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Summary. Inthe beginning of the article we show some consequences of the regular-
ity axiom. In the second part we introduce the successor of a set and the notions of transitivity
and connectedness wrt membership relation. Then we define ordinal numbers as transitive and
connected sets, and we prove some theorems of them and of their sets. Lastly we introduce the
concept of a transfinite sequence and we show transfinite induction and schemes of defining
by transfinite induction.

MML Identifier: ORDINALL.
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The articlesl[2],[[8], and_[1] provide the notation and terminology for this paper.
In this papeiX, Y, Z, X1, X2, X3, X4, X5, Xg, X are sets.
We now state several propositions:

Bl X¢YorY¢zorz¢X.

(4) XpgXoorXy¢ XzorXsé XqorXs ¢ Xg.

(5) Xy g Xo0rXy ¢ XzorXs ¢ Xq0rXg ¢ Xs0rXs ¢ Xg.

(6) Xy Xo0rXy¢ XzorXs ¢ Xq0rXy ¢ Xs0rXs ¢ Xe 0r Xg ¢ Xq.

(7) 1Y eX, thenX ZY.

Let us consideK. The functor sucK yields a set and is defined by:
(Def. 1) sucX =XU{X}.

Let us consideK. Observe that suc€is non empty.
The following four propositions are true:

(10f X e suceX.

(12F 1f suceX = suceY, thenX =Y.
(13) xesucX iff xe X orx=X.
(14) X # succX.

In the sequed, X, Y, Z, x, y denote sets.
Let us consideX. We say thaK is transitive if and only if:

1 The propositions (1) and (2) have been removed.
2 The propositions (8) and (9) have been removed.
3 The proposition (11) has been removed.
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(Def. 2) For every such thai € X holdsx C X.
We say thak is connected if and only if:
(Def. 3) For allx, y such thak € X andy € X holdsxe yorx=yory € x.
Letl; be a set. We say thét is ordinal if and only if:
(Def. 4) 1, is transitive and connected.

Let us mention that every set which is ordinal is also transitive and connected and every set
which is transitive and connected is also ordinal.

We introduce number as a synonym of set.

Let us observe that there exists a number which is ordinal.
An ordinal number is an ordinal number.

In the sequeh, B, C denote ordinal numbers.

One can prove the following propositions:

(19&] For every transitive sé& such thatA € B andB € C holdsA € C.
(21E] For every transitive setand for every ordinal numbek such thax C A holdsx € A.

(22) For every transitive sétand for all ordinal numberB, C such thatA C B andB € C holds
AcC.

(23) Ifac A, thenais an ordinal number.

(24) AeBorA=BorBeA

Let us consideA, B. Let us note that the predica#eC B is connected.
The following three propositions are true:

(25) AandB areC-comparable.
(26) ACBorBeA

(27) 0is an ordinal number.

One can verify that there exists an ordinal number which is empty.
One can check that every number which is empty is also ordinal.
One can verify thad is ordinal.

We now state two propositions:

(29f] If xis an ordinal number, then sucis an ordinal number.

(30) Ifxis ordinal, therJx is ordinal.

Let us observe that there exists an ordinal number which is non empty.
Let us consideA. One can verify that sugeis non empty and ordinal andA is ordinal.
The following propositions are true:

(31) If for everyx such tha € X holdsx is an ordinal number andC X, thenX is ordinal.

(32) If X C AandX #£ 0, then there exist€ such thalC € X and for everyB such thatB € X
holdsC C B.

(33) AeBiffsuccACB.
(34) AecsuccCiff ACC.

4 The propositions (15)—(18) have been removed.
5 The proposition (20) has been removed.
6 The proposition (28) has been removed.
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In this article we present several logical schemes. The scl@naieal Min concerns a unary
predicateP, and states that:
There existA such thatP[A] and for everyB such that?[B] holdsA C B
provided the parameters meet the following requirement:
e There exist# such thatP[A].
The schemdransfinite Indconcerns a unary predicate and states that:
For everyA holdsP[A]
provided the parameters have the following property:
e For everyA such that for everg such thaC € A holds®[C] holdsP[A].
The following propositions are true:

(35) For everyX such that for every such thata € X holdsa is an ordinal number holdg X
is ordinal.

(36) For everyX such that for everg such that € X holdsa is an ordinal number there exists
Asuch thaiX C A.

(37) lItis not true that there exisk¥such that for every holdsx € X iff xis an ordinal number.
(38) Itis not true that there exis¥ such that for every holdsA € X.

(39) For everyX there exist# such thatA ¢ X and for evenyB such thaB ¢ X holdsA C B.

Let Abe a set. We say thatis limit if and only if:
(Def. 6] A=UA.

We introduceA is a limit ordinal number as a synonym Afis limit.
Next we state two propositions:

(41 For everyA holdsA is a limit ordinal number iff for everf such thaC € A holds suc€ €
A

(42) Ais not a limit ordinal number iff there exis&such thatA = sucdB.

In the sequeF denotes a function.
Letl1 be a function. We say th#t is transfinite sequence-like if and only if:

(Def. 7) dom is ordinal.

One can verify that there exists a function which is transfinite sequence-like.
A transfinite sequence is a transfinite sequence-like function.
Let us consideZ. A transfinite sequence is said to be a transfinite sequence of elemérifs of

(Def. 8) rngitC Z.
Next we state the proposition
(45 0 is a transfinite sequence of elementZof

In the sequel, L1 denote transfinite sequences.
Next we state the proposition

(46) If domF is an ordinal number, theh is a transfinite sequence of elements offfng

Let us consideL. Note that donk is ordinal.
One can prove the following proposition

7 The definition (Def. 5) has been removed.
8 The proposition (40) has been removed.
9 The propositions (43) and (44) have been removed.
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(47) 1If X CY, then every transfinite sequence of elementxd a transfinite sequence of
elements of.

Let us consideL, A. ThenL[A s a transfinite sequence of elements ofltng
The following proposition is true

(48) LetL be a transfinite sequence of elementsXoind givenA. ThenL[A is a transfinite
sequence of elements Xf

Letl; be a set. We say thét is C-linear if and only if:
(Def. 9) For all setx, y such thak € 11 andy € 1, holdsx andy areC-comparable.

One can prove the following proposition

(49) Suppose for everg such thata € X holdsa is a transfinite sequence aidis C-linear.
ThenJ X is a transfinite sequence.

Now we present three schemes. The sch&®d&Jniqdeals with an ordinal numbet, a unary
functor 7 yielding a set, and transfinite sequen@s, and states that:
B=C
provided the parameters meet the following conditions:
e domB = 4 and for allB, L such thaB € 4 andL = B[B holdsB3(B) = (L), and
e dom(C = 4 and for allB, L such thaB € 2 andL = C|B holdsC(B) = ¥ (L).
The schemd'S Existdeals with an ordinal numbet and a unary functof yielding a set, and
states that:
There existd. such that dorh = 4 and for allB, L1 such thaB € 4 andL; = L|B
holdsL(B) = #(L1)
for all values of the parameters.
The schemé&unc TSdeals with a transfinite sequenge a unary functorf yielding a set, and
a unary functorg yielding a set, and states that:
For everyB such thaB € dom4 holds4(B) = G(A4[B)
provided the following conditions are met:
e ForallA, aholdsa= ¥ (A) iff there existsL such thaa= G(L) and donL = Aand
for everyB such thaB € AholdsL(B) = G(L[B), and
e For everyA such thatA € domA4 holds4(A) = F(A).
One can prove the following proposition

(50) AcBorA=BorBCA
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