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1. PRELIMINARIES

In this paperS is an order sorted signature.
Let Sbe an order sorted signature and letU0 be an order sorted algebra ofS. A subset ofU0 is

called an order sorted generator set ofU0 if:

(Def. 1) For every OSSubsetO of U0 such thatO = OSCl it holds the sorts of OSGenO = the sorts
of U0.

One can prove the following proposition

(1) Let Sbe an order sorted signature,U0 be a strict non-empty order sorted algebra ofS, and
A be a subset ofU0. ThenA is an order sorted generator set ofU0 if and only if for every
OSSubsetO of U0 such thatO = OSClA holds OSGenO = U0.

Let us considerS, let U0 be a monotone order sorted algebra ofS, and letI1 be an order sorted
generator set ofU0. We say thatI1 is osfree if and only if the condition (Def. 2) is satisfied.

(Def. 2) LetU1 be a monotone non-empty order sorted algebra ofSand f be a many sorted function
from I1 into the sorts ofU1. Then there exists a many sorted functionh from U0 into U1 such
thath is a homomorphism ofU0 into U1 and order-sorted andh � I1 = f .

Let S be an order sorted signature and letI1 be a monotone order sorted algebra ofS. We say
thatI1 is osfree if and only if:

(Def. 3) There exists an order sorted generator set ofI1 which is osfree.

1This work was done during author’s research visit in Bialystok, funded by the CALCULEMUS grant
HPRN-CT-2000-00102.
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2. CONSTRUCTION OFFREE ORDER SORTED ALGEBRAS FORGIVEN SIGNATURE

Let S be an order sorted signature and letX be a many sorted set indexed byS. The functor
OSRELX yields a relation between[: the operation symbols ofS, {the carrier ofS} :]∪

⋃
coprod(X)

and([: the operation symbols ofS, {the carrier ofS} :]∪
⋃

coprod(X))∗ and is defined by the condi-
tion (Def. 4).

(Def. 4) Leta be an element of[: the operation symbols ofS, {the carrier ofS} :]∪
⋃

coprod(X) and
b be an element of([: the operation symbols ofS, {the carrier ofS} :]∪

⋃
coprod(X))∗. Then

〈〈a, b〉〉 ∈OSRELX if and only if the following conditions are satisfied:

(i) a∈ [: the operation symbols ofS, {the carrier ofS} :], and

(ii) for every operation symbolo of S such that〈〈o, the carrier ofS〉〉 = a holds lenb =
lenArity(o) and for every setx such thatx∈ domb holds ifb(x) ∈ [: the operation symbols of
S, {the carrier ofS} :], then for every operation symbolo1 of S such that〈〈o1, the carrier of
S〉〉= b(x) holds the result sort ofo1 ≤ Arity(o)x and if b(x) ∈

⋃
coprod(X), then there exists

an elementi of Ssuch thati ≤ Arity(o)x andb(x) ∈ coprod(i,X).

In the sequel S denotes an order sorted signature,X denotes a many sorted set
indexed by S, o denotes an operation symbol ofS, and b denotes an element of
([: the operation symbols ofS, {the carrier ofS} :]∪

⋃
coprod(X))∗.

We now state the proposition

(2) 〈〈〈〈o, the carrier ofS〉〉, b〉〉 ∈OSRELX if and only if the following conditions are satisfied:

(i) lenb = lenArity(o), and

(ii) for every setx such thatx∈ domb holds ifb(x)∈ [: the operation symbols ofS, {the carrier
of S} :], then for every operation symbolo1 of Ssuch that〈〈o1, the carrier ofS〉〉 = b(x) holds
the result sort ofo1 ≤ Arity(o)x and if b(x) ∈

⋃
coprod(X), then there exists an elementi of

Ssuch thati ≤ Arity(o)x andb(x) ∈ coprod(i,X).

Let S be an order sorted signature and letX be a many sorted set indexed byS. The functor
DTConOSAX yields a tree construction structure and is defined by:

(Def. 5) DTConOSAX = 〈[: the operation symbols ofS, {the carrier of S} :] ∪
⋃

coprod(X),
OSRELX〉.

Let S be an order sorted signature and letX be a many sorted set indexed byS. Note that
DTConOSAX is strict and non empty.

