
JOURNAL OF FORMALIZED MATHEMATICS

Volume2, Released 1990, Published 2003

Inst. of Computer Science, Univ. of Białystok

Factorial and Newton Coefficients

Rafał Kwiatek
Nicolaus Copernicus University

Toruń

Summary. We define the following functions: exponential function (for natural expo-
nent), factorial function and Newton coefficients. We prove some basic properties of notions
introduced. There is also a proof of binominal formula. We prove also that∑n

k=0

(n
k

)
= 2n.

MML Identifier: NEWTON.

WWW: http://mizar.org/JFM/Vol2/newton.html

The articles [9], [2], [3], [10], [8], [5], [4], [6], [1], and [7] provide the notation and terminology for
this paper.

For simplicity, we follow the rules:i, k, n, m, l denote natural numbers,s, t, r denote natural
numbers,a, b, x, y denote real numbers, andF , G denote finite sequences of elements ofR.

The following propositions are true:

(3)1 For all finite sequencesF , G such that lenF = lenG and for everyi such thati ∈ domF
holdsF(i) = G(i) holdsF = G.

(5)2 For everyn such thatn≥ 1 holds Segn = {1}∪{k : 1 < k ∧ k < n}∪{n}.

(6) For everyF holds len(a·F) = lenF.

(7) n∈ domG iff n∈ dom(a·G).

Let i be a natural number and letx be a real number. Theni 7→ x is a finite sequence of elements
of R.

Let x be a real number and letn be a natural number. The functorxn is defined by:

(Def. 1) xn = ∏(n 7→ x).

Let x be a real number and letn be a natural number. Observe thatxn is real.
Let x be a real number and letn be a natural number. Thenxn is a real number.
We now state several propositions:

(9)3 For everyx holdsx0 = 1.

(10) For everyx holdsx1 = x.

(11) For everys holdsxs+1 = xs ·x.

(12) (x ·y)s = xs ·ys.

1 The propositions (1) and (2) have been removed.
2 The proposition (4) has been removed.
3 The proposition (8) has been removed.
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(13) xs+t = xs ·xt .

(14) (xs)t = xs·t .

(15) For everys holds 1s = 1.

(16) For everys such thats≥ 1 holds 0s = 0.

Let n be a natural number. Then idseq(n) is a finite sequence of elements ofR.
Let n be a natural number. The functorn! is defined as follows:

(Def. 2) n! = ∏ idseq(n).

Let n be a natural number. Observe thatn! is real.
Let n be a natural number. Thenn! is a real number.
We now state several propositions:

(18)4 0! = 1.

(19) 1!= 1.

(20) 2!= 2.

(21) For everys holds(s+1)! = s! · (s+1).

(22) For everys holdss! is a natural number.

(23) For everys holdss! > 0.

(25)5 For alls, t holdss! · t! 6= 0.

Let k, n be natural numbers. The functor
(n

k

)
is defined by:

(Def. 3)(i) For every natural numberl such thatl = n−k holds
(n

k

)
= n!

k!·l ! if n≥ k,

(ii)
(n

k

)
= 0, otherwise.

Let k, n be natural numbers. Observe that
(n

k

)
is real.

Let k, n be natural numbers. Then
(n

k

)
is a real number.

The following propositions are true:

(27)6
(0

0

)
= 1.

(29)7 For everys holds
(s

0

)
= 1.

(30) For alls, t such thats≥ t and for everyr such thatr = s− t holds
(s

t

)
=

(s
r

)
.

(31) For everys holds
(s

s

)
= 1.

(32) For alls, t such thats< t holds
(t+1

s+1

)
=

( t
s+1

)
+

(t
s

)
and

(t+1
s+1

)
=

(t
s

)
+

( t
s+1

)
.

(33) For everys such thats≥ 1 holds
(s

1

)
= s.

(34) For alls, t such thats≥ 1 andt = s−1 holds
(s

t

)
= s.

(35) For everys and for everyr holds
(s

r

)
is a natural number.

(36) For allm, F such thatm 6= 0 and lenF = m and for all i, l such thati ∈ domF and l =
(n+ i)−1 holdsF(i) =

( l
n

)
holds∑F =

(n+m
n+1

)
.

4 The proposition (17) has been removed.
5 The proposition (24) has been removed.
6 The proposition (26) has been removed.
7 The proposition (28) has been removed.
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Let a, b be real numbers and letn be a natural number. The functor〈
(n

0

)
a0bn, . . . ,

(n
n

)
anb0〉

yielding a finite sequence of elements ofR is defined by the conditions (Def. 4).

(Def. 4)(i) len〈
(n

0

)
a0bn, . . . ,

(n
n

)
anb0〉= n+1, and

(ii) for all natural numbersi, l , m such thati ∈ dom〈
(n

0

)
a0bn, . . . ,

(n
n

)
anb0〉 andm= i−1 and

l = n−mholds〈
(n

0

)
a0bn, . . . ,

(n
n

)
anb0〉(i) =

(n
m

)
·al ·bm.

Next we state four propositions:

(38)8 〈
(0

0

)
a0b0, . . . ,

(0
0

)
a0b0〉= 〈1〉.

(39) 〈
(s

0

)
a0bs, . . . ,

(s
s

)
asb0〉(1) = as.

(40) 〈
(s

0

)
a0bs, . . . ,

(s
s

)
asb0〉(s+1) = bs.

(41) For everys holds(a+b)s = ∑〈
(s

0

)
a0bs, . . . ,

(s
s

)
asb0〉.

Let n be a natural number. The functor〈
(n

0

)
, . . . ,

(n
n

)
〉 yielding a finite sequence of elements of

R is defined by:

(Def. 5) len〈
(n

0

)
, . . . ,

(n
n

)
〉= n+1 and for all natural numbersi, k such thati ∈ dom〈

(n
0

)
, . . . ,

(n
n

)
〉 and

k = i−1 holds〈
(n

0

)
, . . . ,

(n
n

)
〉(i) =

(n
k

)
.

Next we state two propositions:

(43)9 For everys holds〈
(s

0

)
, . . . ,

(s
s

)
〉= 〈

(s
0

)
101s, . . . ,

(s
s

)
1s10〉.

(44) For everys holds 2s = ∑〈
(s

0

)
, . . . ,

(s
s

)
〉.
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