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1. PRELIMINARIES

Let Rbe a non empty poset. Note that there exists an order sorted Ratluth is binary relation
yielding.

LetRbe a non empty poset, I&t B be many sorted sets indexed by the carrieRadnd letl; be
a many sorted relation betwe@randB. We say that; is os-compatible if and only if the condition
(Def. 1) is satisfied.

(Def. 1) Lets;, s, be elements oR. Supposes; < . LetX, y be sets. Ik € A(s;) andy € B(s;),
then(x, y) € l1(s1) iff (X, y) € l1(s2).

Let R be a non empty poset and &t B be many sorted sets indexed by the carrieRoNote
that there exists a many sorted relation betw&emdB which is os-compatible.

Let R be a non empty poset and &t B be many sorted sets indexed by the carrieRofAn
order sorted relation &, B is an os-compatible many sorted relation betwaemdB.

The following proposition is true

(1) LetRbe anon empty pose, B be many sorted sets indexed by the carrieRodndO;
be a many sorted relation betwegandB. If O; is os-compatible, the®; is an order sorted
set ofR.

Let Rbe a non empty poset and ketB be many sorted sets indexed Ry One can check that
every many sorted relation betwearandB which is os-compatible is also order-sorted.

Let Rbe a non empty poset and kebe a many sorted set indexed by the carrigRofAn order
sorted relation oA\ is an order sorted relation &f A.

Let Sbe an order sorted signature andUgtbe an order sorted algebra 8f A many sorted
relation indexed byJ; is said to be an order sorted relation&fif:

(Def. 3| Itis os-compatible.

1This work was done during author's research visit in Bialystok, funded by the CALCULEMUS grant
HPRN-CT-2000-00102.
1 The definition (Def. 2) has been removed.
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Let Sbe an order sorted signature andUgtbe an order sorted algebra®&fOne can verify that
there exists an order sorted relationafwhich is equivalence.

Let She an order sorted signature andUgtbe a non-empty order sorted algebreéSoDbserve
that there exists an equivalence order sorted relatidh afhich is MSCongruence-like.

Let Sbe an order sorted signature andUgtbe a non-empty order sorted algebrssofAn order
sorted congruence &f; is a MSCongruence-like equivalence order sorted relatidsy of

LetRbe a non empty poset. The functor PathRegielding an equivalence relation of the carrier
of Ris defined by the condition (Def. 4).

(Def. 4) Letx, ybe sets. Thefx, y) € PathReRif and only if the following conditions are satisfied:
(i) xethe carrier ofR,
(i) yethecarrier oRR, and

(i)  there exists a finite sequengeof elements of the carrier d® such that 1< lenp and
p(1) = xandp(lenp) =y and for every natural numbersuch that 2< n andn < lenp holds
{p(n), p(n—1)) € the internal relation oR or (p(n— 1), p(n)) € the internal relation oR.

The following proposition is true

(2) For every non empty pos&and for all elements;, s, of R such thats; < s, holds (s,
s) € PathReR.

Let Rbe a non empty poset and &t s, be elements oR. The predicats; = s, is defined as
follows:

(Def.5) (s1,s) € PathReR.

Let us notice that the predicase= s; is reflexive and symmetric.
Next we state the proposition

(3) Forevery non empty posBtand for all elements;, s, s3 of Rsuch that; & s, ands, &2 53
holdss; & s3.

Let Rbe a non empty poset. The functor Componéntielding a non empty family of subsets
of Ris defined by:

(Def. 6) Component® = ClassesPathRE

Let Rbe a non empty poset. One can verify that every element of Compdisnm®n empty.
Let Rbe a non empty poset. A componentRis an element of ComponerRs

LetRbe a non empty poset and ktbe an element d®. The functorcsps; yields a component
of Rand is defined by:

(Def. 8F] -csps1 = [Silpatnrer
One can prove the following two propositions:
(4) For every non empty posBtand for every elemers of Rholdss; € -cspst.

(5) For every non empty pos® and for all elements;, s, of R such thats; < s, holds
‘CSpS1 = ‘CSpSe-

Let R be a non empty poset, I&tbe a many sorted set indexed by the carrieRadind letC be
a component oR. A-carrier ofC is defined by:

(Def. 9) A-carrier ofC = [J{A(s);sranges over elements Bf s< C}.

The following proposition is true

2 The definition (Def. 7) has been removed.
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(6) LetRbe a non empty posef be a many sorted set indexed by the carrieRp$ be an
element ofR, andx be a set. Ik € A(s), thenx € A-carrier of-cgps.

Let Rbe a non empty poset. We say tiais locally directed if and only if:
(Def. 10) Every component dkis directed.

One can prove the following three propositions:

(7) For every discrete non empty podetand for all elements, y of R such that(x, y) €
PathReR holdsx =y.

