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Summary. In the article we define partial functions. We also define the following no-
tions related to partial functions and functions themselves: the empty function, the restriction
of a function to a partial function from a set into a set, the set of all partial functions from a
set into a set, the total functions, the relation of tolerance of two functions and the set of all
total functions which are tolerated by a partial function. Some simple propositions related to
the introduced notions are proved. In the beginning of this article we prove some auxiliary
theorems and schemes related to the articles: [1] and [2].

MML Identifier: PARTFUN1.

WWW: http://mizar.org/JFM/Vol1/partfun1.html

The articles [4], [3], [5], [6], [7], and [1] provide the notation and terminology for this paper.

1. MAIN PART

In this paperx, y, y1, y2, z, z1, z2, P, Q, X, X1, X2, Y, Y1, Y2, V, Z are sets.
The following propositions are true:

(1) If P⊆ [:X1, Y1 :] andQ⊆ [:X2, Y2 :], thenP∪Q⊆ [:X1∪X2, Y1∪Y2 :].

(2) For all functionsf , g such that for everyx such thatx∈ dom f ∩domg holds f (x) = g(x)
there exists a functionh such thatf ∪g = h.

(3) For all functionsf , g, h such thatf ∪g = h and for everyx such thatx ∈ dom f ∩domg
holds f (x) = g(x).

The schemeLambdaCdeals with a setA , a unary functorF yielding a set, a unary functorG
yielding a set, and a unary predicateP , and states that:

There exists a functionf such that domf = A and for everyx such thatx∈ A holds
if P [x], then f (x) = F (x) and if notP [x], then f (x) = G(x)

for all values of the parameters.
Let us note that there exists a function which is empty.
The following proposition is true

(10)1 rng /0 = /0.

Let us considerX, Y. Note that there exists a relation betweenX andY which is function-like.
Let us considerX, Y. A partial function fromX to Y is a function-like relation betweenX and

Y.
One can prove the following propositions:

1 The propositions (4)–(9) have been removed.

1 c© Association of Mizar Users
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(24)2 Every functionf is a partial function from domf to rng f .

(25) For every functionf such that rngf ⊆Y holds f is a partial function from domf to Y.

(26) For every partial functionf from X to Y such thaty∈ rng f there exists an elementx of X
such thatx∈ dom f andy = f (x).

(27) For every partial functionf from X to Y such thatx∈ dom f holds f (x) ∈Y.

(28) For every partial functionf from X to Y such that domf ⊆ Z holds f is a partial function
from Z to Y.

(29) For every partial functionf from X to Y such that rngf ⊆ Z holds f is a partial function
from X to Z.

(30) For every partial functionf from X to Y such thatX ⊆ Z holds f is a partial function from
Z to Y.

(31) For every partial functionf from X to Y such thatY ⊆ Z holds f is a partial function from
X to Z.

(32) For every partial functionf from X1 toY1 such thatX1 ⊆ X2 andY1 ⊆Y2 holds f is a partial
function fromX2 to Y2.

(33) Let f be a function andg be a partial function fromX to Y. If f ⊆ g, then f is a partial
function fromX to Y.

(34) Let f1, f2 be partial functions fromX toY. Suppose domf1 = dom f2 and for every element
x of X such thatx∈ dom f1 holds f1(x) = f2(x). Then f1 = f2.

(35) Let f1, f2 be partial functions from[:X, Y :] to Z. If dom f1 = dom f2 and for allx, y such
that〈〈x, y〉〉 ∈ dom f1 holds f1(〈〈x, y〉〉) = f2(〈〈x, y〉〉), then f1 = f2.

Now we present four schemes. The schemePartFuncExdeals with setsA , B and a binary
predicateP , and states that:

There exists a partial functionf from A to B such that for everyx holdsx∈ dom f
iff x∈A and there existsy such thatP [x,y] and for everyx such thatx∈ dom f holds
P [x, f (x)]

provided the parameters meet the following requirements:
• For allx, y such thatx∈ A andP [x,y] holdsy∈ B, and
• For allx, y1, y2 such thatx∈ A andP [x,y1] andP [x,y2] holdsy1 = y2.

The schemeLambdaRdeals with setsA , B, a unary functorF yielding a set, and a unary
predicateP , and states that:

There exists a partial functionf from A to B such that for everyx holdsx∈ dom f
iff x∈ A andP [x] and for everyx such thatx∈ dom f holds f (x) = F (x)

provided the parameters have the following property:
• For everyx such thatP [x] holdsF (x) ∈ B.

