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and terminology for this paper.

1. PRELIMINARIES

In this article we present several logical schemes. The scisagExDdeals with a non empty set
A4, a natural numbeB, and a binary predicat@, and states that:
There exists a finite sequenpeof elements 04 such that donp = SegB and for
every natural numbecsuch thak € SegB holds?[k, py]
provided the parameters have the following property:
e For every natural numbérsuch thak € SegB there exists an elemertof 4 such
that Pk, x].
The schemé&inRecExD2deals with a non empty set, an elementB of 4, a natural number
C, and a ternary predicat2, and states that:
There exists a finite sequengeof elements of4 such that lep = C but p; =
B or C = 0 but for every natural numbar such that 1< n andn < ¢ — 1 holds
2[n, pn, Pn+1]
provided the parameters have the following property:
e Letnbe a natural number. Supposech andn < ¢ — 1. Letx be an element ofl.
Then there exists an elemgnof 4 such thatP[n, x, y].
The schemd-inRecUnD2deals with a sef, an elementB of 4, a natural numbe(, finite
sequenced, E of elements of4, and a ternary predicat®, and states that:
D=F
provided the following requirements are met:
e Letn be a natural number. Supposech andn < C — 1. Letx, y1, Y2 be elements
of 4. If P[n,x,y1] and?P[n,x,yz], theny; =y,
e lenD = C butD; = B or C =0 but for every natural numbersuch that 1< n and
n < C—1 holds®[n, Dy, Dn11], and
e lenE = C butE; = B or C = 0 but for every natural numbersuch that 1< n and
n< C—1 holds?[n, En, Ent1)-
The schemé&inind deals with natural numbers, B and a unary predicatg, and states that:
For every natural numbersuch thatd <i andi < B holdsPi]
provided the following requirements are met:
e P[4], and
e For every natural numbgrsuch thatZ < j andj < B holds if 2[j], then?[j + 1].
The schemé&inind2 deals with natural number8, B and a unary predicat®, and states that:
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For every natural numbersuch thatq <i andi < B holds?]i]
provided the following conditions are satisfied:
e P[4],and
e Letj be anatural number. Suppage< j andj < B. Suppose that for every natural
numberj’ such thatq < j’ andj’ < j holds?[j’]. Then®[j+1].
The scheméndFinSeqdeals with a sef1, a finite sequence of elements of4, and a unary
predicateP, and states that:
For every natural numbeéisuch that I< i andi < lenB holds?[B(i)]
provided the following conditions are met:
e P[B(1)],and
e For every natural numbersuch that 1< i andi < len8 holds if P[B(i)], then
P[B(i+1)].
The following propositions are true:

(ZH LetL be a unital associative non empty group@ithe an element df, andn, mbe natural
numbers. Then powgfa, n-+m) = poweg (a, n) - powey (a, m).

(3) For every well unital non empty double loop structureolds1, =1, .

Let us observe that there exists a non empty double loop structure which is Abelian, right zeroed,
add-associative, right complementable, unital, well unital, distributive, commutative, associative,
and non trivial.

2. ABOUT FINITE SEQUENCES AND THEFUNCTOR SGMX
Next we state a number of propositions:

(4) Letpbe afinite sequence akde a natural number. Suppdse domp. Leti be a natural
number. If 1< i andi <k, theni € domp.

(5) LetL be a left zeroed right zeroed non empty loop structprée a finite sequence of
elements of the carrier df, andi be a natural number. Suppose domp and for every
natural numbet’ such thai’ € domp andi’ # i holdspy = 0. Theny p= p.

(6) LetL be anadd-associative right zeroed right complementable distributive unital non empty
double loop structure anglbe a finite sequence of elements of the carridr.df there exists
a natural numbeirsuch thai € domp andp; =0, then[] p=0..

(7) LetL be an Abelian add-associative non empty loop strucaube, an element df, andp,
g be finite sequences of elements of the carridr.dbuppose that
(i) lenp=Ilenqg, and

(ii) there exists a natural numbesuch thai € domp andg; = a+ p; and for every natural
numberi’ such thai’ € domp andi’ #i holdsgy = py.

Thenyg=a+73 p.

