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Summary. Several configuration axioms, which are commonly called in the literature
“Pasch Axioms” are introduced; three of them were investigated by Szmielew and concern
invariantability of the betweenness relation under parallel projections, and two other were
introduced by Tarski. Itis demonstrated that they all are consequences of the trapezium axiom,
adopted to characterize ordered affine spaces.

MML Identifier: PASCH.
WWW: http://mizar.org/JFM/Vol2/pasch.html

The articlesl[l] and 2] provide the notation and terminology for this paper.

We adopt the following conventior®; denotes an ordered affine space and, b, b/, ¢, ¢, d,
di, do, p, P, X, y denote elements @@;.

Let us consideO;. We say thatO; satisfies inner invariancy of betweenness relation under
parallel projections if and only if the condition (Def. 1) is satisfied.

(Def. 1) Letgiverma, b, c, d, p. Suppose ndt (p, b, c) andpis a midpoint ofb, aandL (p,c,d) and
b,c || d,a. Thenpis a midpoint ofc, d.

We introduceO; satisfies inner invariancy of betweenness relation under parallel projections as a
synonym ofO; satisfies inner invariancy of betweenness relation under parallel projections.

Let us conside©;. We say thatD; satisfies outer invariancy of betweenness relation under
parallel projections if and only if the condition (Def. 2) is satisfied.

(Def. 2) Let givena, b, c, d, p. Supposé is a midpoint ofp, c andL (p,a,d) anda,b || ¢,d and
notL (p,a,b). Thenais a midpoint ofp, d.

We introduceO; satisfies outer invariancy of betweenness relation under parallel projections as a
synonym ofO; satisfies outer invariancy of betweenness relation under parallel projections.

Let us conside;. We say thaD; satisfies general invariancy of betweenness relation under
parallel projections if and only if the condition (Def. 3) is satisfied.

(Def. 3) Letgivena, b, c, &, b/, ¢. Suppose not (a,b,a’) anda,a || b,b’ anda,d || c,c’ andbis
a midpoint ofa, candL (&,b/,¢’). Thenb' is a midpoint ofa/, ¢'.

We introduceD; satisfies general invariancy of betweenness relation under parallel projections as a
synonym ofO; satisfies general invariancy of betweenness relation under parallel projections.

Let us conside©;. We say thatO; satisfies outer form of Pasch’ Axiom if and only if the
condition (Def. 4) is satisfied.
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(Def. 4) Letgivena, b, c, d, X, y. Supposé is a midpoint ofa, d andx is a midpoint ofb, c and
notL (a,b,c). Then there existg such tha is a midpoint ofa, c andx is a midpoint ofy, d.

We introduceO; satisfies outer form of Pasch’ Axiom as a synonynQOafsatisfies outer form of
Pasch’ Axiom.

Let us conside©;. We say thatO; satisfies inner form of Pasch’ Axiom if and only if the
condition (Def. 5) is satisfied.

(Def.5) Letgivena, b, ¢, d, x, y. Supposé is a midpoint ofa, d andx is a midpoint ofa, ¢ and
notL (a,b,c). Then there existg such tha is a midpoint ofb, c andy is a midpoint ofx, d.

We introduceO; satisfies inner form of Pasch’ Axiom as a synonynafsatisfies inner form of
Pasch’ Axiom.
Let us consideD1. We say thaD; is Fanoian if and only if the condition (Def. 6) is satisfied.

(Def. 6) Let givena, b, ¢, d. Suppose,b || c,d anda,c || b,d and notL (a,b,c). Then there exists
x such thai is a midpoint ofa, d andx is a midpoint ofb, c.

We introduceO; satisfies Fano Axiom as a synonym@f is Fanoian.
We now state a number of propositions:

(YH If b,p 1 p,candp # c andb # p, then there existd such that, p || p,d anda,b || c,d
andc #d andp # d.

(8) If p,b]| p,candp = c andb # p, then there existd such thatp,a ]| p,d anda,b || c,d
andc #d.

