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1. PRELIMINARIES

In this papeiSis an order sorted signature.

Let Sbe an order sorted signature andUgtbe an order sorted algebra&f A subset olJg is
called an order sorted generator setgfif:

(Def. 1) For every OSSubsétof Ug such thatD = OSCIit holds the sorts of OSGEén= the sorts
of Uo.

One can prove the following proposition

(1) LetShbe an order sorted signatukdy be a strict non-empty order sorted algebr&odind
A be a subset di)p. ThenA is an order sorted generator setlyf if and only if for every
OSSubse0 of Ug such thatD = OSCIA holds OSGe® = Up.

Let us consides, let Uy be a monotone order sorted algebrespénd letl; be an order sorted
generator set dflp. We say that, is osfree if and only if the condition (Def. 2) is satisfied.

(Def. 2) LetU; be a monotone non-empty order sorted algeb@arfd f be a many sorted function
from I1 into the sorts ofJ;. Then there exists a many sorted functiofiom Ug into U; such
thath is a homomorphism dfly into U; and order-sorted artd| 1, = f.

Let Sbe an order sorted signature andllebe a monotone order sorted algebreSoWe say
thatl; is osfree if and only if:

(Def. 3) There exists an order sorted generator skt which is osfree.

1This work was done during author’s research visit in Bialystok, funded by the CALCULEMUS grant
HPRN-CT-2000-00102.
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2. CONSTRUCTION OFFREE ORDER SORTED ALGEBRAS FORGIVEN SIGNATURE

Let S be an order sorted signature and Xetbe a many sorted set indexed By The functor
OSRELX yields a relation betweelrthe operation symbols & {the carrier ofS} ] U coprod X)
and([:the operation symbols @& {the carrier ofS} ] UJcoprodX))* and is defined by the condi-
tion (Def. 4).

(Def. 4) Letabe an element dfthe operation symbols &, {the carrier ofS} ] UJ coprod X) and
b be an element off: the operation symbols & {the carrier ofS} ] U({JcoprodX))*. Then
(a, b) € OSRELX if and only if the following conditions are satisfied:

(i) ae€[:the operation symbols @, {the carrier ofS} ], and

(i)  for every operation symbob of S such that(o, the carrier ofS) = a holds lerh =
len Arity(0) and for every set such tha € domb holds ifb(x) € [:the operation symbols of
S, {the carrier ofS} ], then for every operation symbo} of Ssuch that{os, the carrier of
S) = b(x) holds the result sort af; < Arity (0)x and ifb(x) € | JcoprodX), then there exists
an element of Ssuch thai < Arity (0)x andb(x) € coprodi, X).

In the sequelS denotes an order sorted signatur¥, denotes a many sorted set
indexed by S o denotes an operation symbol d§ and b denotes an element of
([ the operation symbols & {the carrier ofS} ] U coprodX))*.

We now state the proposition

(2) ({o, the carrier ofS), b) € OSRELX if and only if the following conditions are satisfied:
(i) lenb=lenArity(o), and

(i) for every setxsuch thak € domb holds ifb(x) € [:the operation symbols & {the carrier
of S} ], then for every operation symbol of Ssuch that{o;, the carrier ofS) = b(x) holds
the result sort 0b; < Arity (0)x and ifb(x) € [JcoprodX), then there exists an elemeraf
Ssuch thai < Arity (0)x andb(x) € coprodji, X).

Let Sbe an order sorted signature andXebe a many sorted set indexed 8y The functor
DTConOSAX yields a tree construction structure and is defined by:

(Def.5) DTConOSAX = (:the operation symbols 08, {the carrier of S} U |JcoprodX),
OSRELX).

Let S be an order sorted signature and Xebe a many sorted set indexed By Note that
DTConOSAX is strict and hon empty.
The following proposition is true

(3) LetShbe an order sorted signature axidoe a non-empty many sorted set indexedy
Then the nonterminals of DTConOS®= | the operation symbols @&, {the carrier ofS} ]
and the terminals of DTConOSA= | Jcoprod X).