The following proposition is true

(3) Let S be an order sorted signature andX be a non-empty many sorted set indexed byS.
Then the nonterminals of DTConOSAX = [: the operation symbols ofS, {the carrier ofS} :]
and the terminals of DTConOSAX =

⋃
coprod(X).

Let Sbe an order sorted signature and letX be a non-empty many sorted set indexed byS. Note
that DTConOSAX has terminals, nonterminals, and useful nonterminals.

We now state the proposition

(4) Let Sbe an order sorted signature,X be a non-empty many sorted set indexed byS, andt
be a set. Thent ∈ the terminals of DTConOSAX if and only if there exists an elements of S
and there exists a setx such thatx∈ X(s) andt = 〈〈x, s〉〉.

Let Sbe an order sorted signature, letX be a non-empty many sorted set indexed byS, and let
o be an operation symbol ofS. The functor OSSym(o,X) yields a symbol of DTConOSAX and is
defined as follows:

(Def. 6) OSSym(o,X) = 〈〈o, the carrier ofS〉〉.



FREE ORDER SORTED UNIVERSAL ALGEBRA 3

Let Sbe an order sorted signature, letX be a non-empty many sorted set indexed byS, and let
s be an element ofS. The functor ParsedTerms(X,s) yields a subset of TS(DTConOSAX) and is
defined by the condition (Def. 7).

(Def. 7) ParsedTerms(X,s)= {a;a ranges over elements of TS(DTConOSAX):
∨

s1 :element ofS
∨

x:set(s1≤
s ∧ x ∈ X(s1) ∧ a = the root tree of〈〈x, s1〉〉) ∨

∨
o:operation symbol ofS (〈〈o, the carrier of

S〉〉= a( /0) ∧ the result sort ofo≤ s)}.

Let Sbe an order sorted signature, letX be a non-empty many sorted set indexed byS, and lets
be an element ofS. Observe that ParsedTerms(X,s) is non empty.

Let Sbe an order sorted signature and letX be a non-empty many sorted set indexed byS. The
functor ParsedTermsX yields an order sorted set ofSand is defined by:

(Def. 8) For every elements of Sholds(ParsedTermsX)(s) = ParsedTerms(X,s).

Let S be an order sorted signature and letX be a non-empty many sorted set indexed byS.
Observe that ParsedTermsX is non-empty.

Next we state four propositions:

(5) Let Sbe an order sorted signature,X be a non-empty many sorted set indexed byS, o be
an operation symbol ofS, andx be a set. Supposex∈ ((ParsedTermsX)# · the arity ofS)(o).
Thenx is a finite sequence of elements of TS(DTConOSAX).

(6) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, o be an
operation symbol ofS, andp be a finite sequence of elements of TS(DTConOSAX). Then
p∈ ((ParsedTermsX)# · the arity ofS)(o) if and only if domp = domArity(o) and for every
natural numbern such thatn∈ domp holdsp(n) ∈ ParsedTerms(X,Arity(o)n).

(7) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, o be an
operation symbol ofS, andp be a finite sequence of elements of TS(DTConOSAX). Then
OSSym(o,X)⇒ the roots ofp if and only if p∈ ((ParsedTermsX)# · the arity ofS)(o).

(8) For every order sorted signatureSand for every non-empty many sorted setX indexed by
Sholds

⋃
rngParsedTermsX = TS(DTConOSAX).

Let S be an order sorted signature, letX be a non-empty many sorted set indexed byS,
and let o be an operation symbol ofS. The functor PTDenOp(o,X) yields a function from
((ParsedTermsX)# · the arity ofS)(o) into (ParsedTermsX · the result sort ofS)(o) and is defined
by:

(Def. 9) For every finite sequencep of elements of TS(DTConOSAX) such that OSSym(o,X) ⇒
the roots ofp holds(PTDenOp(o,X))(p) = OSSym(o,X)-tree(p).

Let S be an order sorted signature and letX be a non-empty many sorted set indexed byS.
The functor PTOperX yields a many sorted function from(ParsedTermsX)# · the arity ofS into
ParsedTermsX · the result sort ofSand is defined as follows:

(Def. 10) For every operation symbolo of Sholds(PTOperX)(o) = PTDenOp(o,X).

Let Sbe an order sorted signature and letX be a non-empty many sorted set indexed byS. The
functor ParsedTermsOSAX yields an order sorted algebra ofSand is defined by:

(Def. 11) ParsedTermsOSAX = 〈ParsedTermsX,PTOperX〉.

