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1. PRELIMINARIES

The following four propositions are true:

(1) Let L be an add-associative right zeroed right complementable non empty loop structure
andp be a finite sequence of elements of the carrier ofL. If for every natural numberi such
that i ∈ domp holdsp(i) = 0L, then∑ p = 0L.

(2) LetV be an Abelian add-associative right zeroed non empty loop structure andp be a finite
sequence of elements of the carrier ofV. Then∑ p = ∑Rev(p).

(3) For every finite sequencep of elements ofR holds∑ p = ∑Rev(p).

(4) For every finite sequencep of elements ofN and for every natural numberi such that
i ∈ domp holds∑ p≥ p(i).

Let D be a non empty set, leti be a natural number, and letp be a finite sequence of elements of
D. Thenp�i is a finite sequence of elements ofD.

Let D be a non empty set and leta, b be elements ofD. Then〈a,b〉 is an element ofD2.
Let D be a non empty set, letk, n be natural numbers, letp be an element ofDk, and letq be an

element ofDn. Thenpa q is an element ofDk+n.
Let D be a non empty set and letn be a natural number. Observe that every finite sequence of

elements ofDn is finite sequence yielding.
Let D be a non empty set, letk, n be natural numbers, letp be a finite sequence of elements of

Dk, and letq be a finite sequence of elements ofDn. Thenp_ q is an element of(Dk+n)∗.
The schemeSeqOfSeqLambdaDdeals with a non empty setA , a natural numberB, a unary

functorF yielding a natural number, and a binary functorG yielding an element ofA , and states
that:

There exists a finite sequencep of elements ofA∗ such that
(i) lenp = B, and

(ii) for every natural numberk such thatk∈ SegB holds len(pk) = F (k) and for
every natural numbern such thatn∈ dom(pk) holdspk(n) = G(k,n)

for all values of the parameters.
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2. THE LEXICOGRAPHICORDER OFFINITE SEQUENCES

Let n be a natural number and letp, q be elements ofNn. The predicatep < q is defined by the
condition (Def. 1).

(Def. 1) There exists a natural numberi such thati ∈ Segn and p(i) < q(i) and for every natural
numberk such that 1≤ k andk < i holdsp(k) = q(k).

Let us note that the predicatep < q is antisymmetric. We introduceq > p as a synonym ofp < q.
Let n be a natural number and letp, q be elements ofNn. The predicatep≤ q is defined as

follows:

(Def. 2) p < q or p = q.

Let us note that the predicatep≤ q is reflexive. We introduceq≥ p as a synonym ofp≤ q.
One can prove the following propositions:

(5) Letn be a natural number andp, q, r be elements ofNn. Then

(i) if p < q andq < r, thenp < r, and

(ii) if p < q andq≤ r or p≤ q andq < r or p≤ q andq≤ r, thenp≤ r.

(6) Let n be a natural number andp, q be elements ofNn. Supposep 6= q. Then there exists a
natural numberi such thati ∈ Segn andp(i) 6= q(i) and for every natural numberk such that
1≤ k andk < i holdsp(k) = q(k).

(7) For every natural numbern and for all elementsp, q of Nn holdsp≤ q or p > q.

Let n be a natural number. The functor TuplesOrdern yielding an order inNn is defined by:

(Def. 3) For all elementsp, q of Nn holds〈〈p, q〉〉 ∈ TuplesOrdern iff p≤ q.

Let n be a natural number. Observe that TuplesOrdern is linear-order.

3. DECOMPOSITION OFNATURAL NUMBERS

Let i be a non empty natural number and letn be a natural number. The functor Decomp(n, i)
yielding a finite sequence of elements ofNi is defined by:

(Def. 4) There exists a finite subsetA of Ni such that Decomp(n, i) = SgmX(TuplesOrderi,A) and
for every elementp of Ni holdsp∈ A iff ∑ p = n.

Let i be a non empty natural number and letn be a natural number. Note that Decomp(n, i) is
non empty, one-to-one, and finite sequence yielding.

One can prove the following propositions:

(8) For every natural numbern holds lenDecomp(n,1) = 1.

(9) For every natural numbern holds lenDecomp(n,2) = n+1.

(10) For every natural numbern holds Decomp(n,1) = 〈〈n〉〉.

(11) For all natural numbersi, j, n, k1, k2 such that(Decomp(n,2))(i) = 〈k1,n−′ k1〉 and
(Decomp(n,2))( j) = 〈k2,n−′ k2〉 holdsi < j iff k1 < k2.

(12) For all natural numbersi, n, k1, k2 such that(Decomp(n,2))(i) = 〈k1,n−′ k1〉 and
(Decomp(n,2))(i +1) = 〈k2,n−′ k2〉 holdsk2 = k1 +1.

(13) For every natural numbern holds(Decomp(n,2))(1) = 〈0,n〉.