Let Sbe an order sorted signature andXdbe a non-empty many sorted set indexedbilote
that DTConOSAX has terminals, nonterminals, and useful nonterminals.
We now state the proposition

(4) LetSbe an order sorted signatudé be a non-empty many sorted set indexedshgndt
be a set. Thehe the terminals of DTConOSK if and only if there exists an elemesbf S
and there exists a sesuch tha € X(s) andt = (x, s).

Let Sbe an order sorted signature, ¥ete a non-empty many sorted set indexedshgnd let
o0 be an operation symbol & The functor OSSyifo, X) yields a symbol of DTConOSK and is
defined as follows:

(Def. 6) OSSyno, X) = (o, the carrier ofS).



FREE ORDER SORTED UNIVERSAL ALGEBRA 3

Let Sbe an order sorted signature, }¥etbe a non-empty many sorted set indexedshgnd let

sbe an element o The functor ParsedTerif)$, s) yields a subset of T®TConOSAX) and is
defined by the condition (Def. 7).

(Def. 7) ParsedTerntX,s) = {a;aranges over elements of TBTCoNOSAX): Vs - element ofs Vx:set (S1 <

S A x€ X(s1) A a=the root tree of(x,S1)) V Vo:operation symbol os ({0, the carrier of
S) =a(0) A the result sort 0b < s)}.

Let Sbe an order sorted signature, ¥ebe a non-empty many sorted set indexedshgnd lets
be an element o&. Observe that ParsedTer(ss) is non empty.

Let Sbhe an order sorted signature andXebe a non-empty many sorted set indexedsbirhe
functor ParsedTerm$§yields an order sorted set 8fand is defined by:

(Def. 8) For every elemerstof Sholds(ParsedTerm¥)(s) = ParsedTerm¥,s).

Let Sbe an order sorted signature and Xebe a non-empty many sorted set indexedSy
Observe that ParsedTerXss non-empty.

Next we state four propositions:

(5) LetSbe an order sorted signatud¢,be a non-empty many sorted set indexedshyg be

an operation symbol @8 andx be a set. Supposec ((ParsedTermX)* . the arity ofS)(0).
Thenx is a finite sequence of elements of (T ConOSAX).

(6) LetSbe an order sorted signatudépbe a non-empty many sorted set indexedshy be an
operation symbol of, andp be a finite sequence of elements of(DFConOSAX). Then
p € ((ParsedTermX)* - the arity ofS)(0) if and only if domp = dom Arity(o) and for every
natural numben such than € domp holdsp(n) € ParsedTern{X, Arity (0)n).

(7) LetSbe an order sorted signatudépe a non-empty many sorted set indexedshy be an
operation symbol of, andp be a finite sequence of elements of(DFConOSAX). Then
0SSynfo, X) = the roots ofp if and only if p € ((ParsedTermx)# - the arity ofS)(0).

(8) For every order sorted signatu8and for every non-empty many sorted ¥eindexed by
SholdsJrng ParsedTerm$ = TS(DTConOSAX).

Let S be an order sorted signature, létbe a non-empty many sorted set indexed Sy
and leto be an operation symbol db. The functor PTDenQ, X) yields a function from

((ParsedTermX) - the arity of S)(0) into (ParsedTermX - the result sort of5)(0) and is defined
by:

(Def. 9) For every finite sequengeof elements of TEDTConOSAX) such that OSSy(o, X) =
the roots ofp holds(PTDenOpgo, X))(p) = OSSynio, X)-treg(p).

Let Sbe an order sorted signature and Xebe a non-empty many sorted set indexedSy

The functor PTOpeX yields a many sorted function frorfParsedTerms)# - the arity of S into
ParsedTermX - the result sort o§and is defined as follows:

(Def. 10) For every operation symbobf Sholds(PTOpetX)(0) = PTDenOfgo, X).

Let Sbe an order sorted signature andXelbe a non-empty many sorted set indexedbyhe
functor ParsedTermsOSAyields an order sorted algebra®and is defined by:

(Def. 11) ParsedTermsOSA= (ParsedTerms, PTOpeiX).

Let Sbe an order sorted signature andXebe a non-empty many sorted set indexedsbilote
that ParsedTermsOSAis strict and non-empty.