Let Sbe an order sorted signature and letX be a non-empty many sorted set indexed byS. Note
that ParsedTermsOSAX is strict and non-empty.

Let Sbe an order sorted signature, letX be a non-empty many sorted set indexed byS, and leto
be an operation symbol ofS. Then OSSym(o,X) is a nonterminal of DTConOSAX.

One can prove the following propositions:
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(9) Let Sbe an order sorted signature,X be a non-empty many sorted set indexed byS, ands
be an element ofS. Then (the sorts of ParsedTermsOSAX)(s) = {a;a ranges over elements
of TS(DTConOSAX):

∨
s1 :element ofS

∨
x:set (s1 ≤ s ∧ x∈ X(s1) ∧ a = the root tree of〈〈x,

s1〉〉) ∨
∨

o:operation symbol ofS (〈〈o, the carrier ofS〉〉= a( /0) ∧ the result sort ofo≤ s)}.

(10) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, s, s1 be
elements ofS, andx be a set. Supposex∈ X(s). Then

(i) the root tree of〈〈x, s〉〉 is an element of TS(DTConOSAX),

(ii) for every setz holds〈〈z, the carrier ofS〉〉 6= (the root tree of〈〈x, s〉〉)( /0), and

(iii) the root tree of〈〈x, s〉〉 ∈ (the sorts of ParsedTermsOSAX)(s1) iff s≤ s1.

(11) LetS be an order sorted signature,X be a non-empty many sorted set indexed byS, t be
an element of TS(DTConOSAX), ando be an operation symbol ofS. Supposet( /0) = 〈〈o, the
carrier ofS〉〉. Then

(i) there exists a subtree sequencep joinable by OSSym(o,X) such that t =
OSSym(o,X)-tree(p) and OSSym(o,X)⇒ the roots ofpandp∈Args(o,ParsedTermsOSAX)
andt = (Den(o,ParsedTermsOSAX))(p),

(ii) for every elements2 of Sand for every setx holdst 6= the root tree of〈〈x, s2〉〉, and

(iii) for every elements1 of Sholdst ∈ (the sorts of ParsedTermsOSAX)(s1) iff the result sort
of o≤ s1.

(12) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, n1 be
a symbol of DTConOSAX, and t1 be a finite sequence of elements of TS(DTConOSAX).
Supposen1 ⇒ the roots oft1. Then

(i) n1 ∈ the nonterminals of DTConOSAX,

(ii) n1-tree(t1) ∈ TS(DTConOSAX), and

(iii) there exists an operation symbolo of S such thatn1 = 〈〈o, the carrier ofS〉〉 and t1 ∈
Args(o,ParsedTermsOSAX) andn1-tree(t1) = (Den(o,ParsedTermsOSAX))(t1) and for ev-
ery elements1 of Sholdsn1-tree(t1) ∈ (the sorts of ParsedTermsOSAX)(s1) iff the result sort
of o≤ s1.

(13) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, o be
an operation symbol ofS, andx be a finite sequence. Thenx∈ Args(o,ParsedTermsOSAX)
if and only if the following conditions are satisfied:

(i) x is a finite sequence of elements of TS(DTConOSAX), and

(ii) OSSym(o,X)⇒ the roots ofx.

(14) Let S be an order sorted signature,X be a non-empty many sorted set indexed byS, and
t be an element of TS(DTConOSAX). Then there exists a sort symbols of S such that
t ∈ (the sorts of ParsedTermsOSAX)(s) and for every elements1 of Ssuch thatt ∈ (the sorts
of ParsedTermsOSAX)(s1) holdss≤ s1.

Let S be an order sorted signature, letX be a non-empty many sorted set indexed byS, and
let t be an element of TS(DTConOSAX). The functor LeastSortt yields a sort symbol ofSand is
defined by:

(Def. 12) t ∈ (the sorts of ParsedTermsOSAX)(LeastSortt) and for every elements1 of Ssuch that
t ∈ (the sorts of ParsedTermsOSAX)(s1) holds LeastSortt ≤ s1.

Let Sbe a non empty non void many sorted signature and letA be a non-empty algebra overS.
An element ofA is an element of

⋃
(the sorts ofA).

