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Summary. Concatenation of two ordinal sequences, the mode of all ordinals belong-
ing to a universe and the mode of sequences of them with length equal to the rank of the
universe are introduced. Besides, the increasing and continuous transfinite sequences, the
limes of ordinal sequences and the power of ordinals, and the fact that every increasing and
continuous transfinite sequence has critical numbers (fixed points) are discussed.

MML Identifier: ORDINALA.
WWW: http://mizar.org/JFM/Vol2/ordinald.html

The articles([7],[[5],18], 9], [4], [1], [2], [3], and([B] provide the notation and terminology for this
paper.

We use the following conventiorp;, f1, p2 denote sequences of ordinal numbers An8, C
denote ordinal numbers.

LetL be a sequence of ordinal numbers. Note thatlésbrdinal.

Next we state the proposition

(1) Ifdomfy = succA, then lasff; is the limit of f; and limf; = lastf;.
Let f1, p2 be transfinite sequences. The functpr p, yielding a transfinite sequence is defined
by:

(Def. 1) don{f1" p2) = domf; +domp, and for everyA such thatA € domf; holds(f1 ™~ p2)(A) =
f1(A) and for everyA such thatA € domp; holds(f1 ™ pp)(domfy +A) = pa(A).

Let us consideff1, po. Note thatf; ™ p, is ordinal yielding.
We now state four propositions:

(3H If Ais the limit of pp, thenA is the limit of f; ™ pa.
(4) If Ais the limit of f1, thenB+ A is the limit of B+ f;.
(5) If Alis the limit of f, thenA- B is the limit of f; - B.

(6) Suppose that
(i) domfy=dompy,
(i) Bisthe limit of fq,
(iii)  Cisthe limit of p2, and
(iv) for everyAsuch thath € domfs holds f1(A) C pz(A) or for everyA such thatA € domf;
holds f1(A) € p2(A).

ThenB C C.

1 The proposition (2) has been removed.
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In the sequel,, f3 are sequences of ordinal numbers.
The following propositions are true:

(7) Suppose dorfp = domf; and domf; = domfsz andA is the limit of f, and the limit off3
and for everyA such thatA € domf; holds fa(A) C f1(A) and f1(A) C f3(A). ThenAis the
limit of fq.

(8) Ifdomf; # 0 and dontf; is a limit ordinal number and; is increasing, then suf is the
limit of f; and limf; = supfs.

(9) If fyisincreasing and C B andB € domfy, thenf;(A) C f1(B).
(10) If f1is increasing ané € domfy, thenA C f1(A).
(11) If pyisincreasing, thep;~1(A) is an ordinal number.
(12) If fpisincreasing, thers - f; is a sequence of ordinal numbers.

(13) If fois increasing ands is increasing, then there exigts such thatp; = fo- f3 andps is
increasing.

(14) |If fyis increasing and\ is the limit of f3 and suprnd, = domfz and f; = f3- fo, thenA
is the limit of f;.

(15) |If pyisincreasing, thep;[Ais increasing.

(16) If p1 is increasing and domy is a limit ordinal number, then syp is a limit ordinal
number.

(17) If fyisincreasing and continuous apgis continuous ang; = p2 - f1, thenpy is contin-
uous.

(18) If for everyA such thatA € domf; holds f1(A) = C+ A, then fy is increasing.
(19) If C+ 0 and for everyA such thatA € domf; holds f1(A) = A-C, thenf; is increasing.
(20) If A# 0, thend” = 0.

(21) Supposé # 0 andAis a limit ordinal number. Let giveriy. Suppose dorfy = A and for
everyB such thaB € A holds f(B) = CB. ThenC” is the limit of f;.

(22) IfC+ 0, thenC” £ 0.

(23) If1€C, thenCA € CSUe®,

(24) If1eCandAc B,thenC” ¢ CB.

(25) If 1€ C and for everyA such thatA € domf; holds f1(A) = CA, thenfy is increasing.

(26) Supposd € C andA # 0 andAis a limit ordinal number. Let givery. If domf; = Aand
for everyB such thaB € A holds f;(B) = CB, thenC” = supf.

(27) 1fC+#0andAC B, thenC” C CB.
(28) If AC B, thenA® C BC.

(29) If1eCandA+#0, thenlec CA,
(30) CA+B—CB.CA,

(31) (CA)B=CBA

(32) If1eC,thenACCA
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The schem€riticalNumberdeals with a unary functgf yielding an ordinal number, and states
that:
There existdA such thatF (A) = A
provided the parameter meets the following requirements:
e ForallA Bsuchthat € Bholds ¥ (A) € ¥(B), and
e Let givenA. SupposeA # 0 andA is a limit ordinal number. Let givemp;. If
domf; = A and for everyB such thaB € A holds p1(B) = 7 (B), then ¥ (A) is the
limit of py.
In the sequeW denotes a universal class.
Let us considew. An ordinal number is called an ordinal ¥f if:

(Def. 2) IteW.
A sequence of ordinal numbers is said to be a transfinite sequence of ordi#ais of
(Def. 3) domit=0OnW and rngitC OnW.

Let us considew. Note that there exists an ordinal\&f which is non empty.
In the sequeh, By are ordinals o¥W andp; is a transfinite sequence of ordinalsvgf
The schemd&JOS Lambdaleals with a universal clasg and a unary functoff yielding an
ordinal of 4, and states that:
There exists a transfinite sequenmgeof ordinals of4 such that for every ordinal
of 4 holdspi(a) = F(a)
for all values of the parameters.
Let us consideW. The functorOy yields an ordinal ofV and is defined by:

(Def. 4) Oy =0.
The functorly yielding a non empty ordinal & is defined as follows:
(Def.5) 1w =1

Let us consideps, A;. Thenpy(Aq) is an ordinal ofV.

Let us consideW and letps, ps be transfinite sequences of ordinalsVéf Thenps - ps is a
transfinite sequence of ordinals\af

The following proposition is true

(359 Ow=0andly =1.

Let us consideW, A;. Then sucéy is a non empty ordinal ofV. Let us consideB;. Then
A; + By is an ordinal ofW.

Let us considewW, A;, B1. ThenA; - B, is an ordinal of\V.

One can prove the following three propositions:

(36) A; € domps.
(37) Ifdomf; € W and rngfy C W, then supf, € W.

(38) If pyisincreasing and continuous aad= W, then there exist8 such thatA € domp; and
pl(A) =A
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