Let Sbe an order sorted signature, ¥ebe a non-empty many sorted set indexedshgnd leto
be an operation symbol & Then OSSyrto, X) is a nonterminal of DTConOSA.

One can prove the following propositions:
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(9) LetSbe an order sorted signatudé be a non-empty many sorted set indexedshgnds
be an element db. Then (the sorts of ParsedTermsO$As) = {a;a ranges over elements
of TS(DTCoNOSAX): Vs -element ofs Vx:set (S1 <S A X€ X(s1) A a= the root tree ofx,
$1)) V Vo:operation symbol o8 ({O; the carrier ofS) = a(0) A the result sort 0b < 's)}.

(10) LetSbe an order sorted signatupépe a non-empty many sorted set indexedshs, s; be
elements of5, andx be a set. Supposec X(s). Then

(i) theroottree ofx, s) is an element of T TConOSAX),
(i) for every setzholds(z the carrier ofS) £ (the root tree ofx, s))(0), and
(i)  the root tree of(x, s) € (the sorts of ParsedTermsOSA(sy ) iff s< 5.

(11) LetSbe an order sorted signatudé,be a non-empty many sorted set indexedyy be
an element of T®TConOSAX), ando be an operation symbol & Suppose&(0) = (o, the
carrier ofS). Then

(i) there exists a subtree sequenge joinable by OSSyro,X) such thatt =

0OSSyn{o, X)-treep) and OSSyr(o, X) = the roots ofp andp € Args(o, ParsedTermsOSX)
andt = (Den(o,ParsedTermsOSX))(p),

(i) for every elemens, of Sand for every sex holdst # the root tree ofx, sp), and

(iii)  for every element; of Sholdst € (the sorts of ParsedTermsOSA(s, ) iff the result sort
ofo<sg.

(12) LetSbe an order sorted signatube be a hon-empty many sorted set indexedshg; be
a symbol of DTConOSK, andt; be a finite sequence of elements of(DFConOSAX).
Suppose); = the roots ot;. Then

(i) ng € the nonterminals of DTConOSA
(i) my-treglty) € TS(DTConOSAX), and

(i)  there exists an operation symbolof S such thatn; = (o, the carrier ofS) andt; €
Args(o, ParsedTermsOSA) andn;-tregt;) = (Den(o, ParsedTermsOSA))(t;) and for ev-

ery elemens; of Sholdsn;-tregt;) € (the sorts of ParsedTermsOSA(s, ) iff the result sort
ofo<s.

(13) LetShe an order sorted signatube,be a non-empty many sorted set indexedog be
an operation symbol d§, andx be a finite sequence. There Args(o, ParsedTermsOSX)
if and only if the following conditions are satisfied:

(i) xis afinite sequence of elements of(DF'ConOSAX), and
(i) OSSym(o,X) = the roots of.

(14) LetSbe an order sorted signatubé,be a non-empty many sorted set indexedwand
t be an element of T®TConOSAX). Then there exists a sort symb®lof S such that
t € (the sorts of ParsedTermsO3A(s) and for every elemers; of Ssuch that € (the sorts
of ParsedTermsOSX)(s;1) holdss < s;.

Let Sbe an order sorted signature, kthe a non-empty many sorted set indexedwand
lett be an element of T®TConOSAX). The functor LeastSartyields a sort symbol o6 and is
defined by:

(Def. 12) t € (the sorts of ParsedTermsOSA(LeastSort) and for every elemerg; of Ssuch that
t € (the sorts of ParsedTermsOSA(s;) holds LeastSott< s;.

Let She a non empty non void many sorted signature and ket a non-empty algebra ovEBr
An element ofA is an element of ) (the sorts ofd).
One can prove the following propositions:

(15) LetSbe an order sorted signatubé,be a non-empty many sorted set indexedand
X be a set. Thex is an element of ParsedTermsO%Af and only if x is an element of
TS(DTConOSAX).
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(16) LetSbe an order sorted signatubébe a non-empty many sorted set indexedshybe an
element ofS, andx be a set. Ik € (the sorts of ParsedTermsOSA(s), thenx is an element
of TS(DTConOSAX).