One can prove the following propositions:

(15) Let S be an order sorted signature,X be a non-empty many sorted set indexed byS, and
x be a set. Thenx is an element of ParsedTermsOSAX if and only if x is an element of
TS(DTConOSAX).
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(16) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, sbe an
element ofS, andx be a set. Ifx∈ (the sorts of ParsedTermsOSAX)(s), thenx is an element
of TS(DTConOSAX).

(17) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, sbe an
element ofS, andx be a set. Supposex∈ X(s). Let t be an element of TS(DTConOSAX). If
t = the root tree of〈〈x, s〉〉, then LeastSortt = s.

(18) LetSbe an order sorted signature,X be a non-empty many sorted set indexed byS, o be an
operation symbol ofS, x be an element of Args(o,ParsedTermsOSAX), andt be an element
of TS(DTConOSAX). If t = (Den(o,ParsedTermsOSAX))(x), then LeastSortt = the result
sort ofo.

Let Sbe an order sorted signature, letX be a non-empty many sorted set indexed byS, and let
o2 be an operation symbol ofS. Note that Args(o2,ParsedTermsOSAX) is non empty.

Let Sbe a locally directed order sorted signature, letX be a non-empty many sorted set indexed
by S, and letx be a finite sequence of elements of TS(DTConOSAX). The functor LeastSortsx
yielding an element of (the carrier ofS)∗ is defined by:

(Def. 14)1 domLeastSortsx = domx and for every natural numbery such thaty∈ domx there exists
an elementt of TS(DTConOSAX) such thatt = x(y) and(LeastSortsx)(y) = LeastSortt.

One can prove the following proposition

(19) Let S be a locally directed order sorted signature,X be a non-empty many sorted
set indexed byS, o be an operation symbol ofS, and x be a finite sequence of
elements of TS(DTConOSAX). Then LeastSortsx ≤ Arity(o) if and only if x ∈
Args(o,ParsedTermsOSAX).

One can verify that there exists a monotone order sorted signature which is locally directed and
regular.

Let Sbe a locally directed regular monotone order sorted signature, letX be a non-empty many
sorted set indexed byS, let o be an operation symbol ofS, and letx be a finite sequence of elements
of TS(DTConOSAX). Let us assume that OSSym(LBound(o,LeastSortsx),X) ⇒ the roots ofx.
The functorπxo yielding an element of TS(DTConOSAX) is defined as follows:

(Def. 15) πxo = OSSym(LBound(o,LeastSortsx),X)-tree(x).

Let Sbe a locally directed order sorted signature, letX be a non-empty many sorted set indexed
by S, and lett be a symbol of DTConOSAX. Let us assume that there exists a finite sequencep
such thatt ⇒ p. The functor@(X, t) yielding an operation symbol ofS is defined by:

(Def. 16) 〈〈@(X, t), the carrier ofS〉〉= t.

Let Sbe an order sorted signature, letX be a non-empty many sorted set indexed byS, and lett
be a symbol of DTConOSAX. Let us assume thatt ∈ the terminals of DTConOSAX. The functor
∏ t yielding an element of TS(DTConOSAX) is defined by:

(Def. 17) ∏ t = the root tree oft.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted
set indexed byS. The functor LCongruenceX yields a monotone order sorted congruence of
ParsedTermsOSAX and is defined by:

(Def. 18) For every monotone order sorted congruenceR of ParsedTermsOSAX holds
LCongruenceX ⊆ R.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted set
indexed byS. The functor FreeOSAX yielding a strict non-empty monotone order sorted algebra of
S is defined by:

1 The definition (Def. 13) has been removed.
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(Def. 19) FreeOSAX = QuotOSAlg(ParsedTermsOSAX,LCongruenceX).

Let Sbe an order sorted signature, letX be a non-empty many sorted set indexed byS, and lett
be a symbol of DTConOSAX. The functor@t yielding a subset of[:TS(DTConOSAX), the carrier
of S:] is defined by the condition (Def. 20).

(Def. 20) @t = {〈〈the root tree oft, s1〉〉;s1 ranges over elements ofS:
∨

s:element ofS
∨

x:set(x∈X(s) ∧
t = 〈〈x, s〉〉 ∧ s≤ s1)}.

Let S be an order sorted signature, letX be a non-empty many sorted set indexed by
S, let n1 be a symbol of DTConOSAX, and let x be a finite sequence of elements of
2[:TS(DTConOSAX), the carrier ofS:]. The functor@(n1,x) yielding a subset of[:TS(DTConOSAX), the
carrier ofS:] is defined by the condition (Def. 21).