(14) For all natural numbersn, i such thati ∈ Seg(n+ 1) holds (Decomp(n,2))(i) = 〈i −′ 1,
(n+1)−′ i〉.
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Let L be a non empty groupoid, letp, q, r be sequences ofL, and lett be a finite sequence
of elements ofN3. The functor prodTuples(p,q, r, t) yielding an element of (the carrier ofL)∗ is
defined as follows:

(Def. 5) lenprodTuples(p,q, r, t) = lent and for every natural numberk such thatk ∈ domt holds
(prodTuples(p,q, r, t))(k) = p((tk)1) ·q((tk)2) · r((tk)3).

The following propositions are true:

(15) LetL be a non empty groupoid,p, q, r be sequences ofL, t be a finite sequence of elements
of N3, P be a permutation of domt, andt1 be a finite sequence of elements ofN3. If t1 = t ·P,
then prodTuples(p,q, r, t1) = prodTuples(p,q, r, t) ·P.

(16) For every setD and for every finite sequencef of elements ofD∗ and for every natural

numberi holds f �i = f �i.

(17) Let p be a finite sequence of elements ofR andq be a finite sequence of elements ofN. If
p = q, then for every natural numberi holdsp�i = q�i.

(18) For every finite sequencep of elements ofN and for all natural numbersi, j such thati ≤ j
holds∑(p�i)≤ ∑(p� j).

(19) Let D be a set,p be a finite sequence of elements ofD, and i be a natural number. If
i < lenp, thenp�(i +1) = (p�i)a 〈p(i +1)〉.

(20) Let p be a finite sequence of elements ofR and i be a natural number. Ifi < lenp, then
∑(p�(i +1)) = ∑(p�i)+ p(i +1).

(21) Let p be a finite sequence of elements ofN and i, j, k1, k2 be natural numbers. Suppose
i < lenp and j < lenp and 1≤ k1 and 1≤ k2 and k1 ≤ p(i + 1) and k2 ≤ p( j + 1) and
∑(p�i)+k1 = ∑(p� j)+k2. Theni = j andk1 = k2.

(22) LetD1, D2 be sets,f1 be a finite sequence of elements ofD1
∗, f2 be a finite sequence of

elements ofD2
∗, andi1, i2, j1, j2 be natural numbers. Supposei1 ∈ dom f1 andi2 ∈ dom f2

and j1 ∈ dom f1(i1) and j2 ∈ dom f2(i2) and f1 = f2 and∑( f1�(i1−′ 1))+ j1 = ∑( f2�(i2−′

1))+ j2. Theni1 = i2 and j1 = j2.

4. POLYNOMIALS

Let L be a non empty zero structure. A polynomial ofL is an algebraic sequence ofL.
Next we state the proposition

(23) LetL be a non empty zero structure,p be a polynomial ofL, andn be a natural number.
Thenn≥ lenp if and only if the length ofp is at mostn.

Now we present two schemes. The schemePolynomialLambdaFdeals with a non empty loop
structureA , a natural numberB, and a unary functorF yielding an element ofA , and states that:

There exists a polynomialp of A such that lenp≤ B and for every natural number
n such thatn < B holdsp(n) = F (n)

for all values of the parameters.
The schemeExDLoopStrSeqdeals with a non empty loop structureA and a unary functorF

yielding an element ofA , and states that:
There exists a sequenceS of A such that for every natural numbern holdsS(n) =
F (n)

for all values of the parameters.
Let L be a non empty loop structure and letp, q be sequences ofL. The functorp+q yielding

a sequence ofL is defined as follows:

(Def. 6) For every natural numbern holds(p+q)(n) = p(n)+q(n).
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Let L be a right zeroed non empty loop structure and letp, q be polynomials ofL. Observe that
p+q is finite-Support.

One can prove the following two propositions:

(24) Let L be a right zeroed non empty loop structure,p, q be polynomials ofL, andn be a
natural number. Suppose the length ofp is at mostn and the length ofq is at mostn. Then
the length ofp+q is at mostn.

(25) For every right zeroed non empty loop structureL and for all polynomialsp, q of L holds
support(p+q)⊆ supportp∪supportq.

Let L be an Abelian non empty loop structure and letp, q be sequences ofL. Let us note that
the functorp+q is commutative.

The following proposition is true

(26) For every add-associative non empty loop structureL and for all sequencesp, q, r of L
holds(p+q)+ r = p+(q+ r).

Let L be a non empty loop structure and letp be a sequence ofL. The functor−p yielding a
sequence ofL is defined as follows:

(Def. 7) For every natural numbern holds(−p)(n) =−p(n).

Let L be an add-associative right zeroed right complementable non empty loop structure and let
p be a polynomial ofL. One can check that−p is finite-Support.

