-93-S009.

1 The proposition (1) has been removed.
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2. MANY SORTED SETS AND FUNCTIONS

The following proposition is true

(5) For every setI and for every many sorted setM1 indexed byI holdsM1
#(εI ) = { /0}.

The schemeMSSLambda2Partdeals with a setA , two unary functorsF andG yielding sets,
and a unary predicateP , and states that:

There exists a many sorted setf indexed byA such that for every elementi of A
holds

(i) if P [i], then f (i) = F (i), and
(ii) if not P [i], then f (i) = G(i)

for all values of the parameters.
Let I be a set and letI1 be a many sorted set indexed byI . We say thatI1 is locally-finite if and

only if:

(Def. 3)2 For every seti such thati ∈ I holdsI1(i) is finite.

Let I be a set. One can verify that there exists a many sorted set indexed byI which is non-empty
and locally-finite.

Let I , A be sets. ThenI 7−→ A is a many sorted set indexed byI .
Let I be a set, letM be a many sorted set indexed byI , and letA be a subset ofI . ThenM�A is a

many sorted set indexed byA.
Let M be a non-empty function and letA be a set. Observe thatM�A is non-empty.
Next we state three propositions:

(6) For every non empty setI and for every non-empty many sorted setB indexed byI holds⋃
rngB is non empty.

(7) For every setI holds uncurry(I 7−→ /0) = /0.

(8) Let I be a non empty set,A be a set,B be a non-empty many sorted set indexed byI , andF
be a many sorted function fromI 7−→ A into B. Then domcommute(F) = A.

Now we present two schemes. The schemeLambdaRecCorrDdeals with a non empty setA , an
elementB of A , and a binary functorF yielding an element ofA , and states that:

(i) There exists a functionf from N into A such thatf (0) = B and for every
natural numberi holds f (i +1) = F (i, f (i)), and
(ii) for all functions f1, f2 from N into A such thatf1(0) = B and for every natural

numberi holds f1(i +1) = F (i, f1(i)) and f2(0) = B and for every natural numberi
holds f2(i +1) = F (i, f2(i)) holds f1 = f2

for all values of the parameters.
The schemeLambdaMSFDdeals with a non empty setA , a subsetB of A , many sorted setsC ,

D indexed byB, and a unary functorF yielding a set, and states that:
There exists a many sorted functionf from C into D such that for every elementi of
A such thati ∈ B holds f (i) = F (i)

provided the parameters have the following property:
• For every elementi of A such thati ∈B holdsF (i) is a function fromC (i) into D(i).

Let F be a non-empty function and letf be a function. Observe thatF · f is non-empty.
Let I be a set and letM1 be a non-empty many sorted set indexed byI . One can verify that every

element of∏M1 is function-like and relation-like.
Next we state four propositions:

(9) Let I be a set,f be a non-empty many sorted set indexed byI , g be a function, ands be
an element of∏ f . Suppose domg⊆ dom f and for every setx such thatx ∈ domg holds
g(x) ∈ f (x). Thens+·g is an element of∏ f .

2 The definition (Def. 2) has been removed.
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(10) LetA, B be non empty sets,C be a non-empty many sorted set indexed byA, I2 be a many
sorted function fromA 7−→ B into C, andb be an element ofB. Then there exists a many
sorted setc indexed byA such thatc = (commute(I2))(b) andc∈C.

(11) LetI be a set,M be a many sorted set indexed byI , andx, g be functions. Ifx∈∏M, then
x ·g∈∏(M ·g).

(12) For every natural numbern and for every seta holds∏(n 7→ {a}) = {n 7→ a}.

3. TREES

We adopt the following rules:T, T1 denote finite trees,t, p denote elements ofT, andt1 denotes an
element ofT1.

Let D be a non empty set. Observe that every element of FinTrees(D) is finite.
Let T be a finite decorated tree and lett be an element of domT. One can check thatT�t is finite.
One can prove the following proposition

(13) T�p≈ {t : p� t}.

Let T be a finite decorated tree, lett be an element of domT, and letT1 be a finite decorated
tree. Observe thatT with-replacement(t,T1) is finite.

Next we state a number of propositions:

(14) T with-replacement(p,T1) = {t : p � t}∪{pa t1}.

(15) For every finite sequencef of elements ofN such thatf ∈ T with-replacement(p,T1) and
p� f there existst1 such thatf = pa t1.

(16) For every tree yielding finite sequencep and for every natural numberk such thatk+1∈
domp holds

︷︸︸︷
p �〈k〉= p(k+1).

(17) Let q be a decorated tree yielding finite sequence andk be a natural number. Ifk+ 1 ∈

domq, then〈k〉 ∈
︷ ︸︸ ︷
dom

κ
q(κ) .

(18) Let p, q be tree yielding finite sequences andk be a natural number. Suppose lenp = lenq
andk+ 1 ∈ domp and for every natural numberi such thati ∈ domp and i 6= k+ 1 holds

p(i) = q(i). Let t be a tree. Ifq(k+1) = t, then
︷︸︸︷

q =
︷︸︸︷

p with-replacement(〈k〉, t).

(19) Lete1, e2 be finite decorated trees,x be a set,k be a natural number, andp be a decorated
tree yielding finite sequence. Suppose〈k〉 ∈ dome1 ande1 = x-tree(p). Then there exists a
decorated tree yielding finite sequenceq such thate1with-replacement(〈k〉,e2) = x-tree(q)
and lenq = lenp andq(k+ 1) = e2 and for every natural numberi such thati ∈ domp and
i 6= k+1 holdsq(i) = p(i).

(20) For every finite treeT and for every elementp of T such thatp 6= /0 holds card(T�p) <
cardT.

(21) For every functionf holds ( f qua set) = dom f .

(22) For all finite treesT, T1 and for every elementpof T holds card(T with-replacement(p,T1))+
card(T�p) = cardT +cardT1.

(23) For all finite decorated treesT, T1 and for every elementp of domT holds
card(T with-replacement(p,T1))+card(T�p) = cardT +cardT1.

Let x be a set. One can check that the root tree ofx is finite.
One can prove the following proposition

(24) For every setx holds card(the root tree ofx) = 1.
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