(Def. 21) @(n1,x) = {〈〈(Den(o2,ParsedTermsOSAX))(x2), s3〉〉;o2 ranges over operation symbols of
S, x2 ranges over elements of Args(o2,ParsedTermsOSAX), s3 ranges over elements ofS:∨

o1 :operation symbol ofS (n1 = 〈〈o1, the carrier ofS〉〉 ∧ o1
∼= o2 ∧ lenArity(o1) = lenArity(o2) ∧

the result sort ofo1≤ s3 ∧ the result sort ofo2≤ s3) ∧
∨

w3 :element of (the carrier ofS)∗ (domw3 =
domx ∧

∧
y:natural number(y∈ domx ⇒ 〈〈x2(y), (w3)y〉〉 ∈ x(y)))}.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted
set indexed byS. The functor PTClassesX yielding a function from TS(DTConOSAX) into
2[:TS(DTConOSAX), the carrier ofS:] is defined by the conditions (Def. 22).

(Def. 22)(i) For every symbolt of DTConOSAX such thatt ∈ the terminals of DTConOSAX holds
(PTClassesX)(the root tree oft) = @t, and

(ii) for every symbol n1 of DTConOSAX and for every finite sequencet1 of elements
of TS(DTConOSAX) such thatn1 ⇒ the roots oft1 holds (PTClassesX)(n1-tree(t1)) =
@(n1,PTClassesX · t1).

Next we state four propositions:

(20) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, andt be an element of TS(DTConOSAX). Then

(i) for every elements of S holds t ∈ (the sorts of ParsedTermsOSAX)(s) iff 〈〈t, s〉〉 ∈
(PTClassesX)(t), and

(ii) for every elements of Sand for every elementy of TS(DTConOSAX) such that〈〈y, s〉〉 ∈
(PTClassesX)(t) holds〈〈t, s〉〉 ∈ (PTClassesX)(y).

(21) Let S be a locally directed order sorted signature,X be a non-empty many sorted set
indexed byS, t be an element of TS(DTConOSAX), ands be an element ofS. If there
exists an elementy of TS(DTConOSAX) such that〈〈y, s〉〉 ∈ (PTClassesX)(t), then 〈〈t,
s〉〉 ∈ (PTClassesX)(t).

(22) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, x, y be elements of TS(DTConOSAX), ands1, s2 be elements ofS. Supposes1 ≤ s2

andx∈ (the sorts of ParsedTermsOSAX)(s1) andy∈ (the sorts of ParsedTermsOSAX)(s1).
Then〈〈y, s1〉〉 ∈ (PTClassesX)(x) if and only if 〈〈y, s2〉〉 ∈ (PTClassesX)(x).

(23) Let S be a locally directed order sorted signature,X be a non-empty many sorted set in-
dexed byS, x, y, z be elements of TS(DTConOSAX), and s be an element ofS. If 〈〈y,
s〉〉 ∈ (PTClassesX)(x) and〈〈z, s〉〉 ∈ (PTClassesX)(y), then〈〈x, s〉〉 ∈ (PTClassesX)(z).

Let S be a locally directed order sorted signature and letX be a non-empty many sorted
set indexed byS. The functor PTCongruenceX yields an equivalence order sorted relation of
ParsedTermsOSAX and is defined by the condition (Def. 23).

(Def. 23) Leti be a set. Supposei ∈ the carrier ofS. Then(PTCongruenceX)(i) = {〈〈x, y〉〉;x ranges
over elements of TS(DTConOSAX), y ranges over elements of TS(DTConOSAX): 〈〈x, i〉〉 ∈
(PTClassesX)(y)}.
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The following propositions are true:

(24) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, andx, y, s be sets. If〈〈x, s〉〉 ∈ (PTClassesX)(y), thenx ∈ TS(DTConOSAX) andy∈
TS(DTConOSAX) ands∈ the carrier ofS.

(25) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, C be a component ofS, andx, y be sets. Then〈〈x, y〉〉 ∈CompClass(PTCongruenceX,C)
if and only if there exists an elements1 of Ssuch thats1 ∈C and〈〈x, s1〉〉 ∈ (PTClassesX)(y).

