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1. PRELIMINARIES
One can prove the following propositions:
(1) For all natural numbens, msuch than # 0 andm+ 0 holds(n-m—n—m)+1 > 0.

(2) For all real numbers, y such thaty > 0 holds r?lar:&);/)) <1

(3) For all real numbers, y such that for every real numbesuch that > 0 andc < 1 holds
c-x>Yyholdsy < 0.

(4) Letpbe a finite sequence of elementskf Suppose that for every natural numinesuch
thatn € domp holdsp(n) > 0. Leti be a natural number. ife domp, theny p > p(i).

(5) For all real numbersg, y holds —(X+Yicg) = =X+ (—Y)ice-

(6) For all real numbersgy, y1, X2, Y2 holds (x1 + yaicg) — (X2 + Yoice) = (X1 —X2) + (Y1 —
Y2)ic-

In this article we present several logical schemes. The sclixBDelGrStrSegleals with a non
empty groupoidq and a unary functoff yielding an element aofl, and states that:
There exists a sequen&nf 4 such that for every natural numbetholds S(n) =
F(n)
for all values of the parameters.
The schem&xDdoubleLoopStrSeatgals with a non empty double loop structi@rend a unary
functor ¥ yielding an element off, and states that:
There exists a sequen&wof 4 such that for every natural numbeholdsS(n) =
F(n)
for all values of the parameters.
The following proposition is true

(SE] For every element of Cg such thatz # Oc. and for every natural number holds
[power (z n)| = [Z".

1This work has been partially supported by TYPES grant IST-1999-29001.
1 The proposition (7) has been removed.
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Let p be a finite sequence of elements of the carrieCpf The functor|p| yields a finite
sequence of elements Bfand is defined by:

(Def. 1) lenp| =lenp and for every natural numbarsuch than € domp holds|p|n = | pn|.

We now state several propositions:

(9)  [Eghe carrier ofc)| = Er-
(10) For every elementof Cr holds|(x)| = (|x|).
(11) For all elements, y of Cg holds|(x,y)| = (x|, |y])-
(12) For all elements, y, zof Cg holds|(x,y,2)| = (|x|, |yl |Z)-
(13) For all finite sequences g of elements of the carrier g holds|p~q| = |p| " |q].

(14) Letpbe afinite sequence of elements of the carrigfpbndx be an element ofg. Then
[P~ ()| = Ipl™ (X)) and[(x) ™ p| = (|x|) ~ |pl-

(15) For every finite sequengeof elements of the carrier @r holds|s p| < 5 |p].

2. OPERATIONS ONPOLYNOMIALS

Let L be an Abelian add-associative right zeroed right complementable right unital commutative
distributive non empty double loop structure, febe a polynomial ofL, and letn be a natural
number. The functop” yields a sequence &fand is defined as follows:

(Def- 2) pn = powe'bolynomRingL(pv n)-

LetL be an Abelian add-associative right zeroed right complementable right unital commutative
distributive non empty double loop structure, fgbe a polynomial o, and letn be a natural
number. Note thap" is finite-Support.

Next we state several propositions:

(16) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure ambe a polynomial ofL.. Then
0
p'=1.L.

(17) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure gnbde a polynomial ofL. Then
1
p==p.

(18) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure anbe a polynomial of.. Then
2
p==p=xp.

(19) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure anbe a polynomial of.. Then
p® = pxpxp.

(20) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structupehe a polynomial ol., andn be a
natural number. Thep™! = p"x p.

(21) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure anbe a natural number. Then
(o.Ly™l=o0.L.

(22) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure anbe a natural number. Then
1L)"=1L.
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(23) LetL be a field,p be a polynomial oL, x be an element df, andn be a natural number.
Then evalp",x) = power (eval p,x), n).

(24) LetL be an integral domain arjlbe a polynomial of.. If len p # O, then for every natural
numbem holds ler{p") = (n-lenp—n) + 1.

Let L be a non empty groupoid, lgt be a sequence df, and letv be an element of. The
functorv- p yielding a sequence af is defined as follows:

(Def. 3) For every natural numberholds(v- p)(n) = v- p(n).

Let L be an add-associative right zeroed right complementable right distributive non empty
double loop structure, lgi be a polynomial of., and letv be an element df. Observe that- p is
finite-Support.

We now state several propositions:

(25) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure ang be a polynomial of.. Then lerfO. - p) = 0.

(26) LetL be an add-associative right zeroed right complementable left unital commutative
associative distributive field-like non empty double loop structprbe a polynomial oL,
andv be an element df. If v 0, then lerfv- p) = lenp.

(27) LetL be an add-associative right zeroed right complementable left distributive non empty
double loop structure angbe a sequence &f ThenQ -p=0.L.

(28) For every left unital non empty multiplicative loop structurand for every sequenqgeof
L holdsl, -p=p.

