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Summary. The paper introduces some preliminary notions concerning the graph the-
ory according to[[18]. We define Necklaceas a graph with vertex1,2,3,...,n} and edge
set{(1,2),(2,3),...,(n—1,n)}. The goal of the article is to prove that Necklatand Com-
plement of Necklace are isomorphic fon=10,1,4.

MML Identifier: NECKLACE.

WWW: http://mizar.orqg/JFM/Voll4/necklace.html

The articles([211],[[20],[[24],[[11] [0 ],[[15] [[6],[8],[122],[12],[123],[[25]  [27] [ [17][17] [[12]/ [19],
[26], [8], [10], [2], [13], [4], [5], [14], and [16] provide the notation and terminology for this paper.

1. PRELIMINARIES

We follow the rules:n denotes a natural number axd X, X3, X4, X5, Y1, Y2, Y3 denote sets.
Let x1, X2, X3, X4, X5 be sets. We say thai, xo, X3, X4, X5 are mutually different if and only if:

(Def. 1) x1 # %2 andxy # Xz andxy # X4 andxy # X5 andxy # Xz andxz # X4 andxe # X5 andxz # Xq
andxz # Xs andXq # Xs.

We now state several propositions:
(1) If x1, X2, X3, X4, X5 are mutually different, then caf#;, X2, X3, X4,Xs} = 5.
(2) 4={0,1,2,3}.

©)) [: {X17X27X3}v {Y17YZ7Y3} :] = {(le yl)v (Xla y2)7 (Xla y3)7 (X27 y1)7 (X27 y2)7 (sz y3)7 (X37 y1)7 (X37
¥2), (X3, y3) }-

(4) For every sex and for every natural numbarsuch tha € n holdsx is a natural number.

(5) For every non empty natural numbeholds O€ x.

Let us observe that every set which is natural is also cardinal.
Let X be a set. Observe thay is one-to-one.
One can prove the following proposition

(6) For every seX holdsidy = X.

Let Rbe a trivial binary relation. One can check that deim trivial.
Let us observe that every function which is trivial is also one-to-one.
One can prove the following propositions:

(7) For all functionsf, g such that donf misses dorg holds rnd f+-g) = rngf Urngg.
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(8) For all one-to-one functionf g such that donfi misses dorg and rngf misses rng holds
(f+gt=f1+gl

(9) Forall set#, a, bholds(A—— a)+-(A——b) =Ar—h.
(10) For all sets, b holds(a——b)~! = b——a.

(11) Forallsets, b, ¢, d such that = biff c=d holds[a~— ¢,b——d] ! =[c+——a,d— b].

The schem&onversdeals with a non empty se, a binary relationB, two unary functorsf
and g yielding sets, and a unary predicateand states that:
B~ = {{F(x), G(X)};x ranges over elements of: P[x]}
provided the following condition is met:
o B={{(G(x), F(x));xranges over elements &f: P[x}.
Next we state the proposition

(12) For all natural numbeiis j, n such thaf < j andj € nholdsi € n.

2. AUXILIARY CONCEPTS

Let R, Sbe relational structures. We say ttg&embedsR if and only if the condition (Def. 2) is
satisfied.

(Def. 2) There exists a mapfrom Rinto Ssuch that
(i) fisone-to-one, and

(i) for all elementsx, y of R holds (x, y} € the internal relation oR iff (f(x), f(y)) € the
internal relation ofS.

LetR, Sbe non empty relational structures. Let us note that the predieatdedRis reflexive.
We now state the proposition

(13) For all non empty relational structur@sS, T such thaR embedsSandSembedsT holds
R embedsT.

Let R, Sbe non empty relational structures. We say R& equimorphic t&if and only if:
(Def. 3) RembedssSandSembedsRR

Let us notice that the predica®is equimorphic t&is reflexive and symmetric.
Next we state the proposition

(14) LetR, S T be non empty relational structures. Supp®sis equimorphic taSandSis
equimorphic toT . ThenRis equimorphic tar .

