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1. PRELIMINARIES
The following four propositions are true:

(1) LetL be an add-associative right zeroed right complementable non empty loop structure
and p be a finite sequence of elements of the carridr.off for every natural numbeirsuch
thati € domp holdsp(i) = 0., theny p=10,.

(2) LetV be an Abelian add-associative right zeroed non empty loop structune laad finite
sequence of elements of the carrieMofTheny p = 3 Rev(p).

(3) For every finite sequenqeof elements oRR holdsy p=y Reu(p).

(4) For every finite sequence of elements ofN and for every natural numbeérsuch that
i € domp holdsy p > p(i).

Let D be a non empty set, lebe a natural number, and lpte a finite sequence of elements of
D. Thenp; is a finite sequence of elementsf

Let D be a non empty set and latb be elements db. Then(a,b) is an element oD?.

Let D be a non empty set, l&t n be natural numbers, Igtbe an element dP, and letq be an
element oD". Thenp~ qis an element oDk,

Let D be a non empty set and letbe a natural number. Observe that every finite sequence of
elements oD" is finite sequence yielding.

Let D be a non empty set, & n be natural numbers, lgtbe a finite sequence of elements of
DX, and letq be a finite sequence of elements¥ Thenp ™ qis an element o(Dk+”)*.

The schemeseqOfSegLambdaBeals with a non empty sel, a natural numbef, a unary
functor ¥ yielding a natural number, and a binary funct®yielding an element of4, and states
that:

There exists a finite sequenpef elements of2* such that
@iy lenp=3,and
(i) for every natural numbek such thak € SegB holds ler{px) = ¥ (k) and for
every natural number such than € dom(px) holdspx(n) = G(k,n)
for all values of the parameters.
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2. THE LEXICOGRAPHICORDER OFFINITE SEQUENCES

Let n be a natural number and lpt g be elements oR". The predicate < g is defined by the
condition (Def. 1).

(Def. 1) There exists a natural numbesuch that € Segn and p(i) < q(i) and for every natural
numberk such that < k andk < i holdsp(k) = q(k).

Let us note that the predicape< g is antisymmetric. We introduag> p as a synonym op < g.
Let n be a natural number and lgt q be elements oN". The predicatep < q is defined as
follows:

(Def.2) p<qorp=a.

Let us note that the predicape< g is reflexive. We introducg > p as a synonym op < g.
One can prove the following propositions:

(5) Letnbe anatural number arg g, r be elements oN". Then
(i) if p<qgandg<r,thenp<r,and
(i) if p<gandg<rorp<gandg<rorp<gandq<r,thenp<r.

(6) Letn be a natural number ang g be elements oN". Suppose # g. Then there exists a
natural number such thai € Segn andp(i) # q(i) and for every natural numbérsuch that
1 <kandk < i holdsp(k) = q(k).

(7) For every natural numberand for all elementg, q of N" holdsp < qor p > q.
Let n be a natural number. The functor TuplesOmigielding an order ifN" is defined by:
(Def. 3) For all elementgp, q of N" holds{p, q) € TuplesOrdeniiff p < q.

Let n be a natural number. Observe that TuplesOndgtinear-order.

3. DECOMPOSITION OFNATURAL NUMBERS

Leti be a non empty natural number and febe a natural number. The functor Decamyp)
yielding a finite sequence of elementshNifis defined by:

(Def. 4)  There exists a finite subs&bf N' such that Decomm,i) = SgmX(TuplesOrder, A) and
for every elemenp of N' holdsp € Aiff 3y p=n.

Leti be a non empty natural number andrdte a natural number. Note that Decomp) is
non empty, one-to-one, and finite sequence yielding.
One can prove the following propositions:

(8) For every natural numberholds lenDecom,1) = 1.
(9) For every natural numberholds lenDecomn,2) = n+ 1.
(10) For every natural numberholds Decomfn, 1) = ((n)).

(11) For all natural numbers j, n, ki, ko such that(Decomgn,2))(i) = (k;,n—"k;) and
(Decomgn,2))(j) = (ko,n—"kz) holdsi < j iff ki < k.

(12) For all natural numberg n, ki, k» such that(Decomgn,2))(i) = (k;,n—"k;) and
(Decomgn,2))(i+1) = (ko,n—"ky) holdsky = k1 + 1.

(13) For every natural numberholds(Decomgn, 2))(1) = (0, n).