The schemePartFuncEx2deals with setsA , B, C and a ternary predicateP , and states that:
There exists a partial functionf from [:A , B :] to C such that

(i) for all x, y holds〈〈x, y〉〉 ∈ dom f iff x ∈ A andy∈ B and there existsz such
thatP [x,y,z], and
(ii) for all x, y such that〈〈x, y〉〉 ∈ dom f holdsP [x,y, f (〈〈x, y〉〉)]

provided the parameters meet the following conditions:
• For allx, y, z such thatx∈ A andy∈ B andP [x,y,z] holdsz∈ C , and
• For allx, y, z1, z2 such thatx∈A andy∈B andP [x,y,z1] andP [x,y,z2] holdsz1 = z2.

The schemeLambdaR2deals with setsA , B, C , a binary functorF yielding a set, and a binary
predicateP , and states that:

2 The propositions (11)–(23) have been removed.
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There exists a partial functionf from [:A , B :] to C such that for allx, y holds〈〈x,
y〉〉 ∈ dom f iff x∈ A andy∈ B andP [x,y] and for allx, y such that〈〈x, y〉〉 ∈ dom f
holds f (〈〈x, y〉〉) = F (x,y)

provided the following requirement is met:
• For allx, y such thatP [x,y] holdsF (x,y) ∈ C .

Let us considerX, Y, V, Z, let f be a partial function fromX toY, and letg be a partial function
from V to Z. Theng· f is a partial function fromX to Z.

Next we state several propositions:

(36) For every partial functionf from X to Y holds f · idX = f .

(37) For every partial functionf from X to Y holds idY · f = f .

(38) Let f be a partial function fromX to Y. Suppose that for all elementsx1, x2 of X such that
x1 ∈ dom f andx2 ∈ dom f and f (x1) = f (x2) holdsx1 = x2. Then f is one-to-one.

(39) For every partial functionf from X to Y such thatf is one-to-one holdsf−1 is a partial
function fromY to X.

(43)3 For every partial functionf from X to Y holds f �Z is a partial function fromZ to Y.

(44) For every partial functionf from X to Y holds f �Z is a partial function fromX to Y.

Let us considerX, Y, let f be a partial function fromX to Y, and letZ be a set. Thenf �Z is a
partial function fromX to Y.

Next we state a number of propositions:

(45) For every partial functionf from X to Y holdsZ� f is a partial function fromX to Z.

(46) For every partial functionf from X to Y holdsZ� f is a partial function fromX to Y.

(47) For every functionf holdsY� f �X is a partial function fromX to Y.

(49)4 For every partial functionf from X to Y such thaty∈ f ◦X there exists an elementx of X
such thatx∈ dom f andy = f (x).

(51)5 For every partial functionf from X to Y holds f ◦X = rng f .

(53)6 For every partial functionf from X to Y holds f−1(Y) = dom f .

(54) For every partial functionf from /0 to Y holds domf = /0 and rngf = /0.

(55) For every functionf such that domf = /0 holds f is a partial function fromX to Y.

(56) /0 is a partial function fromX to Y.

(57) For every partial functionf from /0 to Y holds f = /0.

(58) For every partial functionf1 from /0 to Y1 and for every partial functionf2 from /0 to Y2

holds f1 = f2.

(59) Every partial function from/0 to Y is one-to-one.

(60) For every partial functionf from /0 to Y holds f ◦P = /0.

(61) For every partial functionf from /0 to Y holds f−1(Q) = /0.

(62) For every partial functionf from X to /0 holds domf = /0 and rngf = /0.

3 The propositions (40)–(42) have been removed.
4 The proposition (48) has been removed.
5 The proposition (50) has been removed.
6 The proposition (52) has been removed.
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(63) For every functionf such that rngf = /0 holds f is a partial function fromX to Y.

(64) For every partial functionf from X to /0 holds f = /0.

(65) For every partial functionf1 from X1 to /0 and for every partial functionf2 from X2 to /0
holds f1 = f2.

(66) Every partial function fromX to /0 is one-to-one.

(67) For every partial functionf from X to /0 holds f ◦P = /0.

(68) For every partial functionf from X to /0 holds f−1(Q) = /0.

(69) For every partial functionf from {x} to Y holds rngf ⊆ { f (x)}.

