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Summary. The value of a partial function from a domain to a domain and a inverse
partial function are introduced. The value and inverse function were defined in the article
[1], but new definitions are introduced. The basic properties of the value, the inverse partial
function, the identity partial function, the composition of partial functions, the 1−1 partial
function, the restriction of a partial function, the image, the inverse image and the graph are
proved. Constant partial functions are introduced, too.

MML Identifier: PARTFUN2.

WWW: http://mizar.org/JFM/Vol2/partfun2.html

The articles [5], [7], [8], [9], [1], [2], [4], [3], and [6] provide the notation and terminology for this
paper.

For simplicity, we adopt the following rules:x, y, X, Y are sets,C, D, E are non empty sets,S1

is a subset ofC, S2 is a subset ofD, S3 is a subset ofE, c, c1, c2 are elements ofC, d is an element
of D, e is an element ofE, f , f1, g are partial functions fromC to D, t is a partial function fromD to
C, s is a partial function fromD to E, h is a partial function fromC to E, andF is a partial function
from D to D.

We now state several propositions:

(3)1 If dom f = domg and for everyc such thatc∈ dom f holds fc = gc, then f = g.

(4) y∈ rng f iff there existsc such thatc∈ dom f andy = fc.

(6)2 h = s· f if and only if the following conditions are satisfied:

(i) for everyc holdsc∈ domh iff c∈ dom f and fc ∈ doms, and

(ii) for everyc such thatc∈ domh holdshc = sfc.

(9)3 If c∈ dom f and fc ∈ doms, then(s· f )c = sfc.

(10) If rng f ⊆ doms andc∈ dom f , then(s· f )c = sfc.

Let us considerD and let us considerS2. Then id(S2) is a partial function fromD to D.
We now state several propositions:

(12)4 F = id(S2) iff domF = S2 and for everyd such thatd ∈ S2 holdsFd = d.

(14)5 If d ∈ domF ∩S2, thenFd = (F · id(S2))d.

1 The propositions (1) and (2) have been removed.
2 The proposition (5) has been removed.
3 The propositions (7) and (8) have been removed.
4 The proposition (11) has been removed.
5 The proposition (13) has been removed.
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(15) d ∈ dom(id(S2) ·F) iff d ∈ domF andFd ∈ S2.

(16) If for all c1, c2 such thatc1 ∈ dom f andc2 ∈ dom f and fc1 = fc2 holdsc1 = c2, then f is
one-to-one.

(17) If f is one-to-one andx∈ dom f andy∈ dom f and fx = fy, thenx = y.

Let us mention that/0 is one-to-one.
Let us considerX, Y. Observe that there exists a partial function fromX to Y which is one-to-

one.
Let us considerX, Y and let f be an one-to-one partial function fromX to Y. Then f−1 is a

partial function fromY to X.
One can prove the following propositions:

(18) Let f be an one-to-one partial function fromC to D andg be a partial function fromD to
C. Theng = f−1 if and only if the following conditions are satisfied:

(i) domg = rng f , and

(ii) for all d, c holdsd ∈ rng f andc = gd iff c∈ dom f andd = fc.

(22)6 For every one-to-one partial functionf fromC to D such thatc∈ dom f holdsc= ( f−1) fc
andc = ( f−1 · f )c.

(23) For every one-to-one partial functionf from C to D such thatd ∈ rng f holdsd = f( f−1)d

andd = ( f · f−1)d.

(24) Supposef is one-to-one and domf = rngt and rngf = domt and for allc, d such that
c∈ dom f andd ∈ domt holds fc = d iff td = c. Thent = f−1.

(32)7 g = f �X iff domg = dom f ∩X and for everyc such thatc∈ domg holdsgc = fc.

(34)8 If c∈ dom f ∩X, then( f �X)c = fc.

(35) If c∈ dom f andc∈ X, then( f �X)c = fc.

(36) If c∈ dom f andc∈ X, then fc ∈ rng( f �X).

Let us considerC, D and let us considerX, f . ThenX� f is a partial function fromC to D.
Next we state a number of propositions:

(37) g = X� f if and only if the following conditions are satisfied:

(i) for everyc holdsc∈ domg iff c∈ dom f and fc ∈ X, and

(ii) for everyc such thatc∈ domg holdsgc = fc.

(38) c∈ dom(X� f ) iff c∈ dom f and fc ∈ X.

(39) If c∈ dom(X� f ), then(X� f )c = fc.

(40) S2 = f ◦X iff for every d holdsd ∈ S2 iff there existsc such thatc∈ dom f andc∈ X and
d = fc.

(41) d ∈ ( f qua relation betweenC andD)◦X iff there existsc such thatc∈ dom f andc∈ X
andd = fc.

(42) If c∈ dom f , then f ◦{c}= { fc}.

(43) If c1 ∈ dom f andc2 ∈ dom f , then f ◦{c1,c2}= { fc1, fc2}.

(44) S1 = f−1(X) iff for every c holdsc∈ S1 iff c∈ dom f and fc ∈ X.