(14) For all natural numbers, i such that € Segn+ 1) holds (Decomgn,2))(i) = (i —' 1,
(n+1) —"i).
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Let L be a non empty groupoid, lgt, g, r be sequences df, and lett be a finite sequence
of elements ofN3. The functor prodTupld®,q,r,t) yielding an element of (the carrier bf* is
defined as follows:

(Def. 5) lenprodTuple®,q,r,t) = lent and for every natural numbérsuch thakk € domt holds
(prodTuplegp, q,r,t)) (k) = p((t)1) - A((t)2) - 1 ((t)3)-

The following propositions are true:

(15) LetL be a non empty groupoig, g, r be sequences &f t be a finite sequence of elements
of N3, P be a permutation of dotmandt; be a finite sequence of elementok If t; =t-P,
then prodTuple,q,r,t1) = prodTuple$p,q,r,t) - P.

(16) For every seD and for every finite sequendeof elements oD* and for every natural

numberi holds f i = fi.

(17) Letp be afinite sequence of elementsfoaindg be a finite sequence of elementofIf
p = g, then for every natural numbeholdspli = qi.

(18) For every finite sequengeof elements olN and for all natural numbeis j such that < j
holds (p[i) < 3 (pl)-

(19) LetD be a set,p be a finite sequence of elements®f andi be a natural number. If
i <lenp, thenpl(i+1)=(pli)~ (p(i+1)).

(20) Letp be a finite sequence of elementsPfndi be a natural number. If< lenp, then
S(pI(i+1)) =3 (pli)+p(i+1).

(21) Letp be a finite sequence of elementsdofandi, j, ki, ko be natural numbers. Suppose
i <lenpandj <lenpand 1<k; and 1<k andk; < p(i+1) andky < p(j +1) and
S (pli)+ki =S (plj)+ko. Theni = j andk; = ko.

(22) LetD;, D, be sets f; be a finite sequence of elementsyf, f, be a finite sequence of
elements oD,*, andiy, iz, j1, j2 be natural numbers. Suppages domf; andi, € domf;
andj; € domfy(i1) andjz € domfz(iz) and fr = T andy (T1 [(i1 1)) + j1 = 3 (T2 [(i2
l)) + j2. Theniy =i, andjl = j2.

4, POLYNOMIALS

LetL be a non empty zero structure. A polynomialo an algebraic sequencelof
Next we state the proposition

(23) LetL be a non empty zero structurg be a polynomial oL, andn be a natural number.
Thenn > lenpif and only if the length ofp is at mosmn.

Now we present two schemes. The schdfolynomialLambdaFleals with a non empty loop
structure4, a natural numbeB, and a unary functoff yielding an element of, and states that:
There exists a polynomigl of 4 such that lep < B and for every natural number
n such than < B holdsp(n) = F(n)
for all values of the parameters.
The schemdxDLoopStrSegleals with a non empty loop structugand a unary functofF
yielding an element ofd, and states that:
There exists a sequen&wof 4 such that for every natural numbeholdsS(n) =
F(n)
for all values of the parameters.
Let L be a non empty loop structure and fgtq be sequences &f. The functorp+ q yielding
a sequence df is defined as follows:

(Def. 6) For every natural numberholds(p+q)(n) = p(n) +q(n).
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LetL be a right zeroed non empty loop structure anglet be polynomials ot.. Observe that
p+ qis finite-Support.
One can prove the following two propositions:

(24) LetL be a right zeroed non empty loop structupe,q be polynomials ol, andn be a
natural number. Suppose the lengthpaf at mostn and the length of is at most. Then
the length ofp+ g is at most.

(25) For every right zeroed non empty loop structurand for all polynomials, g of L holds
supportp-+ g) C supporipU supporty.

Let L be an Abelian non empty loop structure andpet] be sequences af. Let us note that
the functorp+ g is commutative.
The following proposition is true

(26) For every add-associative non empty loop structuend for all sequencep, g, r of L
holds(p+q)+r = p+(q+r).

Let L be a non empty loop structure and [ebe a sequence &f. The functor—p yielding a
sequence df is defined as follows:

(Def. 7)  For every natural numberholds(—p)(n) = —p(n).

Let L be an add-associative right zeroed right complementable non empty loop structure and let
p be a polynomial of.. One can check thatp is finite-Support.

Let L be a non empty loop structure and fgtq be sequences &f The functorp — q yielding
a sequence df is defined by:

(Def.8) p—q=p+—0q.

