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Summary. In the beginning of the article we show some consequences of the regular-
ity axiom. In the second part we introduce the successor of a set and the notions of transitivity
and connectedness wrt membership relation. Then we define ordinal numbers as transitive and
connected sets, and we prove some theorems of them and of their sets. Lastly we introduce the
concept of a transfinite sequence and we show transfinite induction and schemes of defining
by transfinite induction.
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The articles [2], [3], and [1] provide the notation and terminology for this paper.
In this paperX, Y, Z, X1, X2, X3, X4, X5, X6, x are sets.
We now state several propositions:

(3)1 X /∈Y or Y /∈ Z or Z /∈ X.

(4) X1 /∈ X2 or X2 /∈ X3 or X3 /∈ X4 or X4 /∈ X1.

(5) X1 /∈ X2 or X2 /∈ X3 or X3 /∈ X4 or X4 /∈ X5 or X5 /∈ X1.

(6) X1 /∈ X2 or X2 /∈ X3 or X3 /∈ X4 or X4 /∈ X5 or X5 /∈ X6 or X6 /∈ X1.

(7) If Y ∈ X, thenX 6⊆Y.

Let us considerX. The functor succX yields a set and is defined by:

(Def. 1) succX = X∪{X}.

Let us considerX. Observe that succX is non empty.
The following four propositions are true:

(10)2 X ∈ succX.

(12)3 If succX = succY, thenX = Y.

(13) x∈ succX iff x∈ X or x = X.

(14) X 6= succX.

In the sequela, X, Y, Z, x, y denote sets.
Let us considerX. We say thatX is transitive if and only if:

1 The propositions (1) and (2) have been removed.
2 The propositions (8) and (9) have been removed.
3 The proposition (11) has been removed.
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(Def. 2) For everyx such thatx∈ X holdsx⊆ X.

We say thatX is connected if and only if:

(Def. 3) For allx, y such thatx∈ X andy∈ X holdsx∈ y or x = y or y∈ x.

Let I1 be a set. We say thatI1 is ordinal if and only if:

(Def. 4) I1 is transitive and connected.

Let us mention that every set which is ordinal is also transitive and connected and every set
which is transitive and connected is also ordinal.

We introduce number as a synonym of set.
Let us observe that there exists a number which is ordinal.
An ordinal number is an ordinal number.
In the sequelA, B, C denote ordinal numbers.
One can prove the following propositions:

(19)4 For every transitive setA such thatA∈ B andB∈C holdsA∈C.

(21)5 For every transitive setx and for every ordinal numberA such thatx⊂ A holdsx∈ A.

(22) For every transitive setA and for all ordinal numbersB, C such thatA⊆ B andB∈C holds
A∈C.

(23) If a∈ A, thena is an ordinal number.

(24) A∈ B or A = B or B∈ A.

Let us considerA, B. Let us note that the predicateA⊆ B is connected.
The following three propositions are true:

(25) A andB are⊆-comparable.

(26) A⊆ B or B∈ A.

(27) /0 is an ordinal number.

One can verify that there exists an ordinal number which is empty.
One can check that every number which is empty is also ordinal.
One can verify that/0 is ordinal.
We now state two propositions:

(29)6 If x is an ordinal number, then succx is an ordinal number.

(30) If x is ordinal, then
⋃

x is ordinal.

Let us observe that there exists an ordinal number which is non empty.
Let us considerA. One can verify that succA is non empty and ordinal and

⋃
A is ordinal.

The following propositions are true:

(31) If for everyx such thatx∈ X holdsx is an ordinal number andx⊆ X, thenX is ordinal.

(32) If X ⊆ A andX 6= /0, then there existsC such thatC ∈ X and for everyB such thatB∈ X
holdsC⊆ B.

(33) A∈ B iff succA⊆ B.

(34) A∈ succC iff A⊆C.