6 The propositions (19)–(21) have been removed.
7 The propositions (25)–(31) have been removed.
8 The proposition (33) has been removed.
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(46)9 For everyf there exists a functiong fromC into D such that for everyc such thatc∈ dom f
holdsg(c) = fc.

(47) f ≈ g iff for every c such thatc∈ dom f ∩domg holds fc = gc.

In this article we present several logical schemes. The schemePartFuncExDdeals with non
empty setsA , B and a binary predicateP , and states that:

There exists a partial functionf from A to B such that
(i) for every elementd of A holdsd ∈ dom f iff there exists an elementc of B

such thatP [d,c], and
(ii) for every elementd of A such thatd ∈ dom f holdsP [d, fd]

for all values of the parameters.
The schemeLambdaPFDdeals with non empty setsA , B, a unary functorF yielding an ele-

ment ofB, and a unary predicateP , and states that:
There exists a partial functionf from A to B such that for every elementd of A
holdsd ∈ dom f iff P [d] and for every elementd of A such thatd ∈ dom f holds
fd = F (d)

for all values of the parameters.
The schemeUnPartFuncDdeals with non empty setsA , B, a setC , and a unary functorF

yielding an element ofB, and states that:
Let f , g be partial functions fromA to B. Suppose that

(i) dom f = C ,
(ii) for every elementc of A such thatc∈ dom f holds fc = F (c),

(iii) domg = C , and
(iv) for every elementc of A such thatc∈ domg holdsgc = F (c).

Then f = g
for all values of the parameters.

Let us considerC, D and let us considerS1, d. ThenS1 7−→ d is a partial function fromC to D.
One can prove the following propositions:

(48) If c∈ S1, then(S1 7−→ d)c = d.

(49) If for everyc such thatc∈ dom f holds fc = d, then f = dom f 7−→ d.

(50) If c∈ dom f , then f · (S3 7−→ c) = S3 7−→ fc.

(51) id(S1) is total iff S1 = C.

(52) If S1 7−→ d is total, thenS1 6= /0.

(53) S1 7−→ d is total iff S1 = C.

Let us considerC, D and let us considerf , X. We say thatf is a constant onX if and only if:

(Def. 3)10 There existsd such that for everyc such thatc∈ X∩dom f holds fc = d.

Next we state a number of propositions:

(55)11 f is a constant onX iff for all c1, c2 such thatc1 ∈ X∩dom f andc2 ∈ X∩dom f holds
fc1 = fc2.

(56) If X meets domf , then f is a constant onX iff there existsd such that rng( f �X) = {d}.

(57) If f is a constant onX andY ⊆ X, then f is a constant onY.

(58) If X misses domf , then f is a constant onX.

(59) If f �S1 = dom( f �S1) 7−→ d, then f is a constant onS1.

9 The proposition (45) has been removed.
10 The definitions (Def. 1) and (Def. 2) have been removed.
11 The proposition (54) has been removed.
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(60) f is a constant on{x}.

(61) If f is a constant onX and a constant onY andX∩Y meets domf , then f is a constant on
X∪Y.

(62) If f is a constant onY, then f �X is a constant onY.

(63) S1 7−→ d is a constant onS1.

(64) f ⊆ g iff dom f ⊆ domg and for everyc such thatc∈ dom f holds fc = gc.

(65) c∈ dom f andd = fc iff 〈〈c, d〉〉 ∈ f .

(66) If 〈〈c, e〉〉 ∈ s· f , then〈〈c, fc〉〉 ∈ f and〈〈 fc, e〉〉 ∈ s.

(67) If f = {〈〈c, d〉〉}, then fc = d.

(68) If dom f = {c}, then f = {〈〈c, fc〉〉}.

(69) If f1 = f ∩g andc∈ dom f1, then( f1)c = fc and( f1)c = gc.

(70) If c∈ dom f and f1 = f ∪g, then( f1)c = fc.

(71) If c∈ domg and f1 = f ∪g, then( f1)c = gc.

(72) If c∈ dom f1 and f1 = f ∪g, then( f1)c = fc or ( f1)c = gc.

(73) c∈ dom f andc∈ S1 iff 〈〈c, fc〉〉 ∈ f �S1.

(74) c∈ dom f and fc ∈ S2 iff 〈〈c, fc〉〉 ∈ S2� f .

(75) c∈ f−1(S2) iff 〈〈c, fc〉〉 ∈ f and fc ∈ S2.

(76) f is a constant onX iff there existsd such that for everyc such thatc∈ X∩dom f holds
f (c) = d.

(77) f is a constant onX iff for all c1, c2 such thatc1 ∈ X∩dom f andc2 ∈ X∩dom f holds
f (c1) = f (c2).

(78) If d ∈ f ◦X, then there existsc such thatc∈ dom f andc∈ X andd = f (c).

(79) If f is one-to-one, thend ∈ rng f andc = f−1(d) iff c∈ dom f andd = f (c).
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