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The articles [21], [10], [29], [22], [30], [32], [31], [7], [13], [3], [9], [8], [6], [11], [15], [2], [5], [19],
[24], [23], [28], [4], [27], [16], [25], [26], [12], [1], [17], [18], [14], and [20] provide the notation
and terminology for this paper.

1. PRELIMINARIES

In this article we present several logical schemes. The schemeSeqExDdeals with a non empty set
A , a natural numberB, and a binary predicateP , and states that:

There exists a finite sequencep of elements ofA such that domp = SegB and for
every natural numberk such thatk∈ SegB holdsP [k, pk]

provided the parameters have the following property:
• For every natural numberk such thatk∈ SegB there exists an elementx of A such

thatP [k,x].
The schemeFinRecExD2deals with a non empty setA , an elementB of A , a natural number

C , and a ternary predicateP , and states that:
There exists a finite sequencep of elements ofA such that lenp = C but p1 =
B or C = 0 but for every natural numbern such that 1≤ n andn ≤ C − 1 holds
P [n, pn, pn+1]

provided the parameters have the following property:
• Let n be a natural number. Suppose 1≤ n andn≤ C −1. Let x be an element ofA .

Then there exists an elementy of A such thatP [n,x,y].
The schemeFinRecUnD2deals with a setA , an elementB of A , a natural numberC , finite

sequencesD, E of elements ofA , and a ternary predicateP , and states that:
D = E

provided the following requirements are met:
• Let n be a natural number. Suppose 1≤ n andn≤ C −1. Let x, y1, y2 be elements

of A . If P [n,x,y1] andP [n,x,y2], theny1 = y2,
• lenD = C but D1 = B or C = 0 but for every natural numbern such that 1≤ n and

n≤ C −1 holdsP [n,Dn,Dn+1], and
• lenE = C but E1 = B or C = 0 but for every natural numbern such that 1≤ n and

n≤ C −1 holdsP [n,En,En+1].
The schemeFinInd deals with natural numbersA , B and a unary predicateP , and states that:

For every natural numberi such thatA ≤ i andi ≤ B holdsP [i]
provided the following requirements are met:

• P [A ], and
• For every natural numberj such thatA ≤ j and j < B holds if P [ j], thenP [ j +1].

The schemeFinInd2deals with natural numbersA , B and a unary predicateP , and states that:
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For every natural numberi such thatA ≤ i andi ≤ B holdsP [i]
provided the following conditions are satisfied:

• P [A ], and
• Let j be a natural number. SupposeA ≤ j and j < B. Suppose that for every natural

numberj ′ such thatA ≤ j ′ and j ′ ≤ j holdsP [ j ′]. ThenP [ j +1].
The schemeIndFinSeqdeals with a setA , a finite sequenceB of elements ofA , and a unary

predicateP , and states that:
For every natural numberi such that 1≤ i andi ≤ lenB holdsP [B(i)]

provided the following conditions are met:
• P [B(1)], and
• For every natural numberi such that 1≤ i and i < lenB holds if P [B(i)], then

P [B(i +1)].
The following propositions are true:

(2)1 Let L be a unital associative non empty groupoid,a be an element ofL, andn, mbe natural
numbers. Then powerL(a, n+m) = powerL(a, n) ·powerL(a, m).

(3) For every well unital non empty double loop structureL holds1L = 1L.

Let us observe that there exists a non empty double loop structure which is Abelian, right zeroed,
add-associative, right complementable, unital, well unital, distributive, commutative, associative,
and non trivial.

2. ABOUT FINITE SEQUENCES AND THEFUNCTOR SGMX

Next we state a number of propositions:

(4) Let p be a finite sequence andk be a natural number. Supposek∈ domp. Let i be a natural
number. If 1≤ i andi ≤ k, theni ∈ domp.

(5) Let L be a left zeroed right zeroed non empty loop structure,p be a finite sequence of
elements of the carrier ofL, and i be a natural number. Supposei ∈ domp and for every
natural numberi′ such thati′ ∈ domp andi′ 6= i holdspi′ = 0L. Then∑ p = pi .

(6) LetL be an add-associative right zeroed right complementable distributive unital non empty
double loop structure andp be a finite sequence of elements of the carrier ofL. If there exists
a natural numberi such thati ∈ domp andpi = 0L, then∏ p = 0L.

