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Summary. This article is continuation of an article defining products of many sorted
algebras[[111]. Some properties of notions such as commute, Frege, Args() are shown in this
article. Notions of constant of operations in many sorted algebras and projection of products
of family of many sorted algebras are defined. There is also introduced the notion of class
of family of many sorted algebras. The main theorem states that product of family of many
sorted algebras and product of class of family of many sorted algebras are isomorphic.

MML Identifier: PRALG_3.
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The articles[[14],[[19],[20]/16],121] [17],[[15] [8],[[13],14],[11],[[8],[2],[[16],[[1i7],[[O], ({11 ],[[12],
[18], [10], and [5] provide the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following convention:is a non empty set) is a many sorted set
indexed byl, Sis a non void non empty many sorted signatiiig,an element of, cis a setAis
an algebra family of overS, E; is an equivalence relation 6fUg, U1, U, are algebras oves, sis
a sort symbol of5, o is an operation symbol & andf is a function.

Let| be a set, let us considé&r and letA; be an algebra family df overS. Observe thaf] A
is non-empty.

Let| be a set. Then jds a many sorted set indexed hy

Let us considel, E;. Observe that ClassEs has non empty elements.

Let X be a set with non empty elements. Theg id a non-empty many sorted set indexed by
X.

One can prove the following propositions:

(1) For all functionsf, F and for every sef such thatf € [1F holdsflA e [(F[A).

(2) LetAbe an algebra family df overS sbe a sort symbol of, a be a non empty subset of
I, andA; be an algebra family ai overS. If AJa= Ay, then CarriefA,,s) = Carriel(A,s)[a.

() Letibe asetl be anonempty sel; be an equivalence relation bfandcs, ¢ be elements
of Classeg&,;. If i € ¢; andi € ¢y, thenc; = ;.

(4) Forall setsX, Y and for every functiorf such thatf € YX holds domf = X and rngf C Y.

(5) LetD be anon empty sef, be a many sorted function indexed ByandC be a functional
non empty set with common domain. Supp@se rngF. Letd be an element dD ande be
a set. Ifd € domF ande € DOM(C), thenF (d)(e) = (commutéF))(e)(d).
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2. CONSTANTS OFMANY SORTED ALGEBRAS

Let us consides, Up and leto be an operation symbol & The functor congb,Up) is defined as
follows:

(Def. 1) consto,Up) = (Den(o,Up))(0).
We now state four propositions:
(6) If Arity (0) = 0 and Resulio,Up) # 0, then congio,Up) € Resulto,Up).

(7) Suppose (the sorts &fy)(s) # 0. Then Constanttly,s) = {consto,Up); 0 ranges over
elements of the operation symbols®fthe result sort 0b=s A Arity (0) = 0}.

(8) If Arity (0) = 0, then(commutéOPERA)))(0) € ((U{Resulto,A(i")) : i’ ranges over ele-
ments of }){10H)",

(9) If Arity (0) = 0, then condfo, [1A) € (U{Resulto,A(i")) : i’ ranges over elements bf)'.

Let us conside§, I, o, A. Note that congb, [1A) is relation-like and function-like.
We now state three propositions:

(10) For every operation symbal of S such that Arityo) = 0 holds (consto,[1A))(i) =
consto,A(i)).

(11) If Arity (0) = 0 and donT = | and for every elemeritof | holdsf (i) = cons{o,A(i)), then
f = consto,[TA).

(12) Letebe an element of Ards,U;). Supposes = 0 and Arity(o) = 0 and Arggo,U;) # 0
and Arggo,U,) # 0. Let F be a many sorted function froby into U,. ThenF#e = 0.

3. PROPERTIES OFARGUMENTS OFOPERATIONS INMANY SORTED ALGEBRAS
We now state a number of propositions:

(13) LetU1, Uz be non-empty algebras ovBr F be a many sorted function froiy into Uy,
andx be an element of Args,U;). Thenx € [](dom(F - Arity (0))(K)).

(14) LetUq, U, be non-empty algebras ov& F be a many sorted function froftd; into
Uy, x be an element of Args,U1), andn be a set. Iin € domArity(o), then (F#x)(n) =

F (Arity (0)n)(x(n)).

(15) Letx be an element of Ards, [1A). Thenx € ((U{(the sorts ofA(i"))(s) : i’ ranges over
elements of, s ranges over elements of the carrierSf' )domArity()

(16) For every element of Args(o,[]A) and for every seh such thatn € dom Arity(o) holds
x(n) € [] Carrief(A, Arity (0)n).

(17) Leti be an element df andn be a set. Supposec domArity(0). Let sbe a sort symbol
of S Supposes = Arity (0)(n). Lety be an element of Ards, [1A) andg be a function. If
g=Yy(n), theng(i) € (the sorts ofA(i))(s).

(18) For every elemeny of Args(o,[TA) such that Arityo) # @ holds commutgy) €
[(dom A(0) (k).

(19) For every elementof Args(o, [1A) such that Arityo) # 0 holdsy € domBlcommuté¢FreggA(o))).