(29) LetL be an add-associative right zeroed right complementable right distributive non empty
double loop structure andbe an element df. Thenv-0.L =0.L.

(30) LetL be an add-associative right zeroed right complementable right unital right distributive
non empty double loop structure antbe an element df. Thenv-1.L = (pv).

(31) LetL be an add-associative right zeroed right complementable left unital distributive com-
mutative associative field-like non empty double loop structprdee a polynomial of., and
v, X be elements df. Then evalv- p,x) = v-eval p,X).

(32) LetL be an add-associative right zeroed right complementable right distributive unital non
empty double loop structure anqxbe a polynomial of.. Then evalp,0.) = p(0).

Let L be a non empty zero structure and4gtz; be elements of. The functor(pzy,z) yields
a sequence df and is defined as follows:

(Def. 4) (o20,z1) =0.L+-(0,20) +- (1,z1).

Next we state several propositions:

(33) LetL be a non empty zero structure ambe an element df. Then(ozo)(0) = zp and for
every natural number such than > 1 holds{pzp) (n) = 0.

(34) For every non empty zero structlr@nd for every elemer, of L such thatg # 0. holds
len(pzp) = 1.

(35) For every non empty zero structiréolds (o0 ) = 0.L.

(36) LetL be an add-associative right zeroed right complementable distributive commutative as-
sociative left unital integral domain-like non empty double loop structurexante elements
of L. Then(opX) x (oy) = (oX- V).
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(37) LetL be an Abelian add-associative right zeroed right complementable right unital asso-
ciative commutative distributive field-like non empty double loop structatee an element
of L, andn be a natural number. Thepx)" = (opowej (X, n)).

(38) LetL be an add-associative right zeroed right complementable unital non empty double
loop structure andy, x be elements of. Then eval(pzp),X) = 2.

(39) LetL be a non empty zero structure andz be elements af. Then(pz,z)(0) = zp and
(020,21)(1) = z; and for every natural numbersuch than > 2 holds{ozp,z)(n) = 0.

Let L be a non empty zero structure and4gtz; be elements of. One can check thdpzy,z;)
is finite-Support.
Next we state a number of propositions:

(40) For every non empty zero structireand for all elementg, z; of L holds lerpzy,z;) < 2.

(41) For every non empty zero structlrand for all elementzy, z; of L such thatz; # O_ holds
|en<020, Zl> =2.

(42) For every non empty zero structwr@nd for every elemert of L such thatzy # 0. holds
len{ozp,0.) = 1.

(43) For every non empty zero structurdolds(o0.,0.) = 0. L.

(44) For every non empty zero structurend for every elemers, of L holds(pzy,0.) = (02).

(45) LetL be an add-associative right zeroed right complementable left distributive unital non
empty double loop structure amgl 1, x be elements df. Then eval(pzp,21),X) = 2o+ 21 - X.

(46) LetL be an add-associative right zeroed right complementable left distributive unital non
empty double loop structure amgl z;, x be elements of. Then eval(oZ,0.),X) = 2.

(47) LetL be an add-associative right zeroed right complementable left distributive unital non
empty double loop structure amgl z;, x be elements of. Then eval(o0.,z1),X) = z1 - X.

(48) LetL be an add-associative right zeroed right complementable left distributive well unital
non empty double loop structure amgl z;, x be elements of. Then eval(ozp,1.),X) =
Zp+X.

(49) LetL be an add-associative right zeroed right complementable left distributive well unital
non empty double loop structure ang z;, x be elements of. Then eval{o0., 1, ),X) = X.

3. SUBSTITUTION IN POLYNOMIALS

Let L be an Abelian add-associative right zeroed right complementable right unital commutative
distributive non empty double loop structure and petg be polynomials olL. The functorp[q]
yields a polynomial of. and is defined by the condition (Def. 5).

(Def.5) There exists a finite sequenEeof elements of the carrier of Polynom-Rihguch that
pla] =3 F and lerF = lenp and for every natural numbaisuch thah € domF holdsF (n) =

p(n—"1)-q" "%

One can prove the following propositions:

(50) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure gnbe a polynomial ofL.. Then
(0.L)[p] =0.L.

(51) LetL be an Abelian add-associative right zeroed right complementable right unital com-
mutative distributive non empty double loop structure anbe a polynomial of.. Then

p[0.L] = (op(0))-
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(52) LetL be an Abelian add-associative right zeroed right complementable right unital associa-
tive commutative distributive field-like non empty double loop structprbe a polynomial
of L, andx be an element df. Then lerip[{oX)]) < 1.

(53) For every field. and for all polynomialg, q of L such that lemp # 0 and lerg > 1 holds
len(p[g]) = (lenp-leng—lenp—lenq) + 2.

(54) For every field. and for all polynomialsp, g of L and for every elememnt of L holds
eval(p[q],x) = evalp,evalq,x)).

4., FUNDAMENTAL THEOREM OFALGEBRA

LetL be a unital non empty double loop structure pgdte a polynomial of, and letx be an element
of L. We say thak is a root ofp if and only if:

(Def. 6) evalp,x) =0.