(7) LetL be an Abelian add-associative non empty loop structure,a be an element ofL, andp,
q be finite sequences of elements of the carrier ofL. Suppose that

(i) lenp = lenq, and

(ii) there exists a natural numberi such thati ∈ domp andqi = a+ pi and for every natural
numberi′ such thati′ ∈ domp andi′ 6= i holdsqi′ = pi′ .

Then∑q = a+∑ p.

(8) LetL be a commutative associative non empty double loop structure,a be an element ofL,
andp, q be finite sequences of elements of the carrier ofL. Suppose that

(i) lenp = lenq, and

(ii) there exists a natural numberi such thati ∈ domp andqi = a · pi and for every natural
numberi′ such thati′ ∈ domp andi′ 6= i holdsqi′ = pi′ .

Then∏q = a·∏ p.

(9) Let X be a set,A be an empty subset ofX, andR be an order inX. If R linearly ordersA,
then SgmX(R,A) = /0.

1 The proposition (1) has been removed.
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(10) LetX be a set,A be a finite subset ofX, andR be an order inX. SupposeR linearly orders
A. Let i, j be natural numbers. Ifi ∈ domSgmX(R,A) and j ∈ domSgmX(R,A), then if
(SgmX(R,A))i = (SgmX(R,A)) j , theni = j.

(11) LetX be a set,A be a finite subset ofX, anda be an element ofX. Supposea /∈ A. Let B be
a finite subset ofX. SupposeB = {a}∪A. Let R be an order inX. SupposeR linearly orders
B. Let k be a natural number. Supposek∈ domSgmX(R,B) and(SgmX(R,B))k = a. Let i be
a natural number. If 1≤ i andi ≤ k−1, then(SgmX(R,B))i = (SgmX(R,A))i .

(12) LetX be a set,A be a finite subset ofX, anda be an element ofX. Supposea /∈ A. Let B be
a finite subset ofX. SupposeB = {a}∪A. Let R be an order inX. SupposeR linearly orders
B. Let k be a natural number. Supposek∈ domSgmX(R,B) and(SgmX(R,B))k = a. Let i be
a natural number. Ifk≤ i andi ≤ lenSgmX(R,A), then(SgmX(R,B))i+1 = (SgmX(R,A))i .

(13) LetX be a non empty set,Abe a finite subset ofX, andabe an element ofX. Supposea /∈A.
Let B be a finite subset ofX. SupposeB= {a}∪A. Let Rbe an order inX. SupposeR linearly
ordersB. Let k be a natural number. Ifk+1∈ domSgmX(R,B) and(SgmX(R,B))k+1 = a,
then SgmX(R,B) = Ins(SgmX(R,A),k,a).

3. EVALUATION OF BAGS

The following proposition is true

(14) For every setX and for every bagb of X such that supportb = /0 holdsb = EmptyBagX.

Let X be a set and letb be a bag ofX. We say thatb is empty if and only if:

(Def. 1) b = EmptyBagX.

Let X be a non empty set. Note that there exists a bag ofX which is non empty.
Let X be a set and letb be a bag ofX. Then supportb is a finite subset ofX.
We now state the proposition

(15) For every ordinal numbern and for every bagb of n holds⊆n linearly orders supportb.

Let X be a set, letx be a finite sequence of elements ofX, and letb be a bag ofX. Thenb·x is a
partial function fromN to N.

Let n be an ordinal number, letb be a bag ofn, let L be a non trivial unital non empty double
loop structure, and letx be a function fromn into L. The functor eval(b,x) yields an element ofL
and is defined by the condition (Def. 2).

(Def. 2) There exists a finite sequencey of elements of the carrier ofL such that leny =
lenSgmX(⊆n,supportb) and eval(b,x) = ∏y and for every natural numberi such that 1≤ i
andi ≤ leny holdsyi = powerL((x ·SgmX(⊆n,supportb))i , (b·SgmX(⊆n,supportb))i).

We now state three propositions:

(16) Letn be an ordinal number,L be a non trivial unital non empty double loop structure, and
x be a function fromn into L. Then eval(EmptyBagn,x) = 1L.

(17) Letn be an ordinal number,L be a unital non trivial non empty double loop structure,u be
a set, andb be a bag ofn. If supportb = {u}, then for every functionx from n into L holds
eval(b,x) = powerL(x(u), b(u)).

(18) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive Abelian non trivial commutative associative non empty double loop structure,b1,
b2 be bags ofn, andx be a function fromn into L. Then eval(b1 + b2,x) = eval(b1,x) ·
eval(b2,x).
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4. EVALUATION OF POLYNOMIALS

Let n be an ordinal number, letL be an add-associative right zeroed right complementable non
empty loop structure, and letp, q be polynomials ofn, L. Note thatp−q is finite-Support.