(70) Every partial function from{x} to Y is one-to-one.

(71) For every partial functionf from {x} to Y holds f ◦P⊆ { f (x)}.

(72) For every functionf such that domf = {x} andx ∈ X and f (x) ∈ Y holds f is a partial
function fromX to Y.

(73) For every partial functionf from X to {y} such thatx∈ dom f holds f (x) = y.

(74) For all partial functionsf1, f2 from X to {y} such that domf1 = dom f2 holds f1 = f2.

Let f be a function and letX, Y be sets. The functorf�X→̇Y yields a partial function fromX to
Y and is defined as follows:

(Def. 3)7 f�X→̇Y = Y� f �X.

The following propositions are true:

(76)8 For every functionf holds f�X→̇Y ⊆ f .

(77) For every functionf holds dom( f�X→̇Y)⊆ dom f and rng( f�X→̇Y)⊆ rng f .

(78) For every functionf holdsx∈ dom( f�X→̇Y) iff x∈ dom f andx∈ X and f (x) ∈Y.

(79) For every functionf such thatx∈ dom f andx∈ X and f (x) ∈Y holds f�X→̇Y(x) = f (x).

(80) For every functionf such thatx∈ dom( f�X→̇Y) holds f�X→̇Y(x) = f (x).

(81) For all functionsf , g such thatf ⊆ g holds f�X→̇Y ⊆ g�X→̇Y.

(82) For every functionf such thatZ⊆ X holds f�Z→̇Y ⊆ f�X→̇Y.

(83) For every functionf such thatZ⊆Y holds f�X→̇Z ⊆ f�X→̇Y.

(84) For every functionf such thatX1 ⊆ X2 andY1 ⊆Y2 holds f�X1→̇Y1 ⊆ f�X2→̇Y2.

(85) For every functionf such that domf ⊆ X and rngf ⊆Y holds f = f�X→̇Y.

(86) For every functionf holds f = f�dom f→̇ rng f .

(87) For every partial functionf from X to Y holds f�X→̇Y = f .

(91)9 /0�X→̇Y = /0.

(92) For all functionsf , g holdsg�Y→̇Z · f�X→̇Y ⊆ (g· f )�X→̇Z.

(93) For all functionsf , g such that rngf ∩domg⊆Y holdsg�Y→̇Z · f�X→̇Y = (g· f )�X→̇Z.

7 The definitions (Def. 1) and (Def. 2) have been removed.
8 The proposition (75) has been removed.
9 The propositions (88)–(90) have been removed.



PARTIAL FUNCTIONS 5

(94) For every functionf such thatf is one-to-one holdsf�X→̇Y is one-to-one.

(95) For every functionf such thatf is one-to-one holds( f�X→̇Y)−1 = ( f−1)�Y→̇X.

(96) For every functionf holds f�X→̇Y�Z = f�X∩Z→̇Y.

(97) For every functionf holdsZ� f�X→̇Y = f�X→̇Z∩Y.

Let us considerX, Y and let f be a relation betweenX andY. We say thatf is total if and only
if:

(Def. 4) domf = X.

Next we state several propositions:

(99)10 For every partial functionf from X to Y such thatf is total andY = /0 holdsX = /0.

(112)11 Every partial function from/0 to Y is total.

(113) For every functionf such thatf�X→̇Y is total holdsX ⊆ dom f .

(114) If /0�X→̇Y is total, thenX = /0.

(115) For every functionf such thatX ⊆ dom f and rngf ⊆Y holds f�X→̇Y is total.

(116) For every functionf such thatf�X→̇Y is total holdsf ◦X ⊆Y.

(117) For every functionf such thatX ⊆ dom f and f ◦X ⊆Y holds f�X→̇Y is total.

Let us considerX, Y. The functorX→̇Y yielding a set is defined by:

(Def. 5) x∈ X→̇Y iff there exists a functionf such thatx = f and domf ⊆ X and rngf ⊆Y.

Let us considerX, Y. Observe thatX→̇Y is non empty.
We now state several propositions:

(119)12 For every partial functionf from X to Y holds f ∈ X→̇Y.

(120) For every setf such thatf ∈ X→̇Y holds f is a partial function fromX to Y.

(121) Every element ofX→̇Y is a partial function fromX to Y.

(122) /0→̇Y = { /0}.

(123) X→̇ /0 = { /0}.

(125)13 If Z⊆ X, thenZ→̇Y ⊆ X→̇Y.