(17) LetSbe an order sorted signatubébe a non-empty many sorted set indexedshybe an
element ofS, andx be a set. Supposec X(s). Lett be an element of T®TConOSAX). If
t = the root tree ofx, s), then LeastSott=s.

(18) LetSbe an order sorted signatudépe a non-empty many sorted set indexedshby be an
operation symbol 08, x be an element of Arde, ParsedTermsOSXA), andt be an element
of TS(DTConOSAX). If t = (Den(o, ParsedTermsOSX))(x), then LeastSott= the result
sort ofo.

Let Sbe an order sorted signature, ¥etbe a non-empty many sorted set indexedshgnd let
02 be an operation symbol & Note that Arg$o,, ParsedTermsOSA) is non empty.

Let Sbe a locally directed order sorted signature Xdie a non-empty many sorted set indexed
by S and letx be a finite sequence of elements of(DFConOSAX). The functor LeastSoris
yielding an element of (the carrier 8* is defined by:

(Def. 14@ dom LeastSorts= domx and for every natural numbgrsuch thaty € domx there exists
an element of TS(DTConOSAX) such that = x(y) and(LeastSorts)(y) = LeastSort.

One can prove the following proposition

(19) Let S be a locally directed order sorted signatudé,be a non-empty many sorted
set indexed byS o be an operation symbol of and x be a finite sequence of
elements of TEDTConOSAX). Then LeastSorts < Arity(0) if and only if x €
Args(o, ParsedTermsOSX).

One can verify that there exists a monotone order sorted signature which is locally directed and
regular.

Let Sbe a locally directed regular monotone order sorted signatur¥,tbeta non-empty many
sorted set indexed I, leto be an operation symbol & and letx be a finite sequence of elements
of TS(DTConOSAX). Let us assume that OSSyhBound o, LeastSortg),X) = the roots ofx.
The functormio yielding an element of T®TConOSAX) is defined as follows:

(Def. 15) 10 = OSSyn{LBound(o,LeastSortg), X)-tregx).

Let Sbe a locally directed order sorted signature Xdie a non-empty many sorted set indexed
by S, and lett be a symbol of DTConOSK. Let us assume that there exists a finite sequgnce
such that = p. The functor@(X,t) yielding an operation symbol &is defined by:

(Def. 16) (@(X,t), the carrier ofS) =t.

Let Sbe an order sorted signature, ¥ebe a non-empty many sorted set indexedshgnd lett
be a symbol of DTConOSK. Let us assume thate the terminals of DTConOSX. The functor
[t yielding an element of T®TConOSAX) is defined by:

(Def. 17) [t = the root tree of.

Let S be a locally directed order sorted signature andXebe a non-empty many sorted
set indexed byS. The functor LCongruence yields a monotone order sorted congruence of
ParsedTermsOSA and is defined by:

(Def. 18) For every monotone order sorted congrueriRe of ParsedTermsOSA holds
LCongruencX C R.

Let S be a locally directed order sorted signature andXldie a non-empty many sorted set
indexed byS. The functor FreeOSX yielding a strict non-empty monotone order sorted algebra of
Sis defined by:

1 The definition (Def. 13) has been removed.
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(Def. 19) FreeOSAX = QuotOSAlgParsedTermsOSA, LCongruenc).

Let Sbe an order sorted signature, ¥ebe a non-empty many sorted set indexedshgnd lett
be a symbol of DTConOSX. The functor@t yielding a subset of TS(DTConOSAX), the carrier
of S] is defined by the condition (Def. 20).

(Def. 20) @t = {(the root tree of, s1);s; ranges over elements 8 \/q. giement ofs Vx:set (X € X(S) A
t=(x,s) As<s)}.

Let S be an order sorted signature, ¥t be a non-empty many sorted set indexed by
S let ny be a symbol of DTConOSK, and let x be a finite sequence of elements of
2l TS(DTConOSAX), the carrier ofS] - The functor@(ny,x) yielding a subset of TS(DTConOSAX), the
carrier ofS] is defined by the condition (Def. 21).