LetL be an add-associative right zeroed right complementable non empty loop structure and let
p, g be polynomials ot.. Note thatp — g is finite-Support.
One can prove the following proposition

(27) LetL be a non empty loop structurp, q be sequences a&f, andn be a natural number.
Then(p—q)(n) = p(n) —q(n).

LetL be a non empty zero structure. The funddr yielding a sequence af is defined by:
(Def.9) 0.L=N+~—0.

LetL be a non empty zero structure. Note thdt is finite-Support.
We now state three propositions:

(28) For every non empty zero structirend for every natural numbarholds(0.L)(n) = 0.

(29) For every right zeroed non empty loop structurand for every sequenge of L holds
p+0.L=p.

(30) LetL be an add-associative right zeroed right complementable non empty loop structure
andp be a sequence &f Thenp— p=0.L.

Let L be a non empty multiplicative loop with zero structure. The fundtdr yielding a se-
guence oL is defined by:

(Def. 10) 1.L=0.L+-(0,1,).

LetL be a non empty multiplicative loop with zero structure. Note thétis finite-Support.
We now state the proposition

(31) LetL be a non empty multiplicative loop with zero structure. Tki&r)(0) = 1, and for
every natural number such than = 0 holds(1.L)(n) = 0.
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Let L be a non empty double loop structure andpet] be sequences @f. The functorp=q
yields a sequence &fand is defined by the condition (Def. 11).

(Def. 11) Leti be a natural number. Then there exists a finite sequeatelements of the carrier of
L suchthatlen=i+1and(px*q)(i) = 3 r and for every natural numb&isuch thak € domr
holdsr (k) = p(k—"1)-q((i+ 1) —"k).

Let L be an add-associative right zeroed right complementable distributive non empty double
loop structure and lgp, g be polynomials of.. Note thatpx q is finite-Support.
One can prove the following three propositions:

(32) LetL be an Abelian add-associative right zeroed right complementable right distributive
non empty double loop structure apdq, r be sequences af Thenp«(q+r) = pxq+ pxr.

(33) LetL be an Abelian add-associative right zeroed right complementable left distributive non
empty double loop structure anlg, r be sequences &f Then(p+q)*r = pxr+qxr.

(34) LetL be an Abelian add-associative right zeroed right complementable unital associative
distributive non empty double loop structure gmdj, r be sequences &f Then(p=q)*r =

p*(qxr).

LetL be an Abelian add-associative right zeroed commutative non empty double loop structure
and letp, g be sequences &f Let us notice that the functqrx q is commutative.
One can prove the following two propositions:

(35) LetL be an add-associative right zeroed right complementable right distributive non empty
double loop structure angbe a sequence &f Thenp+0.L =0.L.

(36) LetL be an add-associative right zeroed right unital right complementable right distributive
non empty double loop structure apde a sequence of Thenpx1.L = p.

5. THE RING OF POLYNOMIALS

Let L be an add-associative right zeroed right complementable distributive non empty double loop
structure. The functor Polynom-Rihgyielding a strict non empty double loop structure is defined
by the conditions (Def. 12).

(Def. 12)(i) For every set holdsx € the carrier of Polynom-Ringiff x is a polynomial ofL_,

(i) for all elementsx, y of Polynom-Rind. and for all sequencgs g of L such thak = p and
y=qgholdsx+y=p+q,

(i)  for all elementsx, y of Polynom-Ringd- and for all sequences g of L such thak = p and
y=qholdsx-y= px*q,

(iv)  OpolynomRingL = O.L, and

(V) 1P0Iyn0m-RingL =1L

Let L be an Abelian add-associative right zeroed right complementable distributive non empty
double loop structure. One can verify that Polynom-Ring Abelian.

Let L be an add-associative right zeroed right complementable distributive non empty double
loop structure. One can check the following observations:

x Polynom-Rind. is add-associative,
* Polynom-Rind. is right zeroed, and

x Polynom-Rind- is right complementable.
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LetL be an Abelian add-associative right zeroed right complementable commutative distributive
non empty double loop structure. One can verify that Polynom-Risgommutative.

Let L be an Abelian add-associative right zeroed right complementable unital associative dis-
tributive non empty double loop structure. One can verify that Polynom-Risg@ssociative.

LetL be an add-associative right zeroed right complementable right unital distributive non empty
double loop structure. Observe that Polynom-Ring right unital.

Let L be an Abelian add-associative right zeroed right complementable distributive non empty
double loop structure. One can check that Polynom-Riisgdistributive.
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