Let L be a unital non empty double loop structure ancplee a polynomial of.. We say thap
has roots if and only if:

(Def. 7) There exists an elemenbf L such thak is a root ofp.

The following proposition is true
(55) For every unital non empty double loop structlreoldsO. L has roots.

Let L be a unital non empty double loop structure. Note thathas roots.
One can prove the following proposition

(56) For every unital non empty double loop structurand for every elementof L holdsx is
aroot of0. L.

LetL be a unital non empty double loop structure. One can check that there exists a polynomial
of L which has roots.

Let L be a unital non empty double loop structure. We saylthatalgebraic-closed if and only
if:

(Def. 8) For every polynomigb of L such that lemp > 1 holdsp has roots.

Let L be a unital non empty double loop structure andodie a polynomial of.. The functor
Rootsp yielding a subset of is defined by:

(Def. 9) For every elementof L holdsx € Rootsp iff xis a root ofp.

Let L be a commutative associative left unital distributive field-like non empty double loop
structure and lep be a polynomial of.. The functor NormPolynomiad yields a sequence afand
is defined by:

(Def. 10) For every natural numbatholds(NormPolynomiap)(n) = ;)U%S)Jl)'

Let L be an add-associative right zeroed right complementable commutative associative left
unital distributive field-like non empty double loop structure andpldte a polynomial oL.. One
can check that NormPolynomigis finite-Support.

The following propositions are true:

(57) LetL be a commutative associative left unital distributive field-like non empty double loop
structure angb be a polynomial ot.. If len p # 0, then(NormPolynomiap)(lenp—'1) =1, .

(58) For every fieldL and for every polynomialp of L such that lep # O holds
lenNormPolynomiap = lenp.
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(59) LetL be a field ando be a polynomial oL. If lenp # 0O, then for every element of L
holds evalNormPolynomiap, x) = %,

(60) LetL be a field ando be a polynomial of.. Suppose lep # 0. Let x be an element df.
Thenx is a root ofp if and only if x is a root of NormPolynomigd.

(61) For every field_ and for every polynomiap of L such that lei ## 0 holdsp has roots iff
NormPolynomiap has roots.

(62) For every field. and for every polynomiap of L such that lemp # 0 holds Rootp =
Roots NormPolynomigd.

(63) id¢ is continuous orC.
(64) For every elementof C holdsC —— xis continuous ort.

Let L be a unital non empty groupoid, letbe an element df, and letn be a natural number.
The functor FPowék, n) yielding a map fronL into L is defined as follows:

(Def. 11) For every elementof L holds(FPowe(x, n))(y) = x- poweg (Y, n).

Next we state several propositions:
(65) For every unital non empty groupdicholds FPowel, , 1) = idine carrier ofL-
(66) FPOWG(].(CF, 2) =idcidc.

(67) For every unital non empty groupdidand for every elementof L holds FPowe(x,0) =
(the carrier oflL) — x.

(68) For every elemenk of Cg there exists an elemeny; of C such thatx = x; and
FPowefx,1) = Xz idc.

(69) For every elemenk of Cg there exists an elemeny of C such thatx = x; and
FPOWE‘(X7 2) =X1 (Id(c Id(c)

(70) Letx be an element ofr andn be a natural number. Then there exists a funcfidrom
C into C such thatf = FPowefx,n) and FPoweix,n+ 1) = f idc.

(71) Letx be an element ofr andn be a natural number. Then there exists a funcfidrom
C into C such thatf = FPowe(x,n) andf is continuous or€.

Let L be a unital non empty double loop structure andodie a polynomial of.. The functor
Polynomial-FunctiofL, p) yields a map froni into L and is defined as follows:

(Def. 12) For every elementof L holds(Polynomial-FunctiofL, p))(x) = eval p, X).
We now state four propositions:

(72) For every polynomiap of Cg there exists a functiorf from C into C such thatf =
Polynomial-FunctiofCg, p) and f is continuous ortC.

(73) Letp be a polynomial ofCg. Suppose lep > 2 and|p(lenp—'1)| = 1. Let F be a finite
sequence of elements Bf Suppose leR = lenp and for every natural numbersuch that
ne domF holdsF (n) = |p(n—'1)|. Letzbe an element &Er. If |z > S F, then|eval p,z)| >
P(O)] +1.

(74) Letp be a polynomial ofCk. Suppose lep > 2. Then there exists an elementof Cg
such that for every elemenbf Cg holds|eval p,z)| > |eval p, z)|.

(75) For every polynomiap of Cg such that lep > 1 holdsp has roots.

Let us note thaCF is algebraic-closed.

Let us note that there exists a left unital right unital non empty double loop structure which
is algebraic-closed, add-associative, right zeroed, right complementable, Abelian, commutative,
associative, distributive, field-like, and non degenerated.
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