Let L be a non empty loop structure and letp, q be sequences ofL. The functorp−q yielding
a sequence ofL is defined by:

(Def. 8) p−q = p+−q.

Let L be an add-associative right zeroed right complementable non empty loop structure and let
p, q be polynomials ofL. Note thatp−q is finite-Support.

One can prove the following proposition

(27) Let L be a non empty loop structure,p, q be sequences ofL, andn be a natural number.
Then(p−q)(n) = p(n)−q(n).

Let L be a non empty zero structure. The functor0.L yielding a sequence ofL is defined by:

(Def. 9) 0.L = N 7−→ 0L.

Let L be a non empty zero structure. Note that0.L is finite-Support.
We now state three propositions:

(28) For every non empty zero structureL and for every natural numbern holds(0.L)(n) = 0L.

(29) For every right zeroed non empty loop structureL and for every sequencep of L holds
p+0.L = p.

(30) Let L be an add-associative right zeroed right complementable non empty loop structure
andp be a sequence ofL. Thenp− p = 0.L.

Let L be a non empty multiplicative loop with zero structure. The functor1.L yielding a se-
quence ofL is defined by:

(Def. 10) 1.L = 0.L+· (0,1L).

Let L be a non empty multiplicative loop with zero structure. Note that1.L is finite-Support.
We now state the proposition

(31) LetL be a non empty multiplicative loop with zero structure. Then(1.L)(0) = 1L and for
every natural numbern such thatn 6= 0 holds(1.L)(n) = 0L.
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Let L be a non empty double loop structure and letp, q be sequences ofL. The functorp∗q
yields a sequence ofL and is defined by the condition (Def. 11).

(Def. 11) Leti be a natural number. Then there exists a finite sequencer of elements of the carrier of
L such that lenr = i +1 and(p∗q)(i) = ∑ r and for every natural numberk such thatk∈ domr
holdsr(k) = p(k−′ 1) ·q((i +1)−′ k).

Let L be an add-associative right zeroed right complementable distributive non empty double
loop structure and letp, q be polynomials ofL. Note thatp∗q is finite-Support.

One can prove the following three propositions:

(32) Let L be an Abelian add-associative right zeroed right complementable right distributive
non empty double loop structure andp, q, r be sequences ofL. Thenp∗(q+ r) = p∗q+ p∗ r.

(33) LetL be an Abelian add-associative right zeroed right complementable left distributive non
empty double loop structure andp, q, r be sequences ofL. Then(p+q)∗ r = p∗ r +q∗ r.

(34) LetL be an Abelian add-associative right zeroed right complementable unital associative
distributive non empty double loop structure andp, q, r be sequences ofL. Then(p∗q)∗ r =
p∗ (q∗ r).

Let L be an Abelian add-associative right zeroed commutative non empty double loop structure
and letp, q be sequences ofL. Let us notice that the functorp∗q is commutative.

One can prove the following two propositions:

(35) LetL be an add-associative right zeroed right complementable right distributive non empty
double loop structure andp be a sequence ofL. Thenp∗0.L = 0.L.

(36) LetL be an add-associative right zeroed right unital right complementable right distributive
non empty double loop structure andp be a sequence ofL. Thenp∗1.L = p.

5. THE RING OF POLYNOMIALS

Let L be an add-associative right zeroed right complementable distributive non empty double loop
structure. The functor Polynom-RingL yielding a strict non empty double loop structure is defined
by the conditions (Def. 12).

(Def. 12)(i) For every setx holdsx∈ the carrier of Polynom-RingL iff x is a polynomial ofL,

(ii) for all elementsx, y of Polynom-RingL and for all sequencesp, q of L such thatx = p and
y = q holdsx+y = p+q,

(iii) for all elementsx, y of Polynom-RingL and for all sequencesp, q of L such thatx = p and
y = q holdsx ·y = p∗q,

(iv) 0Polynom-RingL = 0.L, and

(v) 1Polynom-RingL = 1.L.

Let L be an Abelian add-associative right zeroed right complementable distributive non empty
double loop structure. One can verify that Polynom-RingL is Abelian.

Let L be an add-associative right zeroed right complementable distributive non empty double
loop structure. One can check the following observations:

∗ Polynom-RingL is add-associative,

∗ Polynom-RingL is right zeroed, and

∗ Polynom-RingL is right complementable.
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Let L be an Abelian add-associative right zeroed right complementable commutative distributive
non empty double loop structure. One can verify that Polynom-RingL is commutative.

Let L be an Abelian add-associative right zeroed right complementable unital associative dis-
tributive non empty double loop structure. One can verify that Polynom-RingL is associative.

LetL be an add-associative right zeroed right complementable right unital distributive non empty
double loop structure. Observe that Polynom-RingL is right unital.

Let L be an Abelian add-associative right zeroed right complementable distributive non empty
double loop structure. One can check that Polynom-RingL is distributive.
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