(9) If p,b]] p,candp # b, then there existd such thatp,a || p,d anda,b || c,d.

(llﬁ] If not L(p,a,b) andL (p,b,c) andL (p,a,d;) andL(p,a,dz) anda,b || c,d; anda,b ||
c,dy, thend; = db.

(12) IfnotL(a,b,c) anda,b || c,d; anda,b || ¢,dz anda,c || b,d; anda, c || b,dz, thend; = da.

(13) IfnotL (p,b,c) andpis a midpoint ofb, aandL (p,c,d) andb,c || d,a, thenpis a midpoint
ofc, d.

(14) 0O satisfies inner invariancy of betweenness relation under parallel projections.

(15) Ifbisa midpoint ofp, candL (p,a,d) anda,b || ¢,d and not_ (p,a,b), thenais a midpoint
of p, d.

(16) O satisfies outer invariancy of betweenness relation under parallel projections.

(17) IfnotL(a,b,a) anda, @ || b,b’ anda,a || c,c’ andb is a midpoint ofa, candL (a',b’,c’),
thenb’ is a midpoint ofd/, .

(18) 0Og satisfies general invariancy of betweenness relation under parallel projections.
(19) IfnotL(p,a,b) anda,p| p,& andb,p | p,b’ anda,b || &,b', thena,b || b',a.

(20) IfnotL(p,a,@) andp,all p,bandp,a 1| p,b/ anda,a || b,b’, thena,a || b,b'.

(21) IfnotL(p,a,b) andp,a|| b,candp,b || a,c, thenp,al b,candp,b] a,c.

(22) If cis a midpoint ofp, bandc,d || b,aandp,d || p,aand notL (p,a,b) andp # c, thend
is a midpoint ofp, a.

(23) If dis a midpoint ofp, aandc,d |[ b,aandp,c | p,b and notL (p,a,b) andp # c, thenc
is a midpoint ofp, b.

1 The propositions (1)—(6) have been removed.
2 The proposition (10) has been removed.
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(24) If notL(p,a,b) andp,b ]l p,c andb,a] c,d andL(a, p,d) andp # d, thenp is not a
midpoint ofa, d.

(25) If p,b][ p,candb # p, then there existz such thatp,a ]| p,xandb,a ] c,x.
(26) If cis a midpoint ofp, b, then there exists such thak is a midpoint ofp, aandb,a ] ¢, x.

(27) If p#£Dbandbis a midpoint ofp, ¢, then there exists such that is a midpoint ofp, x and
b,all c,x.

(28) If notL(p,a,b) andcis a midpoint ofp, b, then there exists such thatx is a midpoint of
p,aanda,b |l x,c.

(29) There existg such that, x || b,c anda,b ]| x,c.

(30) Ifa,b]| c,dand notL (a,b,c), then there exists such thai is a midpoint ofa, d andx is
a midpoint ofb, c.

(32f] 0y satisfies Fano Axiom.

(33) Ifab]|c,danda,c || b,dand notL (a,b,c), then there existg such that_(x,a,d) and
L(x,b,c).

(34) If ab || c,d and a,c || b,d and notL(ab,c) and L(p,a,d) and L(p,b,c), then
notL (p,a,b).

(35) Supposé is a midpoint ofa, d andx is a midpoint ofb, c and notL (a,b,c). Then there
existsy such thaty is a midpoint ofa, ¢c andx is a midpoint ofy, d.

(36) O satisfies outer form of Pasch’ Axiom.

(37) Supposé is a midpoint ofa, d andx is a midpoint ofa, ¢ and notL (a,b,c). Then there
existsy such thaty is a midpoint ofb, c andy is a midpoint ofx, d.

(38) Og satisfies inner form of Pasch’ Axiom.
(39) Suppose is a midpoint ofp, b andp,a || p’,a and notL (p,a, p’) andL(p/,a,b’) and
p,p' 1l a,@ andp, p’ || b,b’. Thena' is a midpoint ofp/, b'.
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