(8) For every discrete non empty podetand for every componer@ of R there exists an
elementx of R such thaC = {x}.

(9) Every discrete non empty poset is locally directed.

Let us mention that there exists a non empty poset which is locally directed.
Let us note that there exists an order sorted signature which is locally directed.
Let us observe that every non empty poset which is discrete is also locally directed.

Let S be a locally directed non empty poset. One can verify that every componehtsof
directed.

Next we state the proposition
(10) 0is an equivalence relation &f

Let Sbe alocally directed order sorted signatureAlée an order sorted algebra®filetE be an
equivalence order sorted relationffand letC be a component & The functor CompClagk,C)
yields an equivalence relation of (the sortsfdfcarrier ofC and is defined as follows:

(Def. 11) For all setg, y holds(x, y) € CompClaséE,C) iff there exists an elemest of Ssuch that
s € Cand(x,y) € E(s1).

Let Sbe a locally directed order sorted signature Adte an order sorted algebra$flet E be
an equivalence order sorted relation®ofand lets; be an element d&. The functor OSClagg,s;)
yielding a subset of Classes CompCl#&Sscsps: ) is defined by:

(Def. 12) For every set holdsz € OSClaséE, s;) iff there exists a set such that € (the sorts of
A) (Sl) andz= [X]CompCIasi,-cspsl)'

Let Sbe a locally directed order sorted signature Adie a non-empty order sorted algebra of

S let E be an equivalence order sorted relatiolApaind lets; be an element 0. One can check
that OSClas&E, s1) is hon empty.

Next we state the proposition

(11) LetSbe a locally directed order sorted signatutebe an order sorted algebra §f E

be an equivalence order sorted relationfpfands;, s, be elements o6 If 5 < s, then
OSClas$E, s1) C OSClaséE, sp).

Let Sbe alocally directed order sorted signature Adte an order sorted algebra$fand lete

be an equivalence order sorted relatiorAofThe functor OSClads yields an order sorted set &f
and is defined as follows:

(Def. 13) For every elemesi of Sholds(OSClas&)(s1) = OSClas$E, s1).

Let Sbe a locally directed order sorted signature Aée a non-empty order sorted algebra&pf
and letE be an equivalence order sorted relatioofOne can verify that OSClagsis hon-empty.

Let Sbe a locally directed order sorted signature Ugtbe a non-empty order sorted algebra
of S let E be an equivalence order sorted relatiorUef let s be an element 0§, and letx be an

element of (the sorts &f;)(s). The functor OSClagg, x) yielding an element of OSClads, s) is
defined as follows:
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(Def. 14) OSClag€, x) = [X]COmpC|aseE,- csp9)”
Next we state three propositions:

(12) LetRbe alocally directed non empty poset ang be elements oR. Given an elemerst
of Rsuch thatz < xandz <y. Then there exists an elemanof R such tha < uandy < u.

(13) LetSbe alocally directed order sorted signatlwepe a non-empty order sorted algebra of
S, E be an equivalence order sorted relatiotJef s be an element of, andx, y be elements
of (the sorts ofJ;)(s). Then OSClagg, x) = OSClas$kE,y) if and only if (x, y) € E(s).

(14) LetSbe alocally directed order sorted signatle,be a non-empty order sorted algebra
of S E be an equivalence order sorted relatiorJaf 51, s, be elements of, andx be an
element of (the sorts &f1)(s1). Suppose; < s,. Lety be an element of (the sorts0f)(sp).

If y=x, then OSClag€, x) = OSClas$E,y).

2. ORDERSORTED QUOTIENT ALGEBRA

In the sequels denotes a locally directed order sorted signature @addnotes an element of the
operation symbols d&.

Let us consides, o, let A be a non-empty order sorted algebraSpiet R be an order sorted
congruence of, and letx be an element of Ards,A). The functorRosxyielding an element of
[1(OSClasf- Arity (0)) is defined by the condition (Def. 15).

(Def. 15) Letn be a natural number. Suppose domArity(0). Then there exists an elemenof
(the sorts ofA) (Arity (0)n) such thaty = x(n) and(RosX(n) = OSClas§R,y).

Let us consides, o, let A be a non-empty order sorted algebreéspénd letR be an order sorted
congruence oA. The functor OSQuotRé€R, 0) yields a function from((the sorts ofA) - (the result
sort ofS))(0) into (OSClasf- the result sort 05)(0) and is defined as follows:

(Def. 16) For every elementof (the sorts ofA)(the result sort 0b) holds(OSQuotRe&R, 0))(x) =
OSClas$R X).