(8) LetL be a commutative associative hon empty double loop strucilre an element df,
andp, g be finite sequences of elements of the carridr.dbuppose that

(i) lenp=Ilenqg, and

(ii) there exists a natural numbessuch that € domp andg; = a- p; and for every natural
numberi’ such that’ € domp andi’ # i holdsqy = py.

Then[g=a-[]p.

(9) LetX be a setA be an empty subset of, andR be an order irX. If Rlinearly ordersA,
then SgmXR,A) = 0.

1 The proposition (1) has been removed.
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(10) LetX be a setA be a finite subset of, andR be an order irX. SupposeR linearly orders
A. Leti, j be natural numbers. fe domSgmXR,A) and j € domSgmXR, A), then if
(SgMX(R,A))i = (SgmX(R,A));, theni = j.

(11) LetX be a setA be a finite subset o, anda be an element oX. Supposa ¢ A. LetB be
a finite subset oK. Suppos® = {a} UA. Let R be an order irX. SupposeR linearly orders
B. Letk be a natural number. Suppdse domSgmXR,B) and(SgmX(R,B))x = a. Leti be
a natural number. If X i andi < k-1, then(SgmX(R,B))i = (SgmX(R,A));.

(12) LetX be a setA be a finite subset o, anda be an element oX. Supposa ¢ A. LetB be
a finite subset oK. Suppose = {a} UA. Let R be an order irX. SupposeR linearly orders
B. Letk be a natural number. Suppdse dom SgmXR B) and(SgmXR,B))x = a. Leti be
a natural number. Ik <iandi <lenSgmXR,A), then(SgmX(R,B))i+1 = (SgmMX(R A));.

(13) LetX be anonempty sed be afinite subset of, andabe an element of. Supposa ¢ A.
Let B be a finite subset 0f. Suppos® = {a} UA. LetRbe an order irX. Supposd linearly
ordersB. Letk be a natural number. K+ 1 € domSgmXR,B) and (SgmX(R,B) k1 = &,
then SgmXR, B) = Ins(SgmX(R,A), k,a).

3. EVALUATION OF BAGS
The following proposition is true
(14) For every seX and for every badp of X such that suppobt= 0 holdsb = EmptyBagX.

Let X be a set and ldi be a bag oK. We say thab is empty if and only if:
(Def. 1) b= EmptyBagXx.

Let X be a non empty set. Note that there exists a bawhich is non empty.
Let X be a set and ldi be a bag oK. Then suppott is a finite subset oX.
We now state the proposition

or every ordinal numberand for every bag of n holds=,, linearly orders suppol
(15) F dinal b df bag of n holds<, li ly ord ot

Let X be a set, lex be a finite sequence of elementsxgfand letb be a bag oK. Thenb-xis a
partial function fromN to N.

Let n be an ordinal number, ldtbe a bag oh, let L be a non trivial unital non empty double
loop structure, and let be a function frorm into L. The functor evdb, x) yields an element of
and is defined by the condition (Def. 2).

(Def. 2) There exists a finite sequengeof elements of the carrier of such that ley =
len SgmX<n, supporb) and evalb,x) = [y and for every natural numbéisuch that 1< i
andi < leny holdsy; = powey ((x- SgmX(Sy, supporb));, (b- SgmX(S, supporb));).

We now state three propositions:

(16) Letnbe an ordinal numbet, be a non trivial unital non empty double loop structure, and
x be a function frorminto L. Then evalEmptyBagh, x) = 1, .

(17) Letnbe an ordinal numbel, be a unital non trivial non empty double loop structurée
a set, and be a bag oh. If support = {u}, then for every functiorx from n into L holds
eval(b,x) = poweg (x(u), b(u)).

(18) Letnbe an ordinal numbek, be a right zeroed add-associative right complementable unital
distributive Abelian non trivial commutative associative non empty double loop strubture,
b, be bags ofn, andx be a function fromn into L. Then evalb; + by,x) = evalb,x) -
evalby,x).
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4. EVALUATION OF POLYNOMIALS

Let n be an ordinal number, ldt be an add-associative right zeroed right complementable non
empty loop structure, and Igt g be polynomials oh, L. Note thatp — q is finite-Support.
The following proposition is true

(19) LetL be aright zeroed add-associative right complementable unital distributive non trivial
non empty double loop structune be an ordinal number, analbe a polynomial oh, L. If
Supporip = 0, thenp = OyL.