The following proposition is true

(19) LetL be a right zeroed add-associative right complementable unital distributive non trivial
non empty double loop structure,n be an ordinal number, andp be a polynomial ofn, L. If
Supportp = /0, thenp = 0nL.

Let n be an ordinal number, letL be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, and letp be a polynomial ofn, L. One can
verify that Supportp is finite.

Next we state the proposition

(20) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, andp be a polynomial ofn, L. Then
BagOrdern linearly orders Supportp.

Let n be an ordinal number and letb be an element of Bagsn. The functorbT yields a bag ofn
and is defined as follows:

(Def. 3) bT = b.

Let n be an ordinal number, letL be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, letp be a polynomial ofn, L, and letx be a
function fromn into L. The functor eval(p,x) yielding an element ofL is defined by the condition
(Def. 4).

(Def. 4) There exists a finite sequencey of elements of the carrier ofL such that
leny = lenSgmX(BagOrdern,Supportp) and eval(p,x) = ∑y and for every natural num-
ber i such that 1≤ i and i ≤ leny holds yi = (p · SgmX(BagOrdern,Supportp))i ·
eval(((SgmX(BagOrdern,Supportp))i)T,x).

The following propositions are true:

(21) Let n be an ordinal number,L be a right zeroed add-associative right complementable
unital distributive non trivial non empty double loop structure,p be a polynomial ofn, L,
and b be a bag ofn. If Supportp = {b}, then for every functionx from n into L holds
eval(p,x) = p(b) ·eval(b,x).

(22) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, andx be a function fromn into L.
Then eval(0nL,x) = 0L.

(23) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, andx be a function fromn into L.
Then eval(1 (n,L),x) = 1L.

(24) Letn be an ordinal number,L be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure,p be a polynomial ofn, L, andx be a
function fromn into L. Then eval(−p,x) =−eval(p,x).

(25) Let n be an ordinal number,L be a right zeroed add-associative right complementable
Abelian unital distributive non trivial non empty double loop structure,p, q be polynomials
of n, L, andx be a function fromn into L. Then eval(p+q,x) = eval(p,x)+eval(q,x).

(26) Let n be an ordinal number,L be a right zeroed add-associative right complementable
Abelian unital distributive non trivial non empty double loop structure,p, q be polynomials
of n, L, andx be a function fromn into L. Then eval(p−q,x) = eval(p,x)−eval(q,x).
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(27) Let n be an ordinal number,L be a right zeroed add-associative right complementable
Abelian unital distributive non trivial commutative associative non empty double loop struc-
ture, p, q be polynomials ofn, L, andx be a function fromn into L. Then eval(p∗q,x) =
eval(p,x) ·eval(q,x).

5. EVALUATION HOMOMORPHISM

Let n be an ordinal number, letL be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, and letx be a function fromn into L. The
functor Polynom-Evaluation(n,L,x) yielding a map from Polynom-Ring(n,L) into L is defined as
follows:

(Def. 5) For every polynomialp of n, L holds(Polynom-Evaluation(n,L,x))(p) = eval(p,x).

Let n be an ordinal number and letL be a right zeroed Abelian add-associative right comple-
mentable well unital distributive associative non trivial non empty double loop structure. One can
check that Polynom-Ring(n,L) is well unital.

Let n be an ordinal number, letL be an Abelian right zeroed add-associative right comple-
mentable well unital distributive associative non trivial non empty double loop structure, and letx
be a function fromn into L. Note that Polynom-Evaluation(n,L,x) is unity-preserving.

Let n be an ordinal number, letL be a right zeroed add-associative right complementable Abelian
unital distributive non trivial non empty double loop structure, and letx be a function fromn into L.
Note that Polynom-Evaluation(n,L,x) is additive.

Let n be an ordinal number, letL be a right zeroed add-associative right complementable Abelian
unital distributive non trivial commutative associative non empty double loop structure, and letx be
a function fromn into L. One can check that Polynom-Evaluation(n,L,x) is multiplicative.

Let n be an ordinal number, letL be a right zeroed add-associative right complementable Abelian
well unital distributive non trivial commutative associative non empty double loop structure, and let
x be a function fromn into L. Observe that Polynom-Evaluation(n,L,x) is ring homomorphism.
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