(20) Letl be a setShe a non void non empty many sorted signatérbe an algebra family of

| overS, o be an operation symbol & andx be an element of Ardgs,[1A). Then(Den(o,
[MA)(X) € [ CarrieA, the result sort 0b).
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(21) Letgivenl, S A, i ando be an operation symbol & Suppose Arityo) # 0. LetU; be a
non-empty algebra ove&@andx be an element of Args, [JA). Then(commutéx))(i) is an
element of Argso, A(i)).

(22) Letgivenl, S A i, o, x be an element of Args, [1A), andn be a set. Ih € dom Arity(0),
then for every functiorf such thatf = x(n) holds(commutéx))(i)(n) = f(i).

(23) Leto be an operation symbol db. Suppose Arityo) # 0. Let y be an element of
Args(o,[1A), i’ be an element of, andg be a function. Ifg = (Den(o,[1A))(y), then

g(i") = (Den(o,A(i"))) ((commutey)) (i")).

4. THE PROJECTION OFFAMILY OF MANY SORTED ALGEBRAS

Let f be a function and letbe a set. The functor prdj, x) yielding a function is defined as follows:

(Def. 2) domprojf,x) = [1f and for every functiony such thaty € domprojf,x) holds
(proj(f,x))(y) = y(x).

Let us considet, S, let A be an algebra family of over S and leti be an element of. The
functor projA, i) yielding a many sorted function froff] Ainto A(i) is defined as follows:

(Def. 3) For every elemerstof Sholds(proj(A,i))(s) = proj(Carriel(A,s),i).

One can prove the following propositions:

(24) For every element of Args(o,[]A) such that Arggo, [1A) # 0 and Arity(0) # 0 and for
every element of | holds projA,i)#x = (commutéx))(i).

(25) For every elemeritof | and for every algebra famibj of | over S holds projA,i) is a
homomorphism of]A into A(i).

(26) LetU; be a non-empty algebra ovBandF be a many sorted function indexed hySup-
pose that for every elemeintf | there exists a many sorted functienfrom U, into A(i) such
thatF = F(i) andF; is @ homomorphism dfl; into A(i). ThenF € ({F(i’)(s1) : s1 ranges
over sort symbols 08, i’ ranges over elements bfthe camer o)l and(commutéF))(s)(i) =

F(i)(s).

(27) LetU; be a non-empty algebra ov&rand F be a many sorted function indexed by
Suppose that for every elemartf | there exists a many sorted functiBnfrom Uy into A(i)
such thatF; = F(i) andFy is @ homomorphism dfl; into A(i). Then(commutgF))(s) €

((U{(the sorts ofA(i’))(s1) : i’ ranges over elements &f s; ranges over sort symbols of
S})(the sorts oIUl)(s))I )

(28) LetU; be a non-empty algebra ov&andF be a many sorted function indexed by
Suppose that for every elemerdf | there exists a many sorted functiBpfrom Uz into A(i)
such thatF; = F(i) andF; is a homomorphism of); into A(i). Let F’ be a many sorted
function fromUj into A(i). Suppose=’ = F(i). Let x be a set. Supposec (the sorts of
U1)(s). Let f be a function. Iff = (commuté(commutéF))(s)))(x), thenf (i) = F'(s)(x).

(29) LetU; be a non-empty algebra ov&andF be a many sorted function indexed by
Suppose that for every elemerdf | there exists a many sorted functiBpfrom Uy into A(i)
such thaf; = F(i) andF; is a homomorphism dfi; into A(i). Letx be a set. I € (the sorts
of U1)(s), then(commutg(commutégF))(s)))(x) € []CarriefA,s).

(30) LetU; be a non-empty algebra ov&andF be a many sorted function indexed by
Suppose that for every elemeartf | there exists a many sorted functiBnfrom Uy into A(i)
such thatF; = F(i) andF; is a homomorphism df); into A(i). Then there exists a many
sorted functiorH from Uy into [JA such thatH is a homomorphism dfl; into []A and for
every elementof | holds projA,i)oH =F(i).
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5. THE CLASS OFFAMILY OF MANY SORTED ALGEBRAS

Let us considel, J, S A many sorted set indexed bys said to be a MSAlgebra-Class &fJ if:
(Def. 4) For every satsuch that € | holds ifi) is an algebra family od(i) overS.

Let us considet, S, A, E;. The functorEA1 yielding a MSAlgebra-Class d§, idciasses; iS
defined by:

(Def. 5) For everyc such that € Classe&; hoIds(Eﬁl)(c) =AJc.

Let us consided, S let J be a non-empty many sorted set indexedlbyand letC be a
MSAlgebra-Class of5, J. The functor[]C yields an algebra family of over S and is defined
by the condition (Def. 6).

(Def. 6) Let giveni. Suppose € |. Then there exists a non empty Setand there exists an algebra
family C; of J; overSsuch thatl; = J(i) andCy = C(i) and([1C)(i) = [1Cu.

The following proposition is true

(31) LetAbe an algebra family dfoverSandE; be an equivalence relation bf Then[]Aand
MM(£&) are isomorphic.
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