(Def. 21) @(ny,x) = {((Den(0p, ParsedTermsOSR))(x), S3); 02 ranges over operation symbols of
S, X2 ranges over elements of Ar@s, ParsedTermsOSA), s; ranges over elements &
Vo, : operation symbol o (N1 = {01, the carrier ofS) A 01 = 0, A lenArity(0;) = lenArity(oz) A
the result sort 0b; < s3 A the result sort 0b2 < s3) A Vi element of (the carrier o+ (0MWg =
domx A /\y:natural number(y€ domx = (XZ(y)v (W3)y) € X(y)))}

Let S be a locally directed order sorted signature andXebe a non-empty many sorted
set indexed byS. The functor PTClasses yielding a function from TEDTConOSAX) into
2l TS(DTConOSAX). the carrier ofS] 5 defined by the conditions (Def. 22).

(Def. 22)(i)) For every symbdlof DTConOSAX such that € the terminals of DTConOSX holds
(PTClasseX)(the root tree of) = @t, and

(i)  for every symboln; of DTConOSAX and for every finite sequendg of elements
of TS(DTConOSAX) such thatn; = the roots oft; holds (PTClasseX)(n;-tregt;)) =
@(ny,PTClasseX -t;).

Next we state four propositions:

(20) LetSbe alocally directed order sorted signatutdye a non-empty many sorted set indexed
by S andt be an element of T®TConOSAX). Then

(i) for every elements of S holdst € (the sorts of ParsedTermsOSA(s) iff (t,s) €
(PTClasseX)(t), and

(i) for every elemens of Sand for every element of TS(DTConOSAX) such that(y, s) €
(PTClasseX)(t) holds{t, s} € (PTClasseX)(y).

(21) LetSbe a locally directed order sorted signatukebe a non-empty many sorted set
indexed byS, t be an element of T®TConOSAX), ands be an element o8 If there
exists an elemeny of TS(DTConOSAX) such that(y, s) € (PTClasseX)(t), then (t,

s) € (PTClasseX)(t).

(22) LetSbe alocally directed order sorted signatutdge a non-empty many sorted set indexed
by S x, y be elements of T®TConOSAX), ands;, s, be elements 08 Supposes; < s
andx € (the sorts of ParsedTermsOSA(s1) andy € (the sorts of ParsedTermsOSA(sy ).
Then(y, s1) € (PTClasseX)(x) if and only if {y, ;) € (PTClasseX)(x).

(23) LetShbe a locally directed order sorted signatuxebe a non-empty many sorted set in-
dexed byS, x, y, z be elements of T®TConOSAX), ands be an element of. If (y,
s) € (PTClasseX)(x) and(z s) € (PTClasseX)(y), then(x, s) € (PTClasseX)(z).

Let S be a locally directed order sorted signature andXebe a non-empty many sorted
set indexed byS. The functor PTCongrueneeyields an equivalence order sorted relation of
ParsedTermsOSXA and is defined by the condition (Def. 23).

(Def. 23) Leti be a set. Supposec the carrier ofS. Then(PTCongruenck)(i) = {{X, y); X ranges
over elements of T®TConOSAX), y ranges over elements of TBTConOSAX): (x,i) €
(PTClasseX)(y)}.
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The following propositions are true:

(24) LetSbe alocally directed order sorted signatutdye a non-empty many sorted set indexed
by S, andx, y, sbe sets. If(x, s) € (PTClasseX)(y), thenx € TS(DTConOSAX) andy €
TS(DTConOSAX) ands € the carrier ofS.

(25) LetSbe alocally directed order sorted signatufdye a non-empty many sorted set indexed
by S C be a component &, andx, y be sets. Thefx, y) € CompClas&TCongruenck,C)
if and only if there exists an elemesit of Ssuch that; € C and(x, s;) € (PTClasseX)(y).

(26) LetShe alocally directed order sorted signatu¢dge a non-empty many sorted set indexed
by S, sbe an element db, andx be an element of (the sorts of ParsedTerms®$A). Then
OSClassPTCongruenck,x) = 1y ((PTClasseX)(x)).

