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Summary. In this article we give some technical concepts for multivariate polynomi-
als with arbitrary number of variables. Monomials and constant polynomials are introduced
and their properties with respect to the eval functor are shown. In addition, the multiplication
of polynomials with coefficients is defined and investigated.
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The articlesl[18],[[8],[[22],[128],[[24][5].,[[10] [12],[7],[[5],[19], 1], [[1B],[19],[B],117],[[20],[{15],
[4], [12], [14], [16], [11], and [21] provide the notation and terminology for this paper.

1. PRELIMINARIES

Let us observe that there exists a non empty zero structure which is non trivial.

Let us note that every zero structure which is non trivial is also non empty.

Let us mention that there exists a non trivial double loop structure which is Abelian, left zeroed,
right zeroed, add-associative, right complementable, unital, associative, commutative, distributive,
and integral domain-like.

LetRbe a non trivial zero structure. Observe that there exists an elem@ntluth is non-zero.

Let X be a set, leR be a non empty zero structure, andpete a series oK, R. We say thap
is non-zero if and only if:

(Def. 2] p#0xR

Let X be a set and IR be a non trivial zero structure. Note that there exists a series Bf
which is non-zero.

Let n be an ordinal number and IBtbe a non trivial zero structure. One can check that there
exists a polynomial ofi, Rwhich is non-zero.

One can prove the following two propositions:

(1) LetX be a setRbe a non empty zero structure, aslde a series oK, R. Thens = OxR if
and only if Suppors= 0.

(2) LetX be asetan®&®be anonempty zero structure. THeis non trivial if and only if there
exists a seriesof X, R such that Suppost 0.

Let X be a set and ldi be a bag oX. We say thab is univariate if and only if:

(Def. 3) There exists an elemambf X such that suppobt= {u}.

1 The definition (Def. 1) has been removed.
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Let X be a non empty set. One can check that there exists a bagvbfch is univariate.
Let X be a non empty set. Note that every bagokhich is univariate is also non empty.

2. POLYNOMIALS WITHOUT VARIABLES

We now state three propositions:

(3) For every bag of 0 holdsb = EmptyBadp.

(4) LetL be aright zeroed add-associative right complementable well unital distributive non
trivial double loop structurep be a polynomial of), L, andx be a function fron® into L.

Then evalp,x) = p(EmptyBad)).

(5) LetL be aright zeroed add-associative right complementable well unital distributive non
trivial double loop structure. Then Polynom-R{idgL ) is ring isomorphic td..

3. MONOMIALS

Let X be a set, let. be a non empty zero structure, and pebe a series oK, L. We say thap is
monomial-like if and only if:

(Def. 4) There exists a bagof X such that for every baly of X such thaty £ b holdsp(b') = 0.

Let X be a set and Idt be a non empty zero structure. One can verify that there exists a series

of X, L which is monomial-like.
Let X be a set and ldt be a non empty zero structure. A monomiabgfL is a monomial-like

series ofX, L.
Let X be a set and Idt be a non empty zero structure. One can check that every senied of

which is monomial-like is also finite-Support.
One can prove the following proposition

(6) LetX be a setL be a non empty zero structure, apde a series oK, L. Thenpis a
monomial ofX, L if and only if Supporp = 0 or there exists a bagof X such that Suppog=

{b}.

Let X be a set, leL. be a non empty zero structure, &be an element df, and letb be a bag
of X. The functor Mononfa, b) yielding a monomial oK, L is defined as follows:

(Def. 5) Mononia,b) = 0xL +- (b,a).

Let X be a set, lek be a non empty zero structure, andrfebe a monomial oK, L. The functor
termmyields a bag oK and is defined as follows:

(Def. 6) m(termm) # O_ or Supportn= 0 and termm = EmptyBagX.

Let X be a set, lek be a non empty zero structure, andrebe a monomial oK, L. The functor
coefficienmyielding an element of is defined by:

(Def. 7) coefficientn = m(termm).
We now state several propositions:

(7) For every seX and for every non empty zero structirend for every monomiah of X,
L holds Supporin= 0 or Supportm = {termm}.

(8) For every seX and for every non empty zero structureand for every badp of X holds
coefficientMonon(0, ,b) = 0. and term MonortO._,b) = EmptyBagX.

(9) LetX be a setlL be a non empty zero structuiebe an element df, andb be a bag o¥.
Then coefficientMonorta, b) = a.
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(10) LetX be a setl be a non trivial zero structure,be a non-zero element &f andb be a
bag ofX. Then termMonor(a,b) = b.

(11) For every seX and for every non empty zero structurend for every monomiah of X,
L holds Monongcoefficientm,termm) = m.

(12) Letnbe an ordinal numbek, be a right zeroed add-associative right complementable unital
distributive non trivial double loop structure) be a monomial ofy, L, andx be a function
from ninto L. Then evalm,x) = coefficientm- evaltermm, x).

(13) Letnbe an ordinal numbet, be a right zeroed add-associative right complementable unital
distributive non trivial double loop structurape an element df, b be a bag of, andx be a
function fromninto L. Then evalMonom(a,b),x) = a-evalb, x).

4. CONSTANT POLYNOMIALS

Let X be a set, let. be a non empty zero structure, and pebe a series oK, L. We say thap is
constant if and only if:

(Def. 8) For every bagp of X such thab ## EmptyBagX holdsp(b) = 0,.

Let X be a set and ldt be a hon empty zero structure. Note that there exists a serdslof
which is constant.

Let X be a set and let be a non empty zero structure. A constant polynomiakpt is a
constant series of, L.