The functor OSQuotArg® o) yields a function from((the sorts ofA)* - the arity of S)(0) into
((OSClas®)* - the arity ofS)(0) and is defined as follows:

(Def. 17) For every elememntof Args(o,A) holds(OSQuotArg$R, 0))(x) = Rosx

Let us consides, let A be a non-empty order sorted algebraSpfind letR be an order sorted
congruence ofA. The functor OSQuotRé&syielding a many sorted function from (the sorts of
A) - (the result sort 0f) into OSClas&- the result sort oSis defined by:

(Def. 18) For every operation symbobf Sholds(OSQuotReR)(0) = OSQuotRe&R, 0).

The functor OSQuotArgR yielding a many sorted function from (the sortsAf* - the arity of S
into (OSClas®)* - the arity ofSis defined by:

(Def. 19) For every operation symbobf Sholds(OSQuotArgR)(0) = OSQuotArg$R, 0).

One can prove the following proposition

(15) LetAbe anon-empty order sorted algebraspR be an order sorted congruencefofand
x be a set. Supposec ((OSClas®)* - the arity ofS)(0). Then there exists an elemembf
Args(o,A) such thak = Rosa

Let us consides§, o, let A be a non-empty order sorted algebreéspénd letR be an order sorted
congruence oA. The functor OSQuotChard®, o) yielding a function from((OSClas®)* - the
arity of S)(0) into (OSClas®- the result sort 05)(0) is defined by:

(Def. 20)  For every elememtof Args(o,A) such thaRosac ((OSClas®)*- the arity ofS)(0) holds
(OSQuotChara¢R, 0))(Rosa = (OSQuotRe&R, 0) - Den(o,A))(a).
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Let us considef, let A be a non-empty order sorted algebreSphind letR be an order sorted
congruence oA. The functor OSQuotCharaRtyields a many sorted function frof®SClas®)* -
the arity ofSinto OSClas&- the result sort o6and is defined as follows:

(Def. 21) For every operation symbobf Sholds(OSQuotCharad?)(0) = OSQuotChara¢R, 0).

Let us consides, letU; be a non-empty order sorted algebraSpand letR be an order sorted
congruence df;. The functor QuotOSAI@Js, R) yields an order sorted algebra®énd is defined
as follows:

(Def. 22) QuotOSAIgU1,R) = (OSClas&, OSQuotCharady).

Let us consideB, letU; be a non-empty order sorted algebreSpand letR be an order sorted
congruence ofJ;. One can check that QuotOSAld, R) is strict and non-empty.

Let us considesS, let U; be a non-empty order sorted algebraSflet R be an order sorted
congruence dfl;, and letsbe an element d&. The functor OSNatHo((;, R s) yielding a function
from (the sorts otJ1)(s) into OSClas&R,s) is defined as follows:

(Def. 23) For every elemeni of (the sorts of Uj)(s) holds (OSNatHonfU1,R s))(x) =
OSClas$R x).

Let us consides, letU; be a non-empty order sorted algebraSpénd letR be an order sorted
congruence ob;. The functor OSNatHoifU1, R) yielding a many sorted function frotd; into
QuotOSAIgUs, R) is defined by:

(Def. 24) For every elemestof Sholds(OSNatHoniU;, R))(s) = OSNatHoniU1, R, s).

One can prove the following propositions:

(16) LetU; be a non-empty order sorted algebraSénd R be an order sorted congruence
of U;. Then OSNatHorfU;,R) is an epimorphism ofJ; onto QuotOSAIgU;,R) and
OSNatHontU1,R) is order-sorted.

(17) LetU1, U2 be non-empty order sorted algebras&nd F be a many sorted function
from U; into Up. Suppose- is a homomorphism of); into U, and order-sorted. Then
Congruencér) is an order sorted congruenceldf.

Let us conside§, letU;, U, be non-empty order sorted algebrasspénd letF be a many sorted
function fromU; into U,. Let us assume th&t is a homomorphism dfl; into U, and order-sorted.
The functor OSCn§ vyields an order sorted congruencdafand is defined by:

(Def. 25) OSCng = Congruencér).

Let us consides, let U, U, be non-empty order sorted algebrasSpfet F be a many sorted
function fromU; into Uy, and lets be an element db. Let us assume th& is a homomorphism of
U; into U, and order-sorted. The functor OSHomQuos) yielding a function from (the sorts of
QuotOSAIgU;,0SCnd-))(s) into (the sorts otJy)(s) is defined by:

(Def. 26) For every elemerntof (the sorts otJ;)(s) holds(OSHomQuotfF, s)) (OSClassOSCnd, X)) =
F(s)(%).
Let us considefS let Uy, U, be non-empty order sorted algebrasSpfand letF be a many

sorted function fronlJ; into U,. The functor OSHomQudt yields a many sorted function from
QuotOSAIgU1,0SCng~) into U, and is defined as follows:

(Def. 27) For every elememstof Sholds(OSHomQuoF )(s) = OSHomQuotF,s).

