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Summary. The value of a partial function from a domain to a domain and a inverse
partial function are introduced. The value and inverse function were defined in the article
[A], but new definitions are introduced. The basic properties of the value, the inverse partial
function, the identity partial function, the composition of partial functions, thd partial
function, the restriction of a partial function, the image, the inverse image and the graph are
proved. Constant partial functions are introduced, too.

MML Identifier: PARTFUN2.

WWW: http://mizar.org/JFM/Vol2/partfun2.html

The articlesl[5],[71,[18], 9], [1], [2], [4], [3], and[B] provide the notation and terminology for this
paper.

For simplicity, we adopt the following rules; y, X, Y are setsC, D, E are hon empty set§
is a subset o€, S is a subset 0D, S is a subset OE, ¢, ¢, ¢; are elements df, d is an element
of D, eis an element oE, f, f1, g are partial functions fror@ to D, t is a partial function fronD to
C, sis a partial function fronD to E, h is a partial function fronC to E, andF is a partial function
fromD to D.

We now state several propositions:

(BE] If dom f = domg and for everyc such that € domf holdsf. = g, thenf =g.
(4) yerngf iff there existsc such that € domf andy = f..

(GH h=s- f if and only if the following conditions are satisfied:
(i) foreverycholdsc e domhiff c e domf andf. € doms, and
(i) for everyc such that € domh holdsh; = sg,.

(QE] If c e domf andf; € doms, then(s- f)¢ = st.
(10) Ifrngf C domsandc € domf, then(s- )¢ = s¢,.

Let us consideb and let us conside®,. Then iq32> is a partial function fronD to D.
We now state several propositions:

(12f] F =ids,) iff domF = S, and for everyd such thatl € S, holdsFy = d.
(14f| 1f d € domF NS, thenFy = (F -id(s;))a-

1 The propositions (1) and (2) have been removed.
2 The proposition (5) has been removed.

3 The propositions (7) and (8) have been removed.
4 The proposition (11) has been removed.

5 The proposition (13) has been removed.
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(15) dedom(id, -F)iff d € domF andFy € S.

(16) |If for all c1, ¢z such that; € domf andc, € domf and f;, = f¢, holdsc; = ¢y, thenf is
one-to-one.

(17) If f is one-to-one andl € domf andy € domf andfy = fy, thenx=y.

Let us mention thad is one-to-one.

Let us consideK, Y. Observe that there exists a partial function frignio Y which is one-to-
one.

Let us consideX, Y and letf be an one-to-one partial function frosito Y. Thenf1is a
partial function fromY to X.

One can prove the following propositions:

(18) Letf be an one-to-one partial function frothto D andg be a partial function fronD to
C. Theng = f~1if and only if the following conditions are satisfied:

(i) domg=rngf, and
(i) forall d,choldsd € rngf andc = gq iff c € domf andd = fe.

(22@ For every one-to-one partial functidnfrom C to D such that € domf holdsc = (1),
andc= (f~1-f)e.

(23) For every one-to-one partial functidrnfrom C to D such thatd € rngf holdsd = f(ffl)d
andd = (f-f1)q.

(24) Supposef is one-to-one and dofn= rngt and rngf = domt and for allc, d such that
c € domf andd € domt holds f, = d iff ty = c. Thent = f 1.

(32 g= f[Xiffdomg=domf nX and for everyc such that € domg holdsg. = f..
(34f] 1f cedomfnX, then(fX)c = fe.

(35) Ifcedomf andce X, then(f[X); = fe.

(36) If ce domf andc € X, thenf. € rg(f[X).

Let us conside€, D and let us consideX, f. ThenX|f is a partial function fron€ to D.
Next we state a number of propositions:

(37) g=X]f if and only if the following conditions are satisfied:
(i) foreverycholdsc € domgiff c € domf andf; € X, and
(i)  for everyc such that € domg holdsg; = f..

(38) cedom(X|f)iff ce domf andf. € X.
(39) IfcedomX|f), then(X|f)c= fc.

(40) S = foX iff for every d holdsd € S iff there existsc such that € domf andc € X and
d = fc.

(41) de (f quarelation betweer andD)°X iff there existsc such thatc € domf andc € X
andd = f..

(42) If cedomf,thenf°{c} = {fc}.
(43) If cp € domf andc, € domf, thenf°{ci,co} = {f¢,, fe, }

(44) s = f~Y(X) iff for every c holdsc € S, iff c € domf andf € X.

