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Summary. We mean by a normal form a finite set of ordered pairs of subsets of a
fixed set that fulfils two conditions: elements of it consist of disjoint sets and element of it are
incomparable w.r.t. inclusion. The underlying set corresponds to a set of propositional vari-
ables but it is arbitrary. The correspondents to a normal form of a formula, e.g. a disjunctive
normal form is as follows. The normal form is the set of disjuncts and a disjunct is an ordered
pair consisting of the sets of propositional variables that occur in the disjunct non-negated and
negated. The requirement that the element of a normal form consists of disjoint sets means
that contradictory disjuncts have been removed and the second condition means that the ab-
sorption law has been used to shorten the normal form. We construct a (tticg1), where
alb=p(aub) andamb = pc, c being set of all pairgX; UYs, X UYz), (X1,Xp) € a and
(Y1,Y2) € b, which consist of disjoiny setgiadenotes here the set of all minimal, w.r.t. inclu-
sion, elements od. We prove that the lattice of normal forms over a set defined in this way is
distributive and tha is the minimal element of it.

MML Identifier: NORMFORM.

WWW: http://mizar.org/JFM/Vol2/normform. html

The articlesl[6],[[3],19], 171, [10],12], [1], [4], [8], [5], and[[111] provide the notation and terminol-
ogy for this paper.

In this paperd, B denote non empty preboolean sets &ngldenote elements ¢fA, B1).

Let us consideA, B, x, y. The predicat C y is defined as follows:

(Def. 1) x; Cyi andxy C ys.

Let us note that the predicaxeC y is reflexive. The functorUYy yields an element df A, B and
is defined as follows:

(Def. 2) xUy={x1Uy1, X Uy>).

Let us notice that the functorUy is commutative and idempotent. The funckony yielding an
element of: A, B] is defined as follows:

(Def. 3) xNy={(x1Ny1, X2NY2).

Let us observe that the functeny is commutative and idempotent. The funckdyy yielding an
element oft A, B] is defined by:

(Def. 4) x\y={x1\y1, X2\ ¥2).
The functorx—y yielding an element of A, B] is defined by:

(Def. 5) x=y = {X1-Yy1, X2=Y2).
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Let us note that the functor-y is commutative.
In the sequeX is a set and, b, c are elements dfA, BJ.
Next we state a number of propositions:

(4H If aCbandb C a, thena="h.
(5) IfaCbandbCc, thenaCec.
(10f] (aub); =a;Ubs and(aUb), = a;Uby.
(11) (anb); =a;Nbyand(anb); =axNby.
(12) (a\b)i=a\bsand(a\b), =a\by.
(13) (a+b); =a;~b; and(a-b); =a,~bs.
(16f] (aubyuc=au(buc).
9] (anbync=an(bnc).
(20) an(buc)=anbuanc.
(21) aubna=a.
(22) an(bua)=a
(24f] aubnc= (aub)n(auc).
(25) IfaCcandbCc,thenaubCec.
(26) aCaubandbCauhb.
(27) Ifa=auUb, thenbCa
(28) IfaChb,thencuaC cubandaucCbuc.
(29) (a\b)ub=auhb.
(30) Ifa\bCc,thenaCbuec.
(31) IfaCbuUc,thena\cCh.

In the sequeh denotes an element pFinX, FinX .
Let A be a set. The functor FinUnigryielding a binary operation opFinA, FinA] is defined

by:
(Def. 6) For all elements, y of [ FinA, FinA] holds FinUnion (X, y) = xUy.

In the sequeA denotes a set.

Let X be a non empty set, & be a set, leB be an element of Fi4, and letf be a function
from X into [ FinA, FinAJ]. The functor FinUnio(B, f) yields an element of FinA, FinA] and is
defined by:

(Def. 7)  FinUnion(B, f) = FinUniom- g f.

Let A be a set. One can check that FinUnias commutative, idempotent, and associative.
We now state several propositions:

1 The propositions (1)—(3) have been removed.

2 The propositions (6)—(9) have been removed.

3 The propositions (14) and (15) have been removed.
4 The propositions (17) and (18) have been removed.
5 The proposition (23) has been removed.
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(35@ Let X be a non empty sef, be a function fromX into [ FinA, FinAJ], B be an element of
FinX, andx be an element oX. If x € B, then f(x) C FinUnion(B, f).

(36) (0a, 0n) is a unity w.r.t. FinUnion.

(37) FinUniory has a unity.

(38)  Irinuniony = (0a, Op).

(39) For every elementof [ FinA, FinA7] holds1rinunion, X

(40) LetX be a non empty sef, be a function fromX into [ FinA, FinA], B be an element of
FinX, andc be an element dfFinA, FinAj. If for every elemenk of X such thak € B holds
f(x) C ¢, then FinUnioriB, f) C c.