Let n be an ordinal number, lét be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, andolée a polynomial oh, L. One can
verify that Supporp is finite.

Next we state the proposition

(20) Letnbe an ordinal numbet, be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, aride a polynomial oh, L. Then
BagOrden linearly orders Suppop.

Let n be an ordinal number and Ibtbe an element of Bags The functorb! yields a bag oh
and is defined as follows:

(Def.3) b'=h.

Let n be an ordinal number, lét be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure,peie a polynomial of, L, and letx be a
function fromn into L. The functor evdlp, x) yielding an element of is defined by the condition
(Def. 4).

(Def.4) There exists a finite sequence of elements of the carrier ofL such that
leny = len SgmXBagOrden, Supporip) and evalp,x) = Sy and for every natural num-
ber i such that 1< i and i < leny holds y; = (p- SgmX(BagOrden, Supporp)); -
eval ((SgmX(BagOrden, Supporp))i)T, ).

The following propositions are true:

(21) Letn be an ordinal numbel, be a right zeroed add-associative right complementable
unital distributive non trivial non empty double loop structupebe a polynomial of, L,
andb be a bag ofn. If Supportp = {b}, then for every functiorx from n into L holds
eval p,x) = p(b) - evalb,x).

(22) Letnbe an ordinal numbek, be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, ange a function frorm into L.
Then evalO,L,x) = 0.

(23) Letnbe an ordinal numbet, be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, ange a function frorm into L.
Thenevall (n,L),x) =1,.

(24) Letnbe an ordinal numbet, be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structupehe a polynomial of, L, andx be a
function fromninto L. Then eval—p,x) = —eval(p,X).

(25) Letn be an ordinal numbel, be a right zeroed add-associative right complementable
Abelian unital distributive non trivial non empty double loop structyreq be polynomials
of n, L, andx be a function fronm into L. Then evalp+ qg,Xx) = eval p,x) + evalqg, x).

(26) Letn be an ordinal numbel,. be a right zeroed add-associative right complementable
Abelian unital distributive non trivial non empty double loop structyreq be polynomials
of n, L, andx be a function frorm into L. Then evalp— g,Xx) = eval p,x) — evalg, x).
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(27) Letn be an ordinal numbel, be a right zeroed add-associative right complementable
Abelian unital distributive non trivial commutative associative non empty double loop struc-
ture, p, q be polynomials of, L, andx be a function fromn into L. Then evalp*q,x) =
evalp,x) - eval g, x).

5. EVALUATION HOMOMORPHISM

Let n be an ordinal number, Idt be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, andklbe a function frorminto L. The
functor Polynom-Evaluatiam, L, x) yielding a map from Polynom-Ririg,L) into L is defined as
follows:

(Def. 5) For every polynomiab of n, L holds(Polynom-Evaluatiom, L, x))(p) = eval p,X).

Let n be an ordinal number and letbe a right zeroed Abelian add-associative right comple-
mentable well unital distributive associative non trivial non empty double loop structure. One can
check that Polynom-Rin@, L) is well unital.

Let n be an ordinal number, ldt be an Abelian right zeroed add-associative right comple-
mentable well unital distributive associative non trivial non empty double loop structure, and let
be a function froom into L. Note that Polynom-Evaluatidn, L, X) is unity-preserving.

Letnbe an ordinal number, létbe a right zeroed add-associative right complementable Abelian
unital distributive non trivial non empty double loop structure, anc le¢ a function frorminto L.

Note that Polynom-Evaluatign, L, x) is additive.

Letnbe an ordinal number, létbe a right zeroed add-associative right complementable Abelian
unital distributive non trivial commutative associative non empty double loop structure, actodet
a function fromninto L. One can check that Polynom-Evaluatiori, x) is multiplicative.

Letn be an ordinal number, I&tbe a right zeroed add-associative right complementable Abelian
well unital distributive non trivial commutative associative non empty double loop structure, and let
x be a function fromm into L. Observe that Polynom-EvaluatigmL, x) is ring homomorphism.
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