6 The propositions (19)—(21) have been removed.
" The propositions (25)—-(31) have been removed.
8 The proposition (33) has been removed.
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(46 For everyf there exists a functiogfrom C into D such that for everg such that € domf
holdsg(c) = fe.

(47) f ~ giff for every c such that € domf ndomg holds fc = gc.

In this article we present several logical schemes. The sclrartEuncExDdeals with non
empty setsq, B and a binary predicat@, and states that:
There exists a partial functiohfrom 4 to B such that
(i) for every elemend of 2 holdsd € domf iff there exists an elementof B
such thatP[d, c|, and
(i) for every elemend of 4 such thad € domf holds?[d, f4]
for all values of the parameters.
The scheméambdaPFDdeals with non empty set&, B, a unary functorf yielding an ele-
ment of B, and a unary predicate, and states that:
There exists a partial functioh from 4 to B such that for every elemexnt of 4
holdsd € domf iff 2[d] and for every elemerd of 2 such thatd € domf holds
fag=F(d)
for all values of the parameters.
The schemaJnPartFuncDdeals with non empty setd, B, a setC, and a unary functofF
yielding an element oB, and states that:
Let f, g be partial functions frorn# to B. Suppose that
(i) domf =,
(i) for every element of 4 such that € domf holds fc = F(c),
(i) domg=C, and
(iv) for every element of 4 such that € domg holdsg. = 7 (c).
Thenf =g
for all values of the parameters.
Let us conside€, D and let us conside®;, d. ThenS; — d is a partial function fronC to D.
One can prove the following propositions:

(48) Ifce S, then(S+——d)c=d.
(49) If for everyc such that € domf holds f; = d, thenf = domf — d.
(50) Ifcedomf, thenf (S5+—c)=S+—— fc.
(51) idg) istotaliff S =C.
(52) If S —— distotal, thenS; # 0.
(53) S ——distotaliff S =C.
Let us conside€, D and let us considef, X. We say thaff is a constant oiX if and only if:
(Def. 3@ There existgl such that for everg such that € X ndomf holds f. = d.
Next we state a number of propositions:

(SSE f is a constant oiX iff for all ¢, ¢, such that; € XNndomf andc, € X ndomf holds

fo, = fo,-
(56) If X meets donf, thenf is a constant oiX iff there existsd such that rngf [X) = {d}.
(57) If fisaconstant oX andY C X, thenf is a constant ol.
(58) If X misses donfi, thenf is a constant oiX.

(59) If f|S =dom(f|S)+— d, thenf is a constant 0.

9 The proposition (45) has been removed.
10 The definitions (Def. 1) and (Def. 2) have been removed.
11 The proposition (54) has been removed.
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(60) f is a constant ofx}.

(61) If f is a constant oiX and a constant ovi andX NY meets donf, then f is a constant on
XUY.

(62) If f is a constant olY, thenf [X is a constant oiY.

(63) S +——disaconstant 0%;.

(64) f Cgiffdomf C domgand for everyc such that € domf holds fc = gc.
(65) cedomf andd = f.iff (c,d) € f.

(66) If (c,e) es-f, then(c, f;) € f and(f;, €) €s.

(67) If f ={{c,d)},thenf.=d.

(68) Ifdomf = {c}, thenf = {{(c, fc)}.

(69) If fy = fngandc e domfy, then(fi)c = fc and(f1)c = ge.
(70) Ifcedomf andf; = fug, then(f1)c = fc.

(71) Ifcedomgandf; = fug, then(fi)c = ge.

(72) Ifcedomf;andf; = fug, then(fi)c = fcor (f1)c = gc.
(73) cedomfandce S iff {c, fc) € f|S.

(74) cedomf andf; € Siff {c, fc) € SIf.

(75) ce f7Ys)iff (c, fc) € fandf. € S.

(76) f is a constant oiX iff there existsd such that for everg such that € X ndomf holds
f(c)=d.

(77) fis a constant oiX iff for all ¢4, ¢ such thatt; € XNndomf andc; € X ndomf holds
f(Cl) = f(Cz).

(78) Ifd e f°X, then there exists such that € domf andc € X andd = f(c).
(79) If f is one-to-one, thed € rngf andc = f~1(d) iff c € domf andd = f(c).
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