(126) /0→̇Y ⊆ X→̇Y.

(127) If Z⊆Y, thenX→̇Z⊆ X→̇Y.

(128) If X1 ⊆ X2 andY1 ⊆Y2, thenX1→̇Y1 ⊆ X2→̇Y2.

Let f , g be functions. The predicatef ≈ g is defined as follows:

(Def. 6) For everyx such thatx∈ dom f ∩domg holds f (x) = g(x).

Let us notice that the predicatef ≈ g is reflexive and symmetric.
The following propositions are true:

10 The proposition (98) has been removed.
11 The propositions (100)–(111) have been removed.
12 The proposition (118) has been removed.
13 The proposition (124) has been removed.
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(130)14 For all functionsf , g holds f ≈ g iff there exists a functionh such thatf ∪g = h.

(131) For all functionsf , g holds f ≈ g iff there exists a functionh such thatf ⊆ h andg⊆ h.

(132) For all functionsf , gsuch that domf ⊆domgholds f ≈g iff for everyxsuch thatx∈dom f
holds f (x) = g(x).

(135)15 For all functionsf , g such thatf ⊆ g holds f ≈ g.

(136) For all functionsf , g such that domf = domg and f ≈ g holds f = g.

(138)16 For all functionsf , g such that domf misses domg holds f ≈ g.

(139) For all functionsf , g, h such thatf ⊆ h andg⊆ h holds f ≈ g.

(140) For all partial functionsf , g from X toY and for every functionh such thatf ≈ h andg⊆ f
holdsg≈ h.

(141) For every functionf holds /0 ≈ f .

(142) For every functionf holds /0�X→̇Y ≈ f .

(143) For all partial functionsf , g from X to {y} holds f ≈ g.

(144) For every functionf holds f �X ≈ f .

(145) For every functionf holdsY� f ≈ f .

(146) For every functionf holdsY� f �X ≈ f .

(147) For every functionf holds f�X→̇Y ≈ f .

(148) For all partial functionsf , g from X to Y such thatf is total andg is total andf ≈ g holds
f = g.

(158)17 For all partial functionsf , g, h from X toY such thatf ≈ h andg≈ h andh is total holds
f ≈ g.

(162)18 Let f , g be partial functions fromX to Y. Suppose ifY = /0, thenX = /0 and f ≈ g. Then
there exists a partial functionh from X to Y such thath is total andf ≈ h andg≈ h.

Let us considerX, Y and let f be a partial function fromX toY. The functor TotFuncsf yielding
a set is defined as follows:

(Def. 7) x∈ TotFuncsf iff there exists a partial functiong from X toY such thatg = x andg is total
and f ≈ g.

Next we state several propositions:

(168)19 Let f be a partial function fromX toY andg be a set. Ifg∈ TotFuncsf , theng is a partial
function fromX to Y.

(169) For all partial functionsf , g from X to Y such thatg∈ TotFuncsf holdsg is total.

(171)20 For every partial functionf from X toY and for every functiong such thatg∈ TotFuncsf
holds f ≈ g.

(172) For every partial functionf from X to /0 such thatX 6= /0 holds TotFuncsf = /0.

14 The proposition (129) has been removed.
15 The propositions (133) and (134) have been removed.
16 The proposition (137) has been removed.
17 The propositions (149)–(157) have been removed.
18 The propositions (159)–(161) have been removed.
19 The propositions (163)–(167) have been removed.
20 The proposition (170) has been removed.



PARTIAL FUNCTIONS 7

(174)21 For every partial functionf from X to Y holds f is total iff TotFuncsf = { f}.

(175) For every partial functionf from /0 to Y holds TotFuncsf = { f}.

(176) For every partial functionf from /0 to Y holds TotFuncsf = { /0}.

(185)22 For all partial functionsf , g from X to Y such that TotFuncsf meets TotFuncsg holds
f ≈ g.

(186) For all partial functionsf , g from X to Y such that ifY = /0, thenX = /0 and f ≈ g holds
TotFuncsf meets TotFuncsg.

2. APPENDIX

Let us considerX. Observe that there exists a binary relation onX which is total, reflexive, sym-
metric, antisymmetric, and transitive.

Let us observe that every binary relation which is symmetric and transitive is also reflexive.
Let us considerX. Note that idX is symmetric, antisymmetric, and transitive.
Let us considerX. Then idX is a total binary relation onX.
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