4 The propositions (15)–(18) have been removed.
5 The proposition (20) has been removed.
6 The proposition (28) has been removed.
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In this article we present several logical schemes. The schemeOrdinal Min concerns a unary
predicateP , and states that:

There existsA such thatP [A] and for everyB such thatP [B] holdsA⊆ B
provided the parameters meet the following requirement:

• There existsA such thatP [A].
The schemeTransfinite Indconcerns a unary predicateP , and states that:

For everyA holdsP [A]
provided the parameters have the following property:

• For everyA such that for everyC such thatC∈ A holdsP [C] holdsP [A].
The following propositions are true:

(35) For everyX such that for everya such thata∈ X holdsa is an ordinal number holds
⋃

X
is ordinal.

(36) For everyX such that for everya such thata∈ X holdsa is an ordinal number there exists
A such thatX ⊆ A.

(37) It is not true that there existsX such that for everyx holdsx∈ X iff x is an ordinal number.

(38) It is not true that there existsX such that for everyA holdsA∈ X.

(39) For everyX there existsA such thatA /∈ X and for everyB such thatB /∈ X holdsA⊆ B.

Let A be a set. We say thatA is limit if and only if:

(Def. 6)7 A =
⋃

A.

We introduceA is a limit ordinal number as a synonym ofA is limit.
Next we state two propositions:

(41)8 For everyA holdsA is a limit ordinal number iff for everyC such thatC∈A holds succC∈
A.

(42) A is not a limit ordinal number iff there existsB such thatA = succB.

In the sequelF denotes a function.
Let I1 be a function. We say thatI1 is transfinite sequence-like if and only if:

(Def. 7) domI1 is ordinal.

One can verify that there exists a function which is transfinite sequence-like.
A transfinite sequence is a transfinite sequence-like function.
Let us considerZ. A transfinite sequence is said to be a transfinite sequence of elements ofZ if:

(Def. 8) rng it⊆ Z.

Next we state the proposition

(45)9 /0 is a transfinite sequence of elements ofZ.

In the sequelL, L1 denote transfinite sequences.
Next we state the proposition

(46) If domF is an ordinal number, thenF is a transfinite sequence of elements of rngF.

Let us considerL. Note that domL is ordinal.
One can prove the following proposition

7 The definition (Def. 5) has been removed.
8 The proposition (40) has been removed.
9 The propositions (43) and (44) have been removed.
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(47) If X ⊆ Y, then every transfinite sequence of elements ofX is a transfinite sequence of
elements ofY.

Let us considerL, A. ThenL�A is a transfinite sequence of elements of rngL.
The following proposition is true

(48) Let L be a transfinite sequence of elements ofX and givenA. ThenL�A is a transfinite
sequence of elements ofX.

Let I1 be a set. We say thatI1 is⊆-linear if and only if:

(Def. 9) For all setsx, y such thatx∈ I1 andy∈ I1 holdsx andy are⊆-comparable.

One can prove the following proposition

(49) Suppose for everya such thata ∈ X holdsa is a transfinite sequence andX is ⊆-linear.
Then

⋃
X is a transfinite sequence.

Now we present three schemes. The schemeTS Uniqdeals with an ordinal numberA , a unary
functorF yielding a set, and transfinite sequencesB, C , and states that:

B = C
provided the parameters meet the following conditions:

• domB = A and for allB, L such thatB∈ A andL = B�B holdsB(B) = F (L), and
• domC = A and for allB, L such thatB∈ A andL = C�B holdsC (B) = F (L).

The schemeTS Existdeals with an ordinal numberA and a unary functorF yielding a set, and
states that:

There existsL such that domL = A and for allB, L1 such thatB∈ A andL1 = L�B
holdsL(B) = F (L1)

for all values of the parameters.
The schemeFunc TSdeals with a transfinite sequenceA , a unary functorF yielding a set, and

a unary functorG yielding a set, and states that:
For everyB such thatB∈ domA holdsA(B) = G(A�B)

provided the following conditions are met:
• For allA, a holdsa = F (A) iff there existsL such thata = G(L) and domL = A and

for everyB such thatB∈ A holdsL(B) = G(L�B), and
• For everyA such thatA∈ domA holdsA(A) = F (A).

One can prove the following proposition

(50) A⊂ B or A = B or B⊂ A.
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