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Summary. In this article we give some technical concepts for multivariate polynomi-
als with arbitrary number of variables. Monomials and constant polynomials are introduced
and their properties with respect to the eval functor are shown. In addition, the multiplication
of polynomials with coefficients is defined and investigated.
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The articles [18], [8], [22], [23], [24], [5], [10], [2], [7], [6], [9], [1], [13], [19], [3], [17], [20], [15],
[4], [12], [14], [16], [11], and [21] provide the notation and terminology for this paper.

1. PRELIMINARIES

Let us observe that there exists a non empty zero structure which is non trivial.
Let us note that every zero structure which is non trivial is also non empty.
Let us mention that there exists a non trivial double loop structure which is Abelian, left zeroed,

right zeroed, add-associative, right complementable, unital, associative, commutative, distributive,
and integral domain-like.

Let Rbe a non trivial zero structure. Observe that there exists an element ofRwhich is non-zero.
Let X be a set, letR be a non empty zero structure, and letp be a series ofX, R. We say thatp

is non-zero if and only if:

(Def. 2)1 p 6= 0XR.

Let X be a set and letR be a non trivial zero structure. Note that there exists a series ofX, R
which is non-zero.

Let n be an ordinal number and letR be a non trivial zero structure. One can check that there
exists a polynomial ofn, Rwhich is non-zero.

One can prove the following two propositions:

(1) Let X be a set,R be a non empty zero structure, ands be a series ofX, R. Thens= 0XR if
and only if Supports= /0.

(2) LetX be a set andRbe a non empty zero structure. ThenR is non trivial if and only if there
exists a seriess of X, Rsuch that Supports 6= /0.

Let X be a set and letb be a bag ofX. We say thatb is univariate if and only if:

(Def. 3) There exists an elementu of X such that supportb = {u}.
1 The definition (Def. 1) has been removed.

1 c© Association of Mizar Users
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Let X be a non empty set. One can check that there exists a bag ofX which is univariate.
Let X be a non empty set. Note that every bag ofX which is univariate is also non empty.

2. POLYNOMIALS WITHOUT VARIABLES

We now state three propositions:

(3) For every bagb of /0 holdsb = EmptyBag/0.

(4) Let L be a right zeroed add-associative right complementable well unital distributive non
trivial double loop structure,p be a polynomial of/0, L, andx be a function from/0 into L.
Then eval(p,x) = p(EmptyBag/0).

(5) Let L be a right zeroed add-associative right complementable well unital distributive non
trivial double loop structure. Then Polynom-Ring( /0,L) is ring isomorphic toL.

3. MONOMIALS

Let X be a set, letL be a non empty zero structure, and letp be a series ofX, L. We say thatp is
monomial-like if and only if:

(Def. 4) There exists a bagb of X such that for every bagb′ of X such thatb′ 6= b holdsp(b′) = 0L.

Let X be a set and letL be a non empty zero structure. One can verify that there exists a series
of X, L which is monomial-like.

Let X be a set and letL be a non empty zero structure. A monomial ofX, L is a monomial-like
series ofX, L.

Let X be a set and letL be a non empty zero structure. One can check that every series ofX, L
which is monomial-like is also finite-Support.

One can prove the following proposition

(6) Let X be a set,L be a non empty zero structure, andp be a series ofX, L. Then p is a
monomial ofX, L if and only if Supportp= /0 or there exists a bagbof X such that Supportp=
{b}.

Let X be a set, letL be a non empty zero structure, leta be an element ofL, and letb be a bag
of X. The functor Monom(a,b) yielding a monomial ofX, L is defined as follows:

(Def. 5) Monom(a,b) = 0XL+· (b,a).

Let X be a set, letL be a non empty zero structure, and letmbe a monomial ofX, L. The functor
termmyields a bag ofX and is defined as follows:

(Def. 6) m(termm) 6= 0L or Supportm= /0 and termm= EmptyBagX.

Let X be a set, letL be a non empty zero structure, and letmbe a monomial ofX, L. The functor
coefficientm yielding an element ofL is defined by:

(Def. 7) coefficientm= m(termm).

We now state several propositions:

(7) For every setX and for every non empty zero structureL and for every monomialm of X,
L holds Supportm= /0 or Supportm= {termm}.

(8) For every setX and for every non empty zero structureL and for every bagb of X holds
coefficientMonom(0L,b) = 0L and termMonom(0L,b) = EmptyBagX.

(9) Let X be a set,L be a non empty zero structure,a be an element ofL, andb be a bag ofX.
Then coefficientMonom(a,b) = a.
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(10) LetX be a set,L be a non trivial zero structure,a be a non-zero element ofL, andb be a
bag ofX. Then termMonom(a,b) = b.

(11) For every setX and for every non empty zero structureL and for every monomialm of X,
L holds Monom(coefficientm, termm) = m.

(12) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial double loop structure,m be a monomial ofn, L, andx be a function
from n into L. Then eval(m,x) = coefficientm·eval(termm,x).

(13) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial double loop structure,a be an element ofL, b be a bag ofn, andx be a
function fromn into L. Then eval(Monom(a,b),x) = a·eval(b,x).

4. CONSTANT POLYNOMIALS

Let X be a set, letL be a non empty zero structure, and letp be a series ofX, L. We say thatp is
constant if and only if:

(Def. 8) For every bagb of X such thatb 6= EmptyBagX holdsp(b) = 0L.

Let X be a set and letL be a non empty zero structure. Note that there exists a series ofX, L
which is constant.

Let X be a set and letL be a non empty zero structure. A constant polynomial ofX, L is a
constant series ofX, L.