Next we state three propositions:

(18) LetU1, Uy be non-empty order sorted algebras&nd F be a many sorted function
from U; into Up. Suppose- is a homomorphism of); into U, and order-sorted. Then
OSHomQuoF is a monomorphism of QuotOSAlg:1, OSCnd-) into U, and OSHomQudt
is order-sorted.
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(19) LetU1, Uy be non-empty order sorted algebras®&nd F be a many sorted function
from U; into Up. Suppose- is an epimorphism otJ; onto U, and order-sorted. Then
OSHomQuoF is an isomorphism of QuotOSAlg:,0SCnd~) andUs,.

(20) LetU1, Uo be non-empty order sorted algebrasS&nd F be a many sorted function
from U; into Up. Suppose- is an epimorphism otJ; onto U, and order-sorted. Then
QuotOSAIgU1,0SCngd-) andU; are isomorphic.

Let She an order sorted signature, l&t be a non-empty order sorted algebraspénd letR be

an equivalence order sorted relationlaf We say thaR is monotone if and only if the condition
(Def. 28) is satisfied.

(Def. 28) Letoy, 02 be operation symbols & Suppose; < 0,. Letx; be an element of Ardes,U;)
andx; be an element of Ards,,U;). Suppose that for every natural numlyesuch thaty €

domx; holds(x1(y), X2(y)) € R(Arity (02)y). Then((Den(o1,U1))(x1), (Den(oz,U1))(x2)) €
R(the result sort 06,).

One can prove the following two propositions:

(21) LetSbe an order sorted signature ddgbe a non-empty order sorted algebreSofThen
[the sorts ofJ;, the sorts olJ1]] is an order sorted congruenceldy.

(22) LetSbe an order sorted signatuté, be a non-empty order sorted algebr&pdndR be an
order sorted congruence 0f. If R= [the sorts olJ;, the sorts olJ;]], thenRis monotone.

Let Sbe an order sorted signature andUgtbe a non-empty order sorted algebresoDbserve
that there exists an order sorted congruendg;of/hich is monotone.

Let Sbe an order sorted signature andUetbe a non-empty order sorted algebrgsoNote that
there exists an equivalence order sorted relatiddyofhich is monotone.

Next we state the proposition

(23) LetSbe an order sorted signature dogbe a non-empty order sorted algebreSofThen
every monotone equivalence order sorted relatidda6 MSCongruence-like.

Let Sbe an order sorted signature andUetbe a non-empty order sorted algebrssoNote that
every equivalence order sorted relatiorafwhich is monotone is also MSCongruence-like.
The following proposition is true

(24) LetSbe an order sorted signature ddgbe a monotone non-empty order sorted algebra
of S. Then every order sorted congruencéJgfis monotone.

Let Sbe an order sorted signature andUgtbe a monotone non-empty order sorted algebra of
S. One can check that every order sorted congruenthk &f monotone.

Let us considefs, let U; be a non-empty order sorted algebrafand letR be a monotone
order sorted congruence df. Observe that QuotOSA(Y1,R) is monotone.

Next we state two propositions:

(25) Letgivens, U; be a non-empty order sorted algebr&pdndR be a monotone order sorted
congruence ofJ;. Then QuotOSAI¢J1, R) is a monotone order sorted algebresof

(26) LetU; be a non-empty order sorted algebr&gfl, be a monotone non-empty order sorted
algebra ofS andF be a many sorted function froby into U,. Supposé is a homomorphism
of Uz into U, and order-sorted. Then OSCRds monotone.

Let us consides, let U, U, be non-empty order sorted algebrasSpfet F be a many sorted
function fromU; into Uy, let R be an order sorted congruencelfyf and lets be an element o&.
Let us assume thadt is a homomorphism ofJ; into U, and order-sorted and C OSCnd~. The
functor OSHomQud#F, R, s) yields a function from (the sorts of QuotOSAlgs, R))(s) into (the
sorts ofU,)(s) and is defined as follows:
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(Def. 29) For every elememntof (the sorts ofJ1)(s) holds(OSHomQuofF, R s))(OSClaséR x)) =
F(8)(%).

Let us considerS, let U;, U, be non-empty order sorted algebras Sflet F be a many
sorted function fromJ; into Up, and letR be an order sorted congruenceldf. The functor
OSHomQuotF, R) yields a many sorted function from QuotOSAlf, R) into U, and is defined
as follows:

(Def. 30) For every elemestof Sholds(OSHomQuofF, R))(s) = OSHomQuotF, R, s).

We now state the proposition

(27) LetUq, U, be non-empty order sorted algebrasSpF be a many sorted function froliy
into Uz, andR be an order sorted congruencel&f. Supposd- is a homomorphism afly
into U, and order-sorted arld C OSCnd~. Then OSHomQudF, R) is a homomorphism of
QuotOSAIgU;, R) into Uz and OSHomQudF, R) is order-sorted.
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