(26) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, sbe an element ofS, andx be an element of (the sorts of ParsedTermsOSAX)(s). Then
OSClass(PTCongruenceX,x) = π1((PTClassesX)(x)).

(27) Let S be a locally directed order sorted signature,X be a non-empty many sorted set
indexed byS, andR be a many sorted relation indexed by ParsedTermsOSAX. ThenR =
PTCongruenceX if and only if the following conditions are satisfied:

(i) for all elementss1, s2 of Sand for every setx such thatx∈X(s1) holds ifs1≤ s2, then〈〈the
root tree of〈〈x, s1〉〉, the root tree of〈〈x, s1〉〉〉〉 ∈R(s2) and for every sety such that〈〈the root tree
of 〈〈x, s1〉〉, y〉〉 ∈R(s2) or 〈〈y, the root tree of〈〈x, s1〉〉〉〉 ∈R(s2) holdss1≤ s2 andy= the root tree
of 〈〈x, s1〉〉, and

(ii) for all operation symbolso1, o2 of Sand for every elementx1 of Args(o1,ParsedTermsOSAX)
and for every elementx2 of Args(o2,ParsedTermsOSAX) and for every elements3 of Sholds
〈〈(Den(o1,ParsedTermsOSAX))(x1), (Den(o2,ParsedTermsOSAX))(x2)〉〉 ∈R(s3) iff o1

∼= o2

and lenArity(o1) = lenArity(o2) and the result sort ofo1 ≤ s3 and the result sort ofo2 ≤ s3

and there exists an elementw3 of (the carrier ofS)∗ such that domw3 = domx1 and for every
natural numbery such thaty∈ domw3 holds〈〈x1(y), x2(y)〉〉 ∈ R((w3)y).

(28) Let S be a locally directed order sorted signature andX be a non-empty many sorted set
indexed byS. Then PTCongruenceX is monotone.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted set
indexed byS. Observe that PTCongruenceX is monotone.

Let S be a locally directed order sorted signature, letX be a non-empty many sorted set in-
dexed byS, and lets be an element ofS. The functor PTVars(s,X) yields a subset of (the sorts of
ParsedTermsOSAX)(s) and is defined as follows:

(Def. 24) For every setx holdsx∈ PTVars(s,X) iff there exists a seta such thata∈ X(s) andx = the
root tree of〈〈a, s〉〉.

Let Sbe a locally directed order sorted signature, letX be a non-empty many sorted set indexed
by S, and lets be an element ofS. Note that PTVars(s,X) is non empty.

Next we state the proposition

(29) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, andsbe an element ofS. Then PTVars(s,X) = {the root tree oft; t ranges over symbols
of DTConOSAX : t ∈ the terminals of DTConOSAX ∧ t2 = s}.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted set
indexed byS. The functor PTVarsX yielding a subset of ParsedTermsOSAX is defined by:

(Def. 25) For every elements of Sholds(PTVarsX)(s) = PTVars(s,X).

One can prove the following proposition

(30) Let S be a locally directed order sorted signature andX be a non-empty many sorted set
indexed byS. Then PTVarsX is non-empty.
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Let Sbe a locally directed order sorted signature, letX be a non-empty many sorted set indexed
by S, and lets be an element ofS. The functor OSFreeGen(s,X) yielding a subset of (the sorts of
FreeOSAX)(s) is defined as follows:

(Def. 26) For every setx holdsx ∈ OSFreeGen(s,X) iff there exists a seta such thata∈ X(s) and
x = (OSNatHom(ParsedTermsOSAX,LCongruenceX))(s)(the root tree of〈〈a, s〉〉).

Let Sbe a locally directed order sorted signature, letX be a non-empty many sorted set indexed
by S, and lets be an element ofS. One can verify that OSFreeGen(s,X) is non empty.

Next we state the proposition

(31) Let S be a locally directed order sorted signature,X be a non-empty many
sorted set indexed byS, and s be an element ofS. Then OSFreeGen(s,X) =
{(OSNatHom(ParsedTermsOSAX,LCongruenceX))(s)(the root tree oft); t ranges over
symbols of DTConOSAX : t ∈ the terminals of DTConOSAX ∧ t2 = s}.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted set
indexed byS. The functor OSFreeGenX yields an order sorted generator set of FreeOSAX and is
defined by:

(Def. 27) For every elements of Sholds(OSFreeGenX)(s) = OSFreeGen(s,X).