(27) LetSbe a locally directed order sorted signatukebe a non-empty many sorted set
indexed byS, andR be a many sorted relation indexed by ParsedTermsOSFenR =
PTCongruenck if and only if the following conditions are satisfied:

(i) forall elementss;, s, of Sand for every set such thak € X(s;) holds ifs; < sp, then(the
root tree of(x, s1), the root tree ofx, s1)) € R(sp) and for every sey such thatthe root tree
of (X, s1), y) € R(sz) or {y, the root tree ofx, s1)) € R(s) holdss; < s, andy = the root tree
of (x, s1), and

(i) for all operation symbols, 0, of Sand for every elemend of Args(o;1, ParsedTermsOSXA)
and for every elemeng of Args(op, ParsedTermsOSA) and for every elemers; of Sholds
((Den(oy, ParsedTermsOSA))(x1), (Den(oz, ParsedTermsOSK)) (x2)) € R(s3) iff 01 =2 0
and lenArity(01) = len Arity(02) and the result sort a; < s3 and the result sort afy < s3
and there exists an elememj of (the carrier ofS)* such that dorws = domx; and for every
natural numbey such thaty € domws holds(x1(y), X2(y)) € R((W3)y).

(28) LetShbe a locally directed order sorted signature anhte a non-empty many sorted set
indexed byS. Then PTCongruencéis monotone.

Let S be a locally directed order sorted signature andXdie a non-empty many sorted set
indexed byS. Observe that PTCongruenés monotone.

Let S be a locally directed order sorted signature,Xebe a non-empty many sorted set in-
dexed byS, and lets be an element o8 The functor PTVar, X) yields a subset of (the sorts of
ParsedTermsOSXA)(s) and is defined as follows:

(Def. 24) For every setholdsx € PTVargs, X) iff there exists a sed such thata € X(s) andx = the
root tree of(a, s).

Let Sbe a locally directed order sorted signature Xdie a non-empty many sorted set indexed
by S, and letsbe an element d& Note that PTVars, X) is non empty.
Next we state the proposition

(29) LetSbe alocally directed order sorted signatuftdye a non-empty many sorted set indexed
by S, andsbe an element d&. Then PTVarés, X) = {the root tree of; t ranges over symbols
of DTConOSAX : t € the terminals of DTConOSK A ty = s}.

Let S be a locally directed order sorted signature andXldie a non-empty many sorted set
indexed byS. The functor PTVarX yielding a subset of ParsedTermsO%As defined by:

(Def. 25) For every elemestof Sholds(PTVarsX)(s) = PTVargs, X).
One can prove the following proposition

(30) LetSbe a locally directed order sorted signature ante a non-empty many sorted set
indexed byS. Then PTVarX is non-empty.
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Let Sbe a locally directed order sorted signature Xdie a non-empty many sorted set indexed
by S, and lets be an element 08. The functor OSFreeGés) X) yielding a subset of (the sorts of
FreeOSAX)(s) is defined as follows:

(Def. 26) For every set holdsx € OSFreeGefs, X) iff there exists a sea such thata € X(s) and
x = (OSNatHongParsedTermsOSA, LCongruenc))(s)(the root tree ofa, s}).

Let Sbe a locally directed order sorted signature Xdie a non-empty many sorted set indexed
by S and letsbe an element d& One can verify that OSFreeG@nX) is non empty.
Next we state the proposition

(31) Let S be a locally directed order sorted signatur¥ be a non-empty many
sorted set indexed bys, and s be an element ofS  Then OSFreeGénX) =
{(OSNatHonfParsedTermsOSA, LCongruenc&))(s)(the root tree oft);t ranges over
symbols of DTConOSK :t € the terminals of DTConOSK A ty =s}.

Let S be a locally directed order sorted signature andXdie a non-empty many sorted set
indexed byS. The functor OSFreeGeétiyields an order sorted generator set of FreeGS#d is
defined by:

(Def. 27) For every elememstof Sholds(OSFreeGeK)(s) = OSFreeGe(s, X).

The following proposition is true

(32) LetShbe alocally directed order sorted signature ahte a non-empty many sorted set
indexed byS. Then OSFreeGeXiis non-empty.

