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The articles [10], [4], [12], [8], [16], [15], [13], [17], [1], [14], [3], [2], [11], [9], [6], [5], and [7]
provide the notation and terminology for this paper.

1. PRELIMINARIES

Let X, Y be sets and letR, Sbe relations betweenX andY. Let us observe thatR⊆ S if and only if:

(Def. 1) For every elementx of X and for every elementy of Y such that〈〈x, y〉〉 ∈Rholds〈〈x, y〉〉 ∈ S.

For simplicity, we use the following convention:Y denotes a non empty set,a denotes an ele-
ment ofBooleanY, G denotes a subset of PARTITIONS(Y), andP, Q denote partitions ofY.

Let Y be a non empty set and letG be a non empty subset of PARTITIONS(Y). We see that the
element ofG is a partition ofY.

We now state a number of propositions:

(1)
∧

/0PARTITIONS(Y) = O(Y).

(2) For all equivalence relationsR, Sof Y holdsR∪S⊆ R·S.

(3) For every binary relationRonY holdsR⊆ ∇Y.

(4) For every equivalence relationRof Y holds∇Y ·R= ∇Y andR·∇Y = ∇Y.

(5) For every partitionP of Y and for all elementsx, y of Y holds 〈〈x, y〉〉 ∈ ≡P iff x ∈
EqClass(y,P).

(6) Let P, Q, R be partitions ofY. Suppose≡R = ≡P · ≡Q. Let x, y be elements ofY. Then
x∈ EqClass(y,R) if and only if there exists an elementzof Y such thatx∈ EqClass(z,P) and
z∈ EqClass(y,Q).

(7) LetR, Sbe binary relations andY be a set. IfR is reflexive inY andS is reflexive inY, then
R·S is reflexive inY.

(8) For every binary relationRand for every setY such thatR is reflexive inY holdsY⊆ fieldR.

(9) For every setY and for every binary relationR on Y such thatR is reflexive inY holds
Y = fieldR.

(10) For all equivalence relationsR, S of Y such thatR·S= S·R holdsR·S is an equivalence
relation ofY.
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2. BOOLEAN-VALUED FUNCTIONS

The following three propositions are true:

(11) For all elementsa, b of BooleanY such thata b b holds¬b b ¬a.

(13)1 Let a, b be elements ofBooleanY, G be a subset of PARTITIONS(Y), andP be a partition
of Y. If a b b, then∀a,PG b ∀b,PG.

(15)2 Let a, b be elements ofBooleanY, G be a subset of PARTITIONS(Y), andP be a partition
of Y. If a b b, then∃a,PG b ∃b,PG.

3. INDEPENDENTCLASSES OFPARTITIONS

One can prove the following propositions:

(16) If G is independent, then for all subsetsP, Q of PARTITIONS(Y) such thatP⊆ G and
Q⊆G holds≡∧

P ·≡∧
Q =≡∧

Q ·≡∧
P.

(17) If G is independent, then∀∀a,PG,QG = ∀∀a,QG,PG.

(18) If G is independent, then∃∃a,PG,QG = ∃∃a,QG,PG.

(19) Leta be an element ofBooleanY, G be a subset of PARTITIONS(Y), andP, Q be partitions
of Y. If G is independent, then∃∀a,PG,QG b ∀∃a,QG,PG.
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