(41) LetX be a non empty seB be an element of Fi¥, and f, g be functions fromX into
[FinA, FinAJ. If f|B=g|B, then FinUnioriB, f) = FinUnion(B, g).

Let us consideX. The functor DPX) yields a subset of FinX, FinX ] and is defined as fol-
lows:

(Def. 8) DRX) = {a:a; missesa,}.

Let us consideK. One can check that BR) is non empty.
Next we state the proposition

(42) For every elementof [ FinX, FinX ] holdsy € DP(X) iff y; missesy,.

In the sequek, y are elements dfFinX, FinX ] anda, b are elements of DfX).
Next we state several propositions:

(43) Ifye DP(X) andx € DP(X), thenyux € DP(X) iff y1NXaUXxg Ny, = 0.
(44) a; missesay.

(45) IfxC b, thenxis an element of DEX).

(46) Itis not true that there exists a setuch thai € a; andx € a,.

(47) Ifaub¢ DP(X), then there exists an elemeambf X such thatp € a; andp e b, or pe by
andp € ap.

(49 If X1 missest, thenx is an element of DFX).

(50) For all set&/, W such thai C a; andW C ay holds(V, W) is an element of DfX).

For simplicity, we adopt the following rulesA denotes a sek denotes an element ¢FinA,
FinAj, a, b, ¢, s, t denote elements of OJR), andB, C, D denote elements of FinR).
Let us consideA. The normal forms oveA yielding a subset of FinDfA) is defined by:

(Def.9) The normal forms ovek={B:acB AbeB A aCbh = a=b}.

Let us consideA. Observe that the normal forms ov&is non empty.
In the sequek, L, M denote elements of the normal forms oxer
The following three propositions are true:

(51) 0 < the normal forms oveA.

(52) If B € the normal forms oveA anda € B andb € Banda C b, thena=Dh.

6 The propositions (32)—(34) have been removed.
7 The proposition (48) has been removed.
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(53) If for all a, b such thata € B andb € B anda C b holdsa = b, thenB € the normal forms
overA.

Let us consideA, B. The functoruByielding an element of the normal forms oveis defined
by:

(Def.10) pB={t:seB A sCt & s=t}.
Let us conside€. The functorB~ C yielding an element of Fin D) is defined as follows:
(Def.11) B~C=DPA)N{sUt:seB A teC}.
One can prove the following propositions:

(55 If xe B~ C, then there exish, ¢ such thab € B andc € C andx = buc.

(56) IfbeBandce Candbuce DP(A), thenbuce B~C.

(58 If a€ pB, thenac Band ifbe Bandb C a, thenb=a.

(59) IfaepB thenac B.

(60) IfacpuBandbeBandbC a thenb=a.

(61) If ae Band for everyb such thab € B andb C a holdsb = a, thena € pB.

Let A be a non empty set, |& be a non empty subset &f let O be a binary operation 0B,
and leta, b be elements oB. ThenO(a, b) is an element oB.
The following propositions are true:

(649 pBCB.

(65) If b e B, then there exists such that C b andc € puB.
(66) pK=K.

(67) u(BUC) C uBUC.

(68) H(UBUC)=p(BUC).

(69) HBUHC) =puBUC).

(70) 1fBCC,thenB~DCC"D.
(71) wB~C)cuB~C.

(72) B~C=C"B.

(73) IfBCC,thenD"BCD"C.
(74) (B~ C)=uB"C).

(75) WB~pC) =uB~C).

(76) K~ (L"M)= (K~ L)~ M.
(77) K~ (LUM)=K~"LUK"M.
(78) BCB™B.

(79) WK™ K)=pK

8 The proposition (54) has been removed.
9 The proposition (57) has been removed.
10 The propositions (62) and (63) have been removed.
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Let us consideA. The lattice of normal forms oveh yields a strict lattice structure and is
defined by the conditions (Def. 14).
(Def. 14§%i)  The carrier of the lattice of normal forms ovAr= the normal forms oveh, and

(i)  for all elementsB, C of the normal forms ovef holds (the join operation of the lattice of
normal forms oveRA)(B, C) = w(BUC) and (the meet operation of the lattice of normal forms
overA)(B,C) =p(B~C).

Let us consideA. Note that the lattice of normal forms ov&iis non empty.

Let us consideA. Observe that the lattice of normal forms oveis lattice-like.

Let us consideA. One can verify that the lattice of normal forms overs distributive and
lower-bounded.

One can prove the following two propositions:

(854 0is an element of the lattice of normal forms oveer

(86) J—the lattice of normal forms oveA = 0.
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11 The definitions (Def. 12) and (Def. 13) have been removed.
12 The propositions (80)—-(84) have been removed.
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