Let S be a locally directed order sorted signature andXdie a non-empty many sorted set
indexed byS. One can check that OSFreeGéis hon-empty.

Let S be a locally directed order sorted signature,Xebe a non-empty many sorted set in-
dexed byS, let R be an order sorted congruence of ParsedTermaQ3#d lett be an element of
TS(DTConOSAX). The functor OSClag&t) yields an element of OSCla$g LeastSort) and is
defined as follows:

(Def. 28) For every elemerstof Sand for every element of (the sorts of ParsedTermsOSA(s)
such that = x holds OSClagR t) = OSClas$R, x).

Next we state several propositions:

(833) LetSbe a locally directed order sorted signatuxebe a non-empty many sorted set in-
dexed byS, R be an order sorted congruence of ParsedTermsQ3#dt be an element of
TS(DTConOSAX). Thent € OSClas§R,t).

(34) LetSbe alocally directed order sorted signatutdye a non-empty many sorted set indexed
by S sbe an element d, t be an element of T®TConOSAX), andx, x; be sets. Suppose
X € X(s) andt = the root tree ofx, s). Thenx; € OSClas§PTCongruenck,t) if and only if
X1 =1.

(835) LetSbe a locally directed order sorted signatuxebe a non-empty many sorted set in-
dexed byS, Rbe an order sorted congruence of ParsedTermaQ@#dt,, t3 be elements of
TS(DTConOSAX). Thents € OSClaséRtp) if and only if OSClas&R t;) = OSClaséR, t3).

(36) LetSbe alocally directed order sorted signatutdye a non-empty many sorted set indexed
by S Ri, R, be order sorted congruences of ParsedTerms®S#dt be an element of
TS(DTConOSAX). If Ry C Ry, then OSClag®;,t) C OSClaséRy,t).

(37) LetSbe alocally directed order sorted signatutdye a non-empty many sorted set indexed
by S sbe an element d, t be an element of T®TConOSAX), andx, x; be sets. Suppose
x € X(s) andt = the root tree ofx, s). Thenx; € OSClasgéLCongruenc&,t) if and only if
X1 =t.



FREE ORDER SORTED UNIVERSAL ALGEBRA 9

Let Sbe a locally directed order sorted signature Xdie a non-empty many sorted set indexed
by S let A be a non-empty many sorted set indexed by the carri&3, ¢ét F be a many sorted
function from PTVarX into A, and lett be a symbol of DTConOSK. Let us assume thatec the
terminals of DTConOSA. The functorm(F, At) yielding an element dfJ A is defined as follows:

(Def. 29) For every functiorf such thatf = F(t,) holdsTi(F,At) = f(the root tree of).

One can prove the following proposition

(38) LetShbe a locally directed order sorted signatuxebe a non-empty many sorted set in-
dexed byS, U; be a monotone non-empty order sorted algebrg aihd f be a many sorted
function from PTVar«X into the sorts ofJ;. Then there exists a many sorted functiofiom
ParsedTermsOSA into U; such thath is a homomorphism of ParsedTermsO$Anto Uy
and order-sorted artd| PTVarsX = f.

Let S be a locally directed order sorted signature,Xebe a non-empty many sorted set in-
dexed byS, and lets be an element o6. The functor NHRevergs, X) yields a function from
OSFreeGefs, X) into PTVargs, X) and is defined by the condition (Def. 30).

(Def. 30) Lett be a symbol of DTConOSK. Suppos€OSNatHonjParsedTermsOSXA, LCongruence))(s)(the

roottree ot) € OSFreeGefs, X). Then(NHReversés, X)) ((OSNatHonfParsedTermsOSA, LCongruence))(s)(th
root tree oft)) = the root tree of.

Let Sbe a locally directed order sorted signature andXidie a non-empty many sorted set
indexed byS. The functor NHRevers¢ yields a many sorted function from OSFree&eimto
PTVarsX and is defined by:

(Def. 31) For every elemerstof Sholds(NHRevers&)(s) = NHReversés, X).

We now state two propositions:

(39) LetSbe a locally directed order sorted signature ante a non-empty many sorted set
indexed byS. Then OSFreeGeXis osfree.