Let X be a set and Idt be a non empty zero structure. Note that every serie§ afwhich is
constant is also monomial-like.

We now state the proposition

(14) LetX be a setL be a non empty zero structure, apde a series oK, L. Thenpis a
constant polynomial oX, L if and only if p = OxL or Supporp = {EmptyBagX}.

Let X be a set and ldt be a non empty zero structure. Observe thdt 3 constant.

Let X be a set and lett be a unital non empty double loop structure. Note th&X1l) is
constant.

We now state two propositions:

(15) LetX be a setL be a non empty zero structure, anbtle a constant polynomial of, L.
Then Support = 0 or Support = {EmptyBagX}.

(16) LetX be a setL be a non empty zero structure, antle a constant polynomial of, L.
Then ternt = EmptyBagX and coefficient = c(EmptyBagX).

Let X be a set, let. be a non empty zero structure, anddete an element df. The functor
a_(X,L) yielding a series oK, L is defined as follows:

(Def.9) a_(X,L) =0xL—+- (EmptyBagX,a).

Let X be a set, let. be a non empty zero structure, and dgbe an element of. Note that
a_(X,L) is constant.
The following propositions are true:

(17) LetX be a setL be a non empty zero structure, apde a series 0K, L. Thenpis a
constant polynomial oX, L if and only if there exists an elemeabf L suchthap=a_(X,L).

(18) LetX be a setl. be a non empty multiplicative loop with zero structure, ark an element
of L. Then(a_(X,L))(EmptyBagX) = a and for every bag of X such thab 4 EmptyBagX
holds(a_(X,L))(b) =0..

(19) For every seX and for every non empty zero structiréiolds Q _(X,L) = OxL.
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(20) For every seK and for every unital non empty multiplicative loop with zero structure
holds 1 _(X,L) =1_(X,L).

(21) LetX be a setl be a non empty zero structure, amd be elements df. Thena_(X,L) =
b_(X,L) ifand only ifa=h.

(22) For every seX and for every non empty zero structlrand for every elemeraof L holds
Supporta_(X,L)) = 0 or Supporta_(X,L)) = {EmptyBagX}.

(23) For every seX and for every non empty zero structlrand for every elemeraof L holds
terma_(X,L) = EmptyBagX and coefficienta_(X,L)) = a.

(24) Letnbe an ordinal numbet, be a right zeroed add-associative right complementable unital
distributive non trivial double loop structure be a constant polynomial of, L, andx be a
function fromninto L. Then evalc, x) = coefficient.

(25) Letnbe an ordinal numbet, be a right zeroed add-associative right complementable unital
distributive non trivial double loop structurabe an element df, andx be a function fromm
intoL. Then evala_(n,L),x) =a.

5. MULTIPLICATION WITH COEFFICIENTS

Let X be a set, leL be a non empty multiplicative loop with zero structure,péte a series oX, L,
and leta be an element df. The functora- p yielding a series oX, L is defined by:

(Def. 10) For every baf of X holds(a- p)(b) =a- p(b).
The functorp-ayielding a series oX, L is defined by:
(Def. 11) For every baf of X holds(p-a)(b) = p(b) - a.

Let X be a set, leL be a left zeroed right zeroed add-cancelable distributive non empty double
loop structure, lep be a finite-Support series of, L, and leta be an element of. Observe that
a- pis finite-Support ang - a is finite-Support.

One can prove the following propositions:

(26) LetX be a setl. be a commutative non empty multiplicative loop with zero structpriee
a series oK, L, anda be an element df. Thena-p=p-a.

(27) Letn be an ordinal numbet, be an add-associative right complementable right zeroed left
distributive non empty double loop structupebe a series of, L, anda be an element df.
Thena-p= (a_(n,L))*p.

(28) Letn be an ordinal numbet, be an add-associative right complementable right zeroed
right distributive non empty double loop structupebe a series ofi, L, anda be an element
of L. Thenp-a= px(a_(n,L)).

(29) Letn be an ordinal numbet, be an Abelian left zeroed right zeroed add-associative right
complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial oh, L, a be an element of, andx be a function frorm into L. Then
evala- p,x) =a-evalp,x).

(80) Letn be an ordinal numbern. be a left zeroed right zeroed add-left-cancelable add-
associative right complementable unital associative integral domain-like distributive non triv-
ial double loop structurey be a polynomial of, L, a be an element df, andx be a function
fromninto L. Then evala- p,x) = a-evalp, x).

(31) Letnbe an ordinal numbet, be an Abelian left zeroed right zeroed add-associative right
complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial oh, L, a be an element of, andx be a function frorm into L. Then
eval p-a,x) =evalp,x) - a.



MORE ON MULTIVARIATE POLYNOMIALS: MONOMIALS ... 5

(32) Letn be an ordinal number,. be a left zeroed right zeroed add-left-cancelable add-

associative right complementable unital associative commutative distributive integral domain-
like non trivial double loop structurgy be a polynomial of, L, a be an element df, andx
be a function fromminto L. Then evalp-a,x) = eval p,x) - a.

(33) Letnbe an ordinal numbel, be an Abelian left zeroed right zeroed add-associative right

complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial of, L, a be an element of, andx be a function frorm into L. Then
eval(a_(n,L)) x p,x) = a-eval p,x).

(34) Letnbe an ordinal numbel, be an Abelian left zeroed right zeroed add-associative right
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complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial of, L, a be an element of, andx be a function frorm into L. Then
evalpx(a_(n,L)),x) = eval p,x) -a.
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