The following proposition is true

(32) Let S be a locally directed order sorted signature andX be a non-empty many sorted set
indexed byS. Then OSFreeGenX is non-empty.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted set
indexed byS. One can check that OSFreeGenX is non-empty.

Let S be a locally directed order sorted signature, letX be a non-empty many sorted set in-
dexed byS, let R be an order sorted congruence of ParsedTermsOSAX, and lett be an element of
TS(DTConOSAX). The functor OSClass(R, t) yields an element of OSClass(R,LeastSortt) and is
defined as follows:

(Def. 28) For every elements of S and for every elementx of (the sorts of ParsedTermsOSAX)(s)
such thatt = x holds OSClass(R, t) = OSClass(R,x).

Next we state several propositions:

(33) Let S be a locally directed order sorted signature,X be a non-empty many sorted set in-
dexed byS, R be an order sorted congruence of ParsedTermsOSAX, andt be an element of
TS(DTConOSAX). Thent ∈OSClass(R, t).

(34) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, s be an element ofS, t be an element of TS(DTConOSAX), andx, x1 be sets. Suppose
x∈ X(s) andt = the root tree of〈〈x, s〉〉. Thenx1 ∈OSClass(PTCongruenceX, t) if and only if
x1 = t.

(35) Let S be a locally directed order sorted signature,X be a non-empty many sorted set in-
dexed byS, Rbe an order sorted congruence of ParsedTermsOSAX, andt2, t3 be elements of
TS(DTConOSAX). Thent3 ∈OSClass(R, t2) if and only if OSClass(R, t2) = OSClass(R, t3).

(36) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, R1, R2 be order sorted congruences of ParsedTermsOSAX, and t be an element of
TS(DTConOSAX). If R1 ⊆ R2, then OSClass(R1, t)⊆OSClass(R2, t).

(37) LetSbe a locally directed order sorted signature,X be a non-empty many sorted set indexed
by S, s be an element ofS, t be an element of TS(DTConOSAX), andx, x1 be sets. Suppose
x∈ X(s) andt = the root tree of〈〈x, s〉〉. Thenx1 ∈ OSClass(LCongruenceX, t) if and only if
x1 = t.
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Let Sbe a locally directed order sorted signature, letX be a non-empty many sorted set indexed
by S, let A be a non-empty many sorted set indexed by the carrier ofS, let F be a many sorted
function from PTVarsX into A, and lett be a symbol of DTConOSAX. Let us assume thatt ∈ the
terminals of DTConOSAX. The functorπ(F,A, t) yielding an element of

⋃
A is defined as follows:

(Def. 29) For every functionf such thatf = F(t2) holdsπ(F,A, t) = f (the root tree oft).

One can prove the following proposition

(38) Let S be a locally directed order sorted signature,X be a non-empty many sorted set in-
dexed byS, U1 be a monotone non-empty order sorted algebra ofS, and f be a many sorted
function from PTVarsX into the sorts ofU1. Then there exists a many sorted functionh from
ParsedTermsOSAX into U1 such thath is a homomorphism of ParsedTermsOSAX into U1

and order-sorted andh � PTVarsX = f .

Let S be a locally directed order sorted signature, letX be a non-empty many sorted set in-
dexed byS, and lets be an element ofS. The functor NHReverse(s,X) yields a function from
OSFreeGen(s,X) into PTVars(s,X) and is defined by the condition (Def. 30).

(Def. 30) Lett be a symbol of DTConOSAX. Suppose(OSNatHom(ParsedTermsOSAX,LCongruenceX))(s)(the
root tree oft)∈OSFreeGen(s,X). Then(NHReverse(s,X))((OSNatHom(ParsedTermsOSAX,LCongruenceX))(s)(the
root tree oft)) = the root tree oft.

Let S be a locally directed order sorted signature and letX be a non-empty many sorted set
indexed byS. The functor NHReverseX yields a many sorted function from OSFreeGenX into
PTVarsX and is defined by:

(Def. 31) For every elements of Sholds(NHReverseX)(s) = NHReverse(s,X).

We now state two propositions:

(39) Let S be a locally directed order sorted signature andX be a non-empty many sorted set
indexed byS. Then OSFreeGenX is osfree.