Let R be a non empty relational structure. We introdikes parallel as an antonym & is
connected.
Let R be a relational structure. We say tis symmetric if and only if:

(Def. 4) The internal relation dR is symmetric in the carrier dR.
Let R be a relational structure. We say tiiwis asymmetric if and only if:
(Def. 5) The internal relation dR is asymmetric.

Next we state the proposition

(15) LetRbe a relational structure. SuppdRés asymmetric. Then the internal relation®f
misses (the internal relation &)™

Let Rbe a relational structure. We say tifis irreflexive if and only if:
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(Def. 6) For every set such thai € the carrier olR holds{x, x) ¢ the internal relation oR.

Let n be a natural number. The functorSuccRelStr yields a strict relational structure and is
defined as follows:

(Def. 7) The carrier oh-SuccRelSte= n and the internal relation of-SuccRelSte= {{i, i + 1);i
ranges over natural numberst 1 < n}.

The following two propositions are true:

(16) For every natural numberholdsn-SuccRelStr is asymmetric.

(17) If n> 0, thenthe internal relation ofi-SuccRelSte=n— 1.

Let R be a relational structure. The functor SymReRSyielding a strict relational structure is
defined by the conditions (Def. 8).

(Def. 8)()) The carrier of SymRelSR = the carrier ofR, and
(i) the internal relation of SymRelSR = (the internal relation oR) U (the internal relation of
R)-.

Let Rbe a relational structure. One can check that SymRRIStsymmetric.

Let us note that there exists a relational structure which is non empty and symmetric.

Let Rbe a symmetric relational structure. Observe that the internal relatiBrisac§ymmetric.

Let R be a relational structure. The functor ComplReFSyielding a strict relational structure
is defined by the conditions (Def. 9).

(Def. 9)()) The carrier of ComplRelSi = the carrier ofR, and
(i) theinternal relation of ComplRelS&= (the internal relation oR)®\ idie carrier ofR-

Let Rbe a non empty relational structure. Observe that ComplRRiSthon empty.
Next we state the proposition

(18) Let S R be relational structures. Suppose and R are isomorphic. = Then
the internal relation of = the internal relation oR.

3. NECKLACEN

Letnbe a natural number. The functor Necklageelding a strict relational structure is defined by:
(Def. 10) Necklaca = SymRelStn-SuccRelStr

Let n be a natural number. Observe that Necklaisesymmetric.
We now state two propositions:

(19) The internal relation of Necklaoe= {(i, i + 1);i ranges over natural numbers:} 1 <
ntU{{i+1,i);i ranges over natural numbeis: 1 < n}.

(20) Letx be a set. Them € the internal relation of Necklaceif and only if there exists a
natural number such thai +1 < nbutx= (i,i+1) orx= (i+1,i).

Let n be a natural number. One can verify that Necklaissirreflexive.
One can prove the following proposition

(21) For every natural numberholds the carrier of Necklace= n.

Let n be a non empty natural number. Observe that Necklé&saon empty.
Let n be a natural number. Note that the carrier of Neckfeicdinite.
The following propositions are true:
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(22) For all natural numbens, i such thati + 1 < n holds (i, i + 1) € the internal relation of

Necklacen.

(23) For every natural number and for every natural numbérsuch thati € the carrier of

Necklacen holdsi < n.

(24) For every non empty natural numbeholds Necklaca is connected.

(25) For all natural numbers j such that(i, j) € the internal relation of Necklaceholds

i=j+lorj=i+1

(26) Leti, j be natural numbers. Suppdse j+ 1 or j =i+ 1 buti € the carrier of Necklace

but j € the carrier of Necklace Then(i, j) € the internal relation of Necklace

(27) Ifn>0,then{(i+1,i);i ranges over natural numbeist1 < n} =n—1.

(28) If n> 0, thenthe internal relation of Necklace=2- (n—1).

(29) Necklacel and ComplRelStrNecklace 1 are isomorphic.

(30) Necklace4 and ComplRelStrNecklace 4 are isomorphic.

(81) If Necklacen and ComplRelStrNecklaceare isomorphic, then=0orn=1o0orn=4.
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