(40) LetSbe a locally directed order sorted signature ahbde a non-empty many sorted set
indexed byS. Then FreeOSKX is osfree.

Let Sbe a locally directed order sorted signature. Observe that there exists a non-empty mono-
tone order sorted algebra 8fwhich is osfree and strict.

3. MINIMAL TERMS

Let S be a locally directed regular monotone order sorted signature and bet a non-empty
many sorted set indexed & The functor PTMirX yields a function from TEDTConOSAX)
into TS(DTConOSAX) and is defined by the conditions (Def. 32).

(Def. 32)()) For every symbdlof DTConOSAX such that € the terminals of DTConOSX holds
(PTMinX)(the root tree of) = [t, and

(i) for every symboln; of DTConOSAX and for every finite sequendg of elements
of TS(DTConOSAX) such thatn; = the roots oft; holds (PTMinX)(n;-tregt;)) =
TeTMinx-t; (@(X,N1)).

The following propositions are true:

(41) LetSbe a locally directed regular monotone order sorted signakidee a non-empty
many sorted set indexed I8/andt be an element of T®TConOSAX). Then

(i) (PTMinX)(t) € OSClassPTCongruenck,t),
(i) LeastSorfPTMinX)(t) < LeastSort,
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(i)  for every element of Sand for every sex such tha € X(s) andt = the root tree ofx,
s) holds(PTMinX)(t) =t, and

(iv) for every operation symbob of S and for every finite sequendg of elements of
TS(DTConOSAX) such that OSSyfe, X) = the roots oft; andt = OSSyn{o, X)-tree(t;)
holds LeastSortsPTMiX - t; < Arity(0) and OSSyro,X) = the roots of PTMirX -
t; and OSSyrfLBound(o,LeastSortsPTMiiX - t1),X) = the roots of PTMiX -t; and
(PTMinX)(t) = OSSyn{LBound(o, LeastSorts PTMiiX - t1), X)-treg PTMinX - t1).

(42) LetSbe a locally directed regular monotone order sorted signaXifee a non-empty
many sorted set indexed bg andt, t, be elements of T®TConOSAX). |If t; €
OSClassPTCongruenck,t), then(PTMinX)(t2) = (PTMIinX)(t).

(43) LetSbe a locally directed regular monotone order sorted signakidee a non-empty
many sorted set indexed I andty, t3 be elements of T®TConOSAX). Thents €
OSClas$PTCongruencK,ty) if and only if (PTMinX)(t3) = (PTMIinX)(t2).

(44) Let S be a locally directed regular monotone order sorted signatdrdge a non-
empty many sorted set indexed By andt, be an element of T®TConOSAX). Then
(PTMIinX)((PTMinX)(t2)) = (PTMinX)(tz).

(45) LetSbe a locally directed regular monotone order sorted signaXidgee a non-empty

many sorted set indexed b$ R be a monotone equivalence order sorted relation of

ParsedTermsOSXA, andt be an element of T®TConOSAX). Then(t, (PTMIinX)(t))
R(LeastSort).

(46) LetSbe a locally directed regular monotone order sorted signakidee a non-empty

many sorted set indexed I andR be a monotone equivalence order sorted relation of

ParsedTermsOSA. Then PTCongruencé C R.

(47) LetSbe a locally directed regular monotone order sorted signaturXamla non-empty
many sorted set indexed I8/ Then LCongruencé = PTCongruenck.

Let Sbe a locally directed regular monotone order sorted signature axdbeta non-empty
many sorted set indexed I8/ An element of TEBDTConOSAX) is called a minimal term o, X
if:

(Def. 33) (PTMinX)(it) = it.

Let Sbe a locally directed regular monotone order sorted signature aixdbdeta non-empty
many sorted set indexed I8/ The functor MinTermX yielding a subset of T®TConOSAX) is
defined by:

(Def. 34) MinTermsX = rng PTMinX.

The following proposition is true

(48) LetSbe a locally directed regular monotone order sorted signakXidee a non-empty
many sorted set indexed I8/ andx be a set. Ther is a minimal term ofS, X if and only if
X € MinTermsX.
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