Let X be a set and letL be a non empty zero structure. Note that every series ofX, L which is
constant is also monomial-like.

We now state the proposition

(14) Let X be a set,L be a non empty zero structure, andp be a series ofX, L. Then p is a
constant polynomial ofX, L if and only if p = 0XL or Supportp = {EmptyBagX}.

Let X be a set and letL be a non empty zero structure. Observe that 0XL is constant.
Let X be a set and letL be a unital non empty double loop structure. Note that 1(X,L) is

constant.
We now state two propositions:

(15) LetX be a set,L be a non empty zero structure, andc be a constant polynomial ofX, L.
Then Supportc = /0 or Supportc = {EmptyBagX}.

(16) LetX be a set,L be a non empty zero structure, andc be a constant polynomial ofX, L.
Then termc = EmptyBagX and coefficientc = c(EmptyBagX).

Let X be a set, letL be a non empty zero structure, and leta be an element ofL. The functor
a (X,L) yielding a series ofX, L is defined as follows:

(Def. 9) a (X,L) = 0XL+· (EmptyBagX,a).

Let X be a set, letL be a non empty zero structure, and leta be an element ofL. Note that
a (X,L) is constant.

The following propositions are true:

(17) Let X be a set,L be a non empty zero structure, andp be a series ofX, L. Then p is a
constant polynomial ofX, L if and only if there exists an elementaof L such thatp= a (X,L).

(18) LetX be a set,L be a non empty multiplicative loop with zero structure, anda be an element
of L. Then(a (X,L))(EmptyBagX) = a and for every bagb of X such thatb 6= EmptyBagX
holds(a (X,L))(b) = 0L.

(19) For every setX and for every non empty zero structureL holds 0L (X,L) = 0XL.



MORE ON MULTIVARIATE POLYNOMIALS : MONOMIALS . . . 4

(20) For every setX and for every unital non empty multiplicative loop with zero structureL
holds 1L (X,L) = 1 (X,L).

(21) LetX be a set,L be a non empty zero structure, anda, b be elements ofL. Thena (X,L) =
b (X,L) if and only if a = b.

(22) For every setX and for every non empty zero structureL and for every elementa of L holds
Support(a (X,L)) = /0 or Support(a (X,L)) = {EmptyBagX}.

(23) For every setX and for every non empty zero structureL and for every elementa of L holds
terma (X,L) = EmptyBagX and coefficient(a (X,L)) = a.

(24) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial double loop structure,c be a constant polynomial ofn, L, andx be a
function fromn into L. Then eval(c,x) = coefficientc.

(25) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial double loop structure,a be an element ofL, andx be a function fromn
into L. Then eval(a (n,L),x) = a.

5. MULTIPLICATION WITH COEFFICIENTS

Let X be a set, letL be a non empty multiplicative loop with zero structure, letp be a series ofX, L,
and leta be an element ofL. The functora· p yielding a series ofX, L is defined by:

(Def. 10) For every bagb of X holds(a· p)(b) = a· p(b).

The functorp·a yielding a series ofX, L is defined by:

(Def. 11) For every bagb of X holds(p·a)(b) = p(b) ·a.

Let X be a set, letL be a left zeroed right zeroed add-cancelable distributive non empty double
loop structure, letp be a finite-Support series ofX, L, and leta be an element ofL. Observe that
a· p is finite-Support andp·a is finite-Support.

One can prove the following propositions:

(26) LetX be a set,L be a commutative non empty multiplicative loop with zero structure,p be
a series ofX, L, anda be an element ofL. Thena· p = p·a.

(27) Letn be an ordinal number,L be an add-associative right complementable right zeroed left
distributive non empty double loop structure,p be a series ofn, L, anda be an element ofL.
Thena· p = (a (n,L))∗ p.

(28) Let n be an ordinal number,L be an add-associative right complementable right zeroed
right distributive non empty double loop structure,p be a series ofn, L, anda be an element
of L. Thenp·a = p∗ (a (n,L)).

(29) Letn be an ordinal number,L be an Abelian left zeroed right zeroed add-associative right
complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial ofn, L, a be an element ofL, andx be a function fromn into L. Then
eval(a· p,x) = a·eval(p,x).

(30) Let n be an ordinal number,L be a left zeroed right zeroed add-left-cancelable add-
associative right complementable unital associative integral domain-like distributive non triv-
ial double loop structure,p be a polynomial ofn, L, a be an element ofL, andx be a function
from n into L. Then eval(a· p,x) = a·eval(p,x).

(31) Letn be an ordinal number,L be an Abelian left zeroed right zeroed add-associative right
complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial ofn, L, a be an element ofL, andx be a function fromn into L. Then
eval(p·a,x) = eval(p,x) ·a.
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(32) Let n be an ordinal number,L be a left zeroed right zeroed add-left-cancelable add-
associative right complementable unital associative commutative distributive integral domain-
like non trivial double loop structure,p be a polynomial ofn, L, a be an element ofL, andx
be a function fromn into L. Then eval(p·a,x) = eval(p,x) ·a.

(33) Letn be an ordinal number,L be an Abelian left zeroed right zeroed add-associative right
complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial ofn, L, a be an element ofL, andx be a function fromn into L. Then
eval((a (n,L))∗ p,x) = a·eval(p,x).

(34) Letn be an ordinal number,L be an Abelian left zeroed right zeroed add-associative right
complementable unital associative commutative distributive non trivial double loop structure,
p be a polynomial ofn, L, a be an element ofL, andx be a function fromn into L. Then
eval(p∗ (a (n,L)),x) = eval(p,x) ·a.
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