(40) Let S be a locally directed order sorted signature andX be a non-empty many sorted set
indexed byS. Then FreeOSAX is osfree.

Let Sbe a locally directed order sorted signature. Observe that there exists a non-empty mono-
tone order sorted algebra ofSwhich is osfree and strict.

3. MINIMAL TERMS

Let S be a locally directed regular monotone order sorted signature and letX be a non-empty
many sorted set indexed byS. The functor PTMinX yields a function from TS(DTConOSAX)
into TS(DTConOSAX) and is defined by the conditions (Def. 32).

(Def. 32)(i) For every symbolt of DTConOSAX such thatt ∈ the terminals of DTConOSAX holds
(PTMinX)(the root tree oft) = ∏ t, and

(ii) for every symbol n1 of DTConOSAX and for every finite sequencet1 of elements
of TS(DTConOSAX) such thatn1 ⇒ the roots of t1 holds (PTMinX)(n1-tree(t1)) =
πPTMinX·t1(

@(X,n1)).

The following propositions are true:

(41) Let S be a locally directed regular monotone order sorted signature,X be a non-empty
many sorted set indexed byS, andt be an element of TS(DTConOSAX). Then

(i) (PTMinX)(t) ∈OSClass(PTCongruenceX, t),

(ii) LeastSort(PTMinX)(t)≤ LeastSortt,
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(iii) for every elements of Sand for every setx such thatx∈ X(s) andt = the root tree of〈〈x,
s〉〉 holds(PTMinX)(t) = t, and

(iv) for every operation symbolo of S and for every finite sequencet1 of elements of
TS(DTConOSAX) such that OSSym(o,X) ⇒ the roots oft1 andt = OSSym(o,X)-tree(t1)
holds LeastSortsPTMinX · t1 ≤ Arity(o) and OSSym(o,X) ⇒ the roots of PTMinX ·
t1 and OSSym(LBound(o,LeastSortsPTMinX · t1),X) ⇒ the roots of PTMinX · t1 and
(PTMinX)(t) = OSSym(LBound(o,LeastSortsPTMinX · t1),X)-tree(PTMinX · t1).

(42) Let S be a locally directed regular monotone order sorted signature,X be a non-empty
many sorted set indexed byS, and t, t2 be elements of TS(DTConOSAX). If t2 ∈
OSClass(PTCongruenceX, t), then(PTMinX)(t2) = (PTMinX)(t).

(43) Let S be a locally directed regular monotone order sorted signature,X be a non-empty
many sorted set indexed byS, and t2, t3 be elements of TS(DTConOSAX). Then t3 ∈
OSClass(PTCongruenceX, t2) if and only if (PTMinX)(t3) = (PTMinX)(t2).

(44) Let S be a locally directed regular monotone order sorted signature,X be a non-
empty many sorted set indexed byS, and t2 be an element of TS(DTConOSAX). Then
(PTMinX)((PTMinX)(t2)) = (PTMinX)(t2).

(45) Let S be a locally directed regular monotone order sorted signature,X be a non-empty
many sorted set indexed byS, R be a monotone equivalence order sorted relation of
ParsedTermsOSAX, andt be an element of TS(DTConOSAX). Then〈〈t, (PTMinX)(t)〉〉 ∈
R(LeastSortt).

(46) Let S be a locally directed regular monotone order sorted signature,X be a non-empty
many sorted set indexed byS, andR be a monotone equivalence order sorted relation of
ParsedTermsOSAX. Then PTCongruenceX ⊆ R.

(47) LetSbe a locally directed regular monotone order sorted signature andX be a non-empty
many sorted set indexed byS. Then LCongruenceX = PTCongruenceX.

Let S be a locally directed regular monotone order sorted signature and letX be a non-empty
many sorted set indexed byS. An element of TS(DTConOSAX) is called a minimal term ofS, X
if:

(Def. 33) (PTMinX)(it) = it.

Let S be a locally directed regular monotone order sorted signature and letX be a non-empty
many sorted set indexed byS. The functor MinTermsX yielding a subset of TS(DTConOSAX) is
defined by:

(Def. 34) MinTermsX = rngPTMinX.

The following proposition is true

(48) Let S be a locally directed regular monotone order sorted signature,X be a non-empty
many sorted set indexed byS, andx be a set. Thenx is a minimal term ofS, X if and only if
x∈MinTermsX.
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