JOURNAL OF FORMALIZED MATHEMATICS
Volumel, Released 1989,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

The Fundamental Properties of Natural Numbers

Grzegorz Bancerek
Warsaw University
Biatystok

Summary. Some fundamental properties of addition, multiplication, order relations,
exact division, the remainder, divisibility, the least common multiple, the greatest common
divisor are presented. A proof of Euclid algorithm is also given.
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The articlesl[4],[[6],T1],2], [5], and[3] provide the notation and terminology for this paper.
A natural number is an element Nt
For simplicity, we use the following conventiorx is a real numberk, I, m, n are natural
numbersh, i, j are natural numbers, andis a subset oR.
The following proposition is true

(ZE] For everyX such that G= X and for everyk such thai € X holdsx+ 1 € X and for every
k holdsk € X.

Let n, k be natural numbers. Thentk is a natural number.
Let n, k be natural numbers. Note that k is natural.
In this article we present several logical schemes. The schednencerns a unary predicate
P, and states that:
For every natural numbérholds?[K]
provided the parameters satisfy the following conditions:
e P[0}, and
e For every natural numbérsuch thatP[k] holdsP[k+ 1].
The schemdat Indconcerns a unary predicafe and states that:
For every natural numbérholds?[K]
provided the following conditions are satisfied:
e P[0], and
¢ For every natural numbdrsuch thatP[k] holds®?[k+1].
Letn, k be natural numbers. Thenk is a natural number.
Letn, k be natural numbers. Observe thak is natural.
Next we state several propositions:

(18§ o<i.
(19) 1f0+#i, then 0<i.
(20) Ifi<j, theni-h<j-h.

1 The proposition (1) has been removed.
2 The propositions (3)—-(17) have been removed.
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(21) O#i+1
(22) i =0 orthere exist& such thai = k+ 1.
(23) Ifi+j=0,theni=0andj=0.

One can check that there exists a natural number which is non zero.
Let m be a natural number and letbe a non zero natural number. Observe thatn is non
zero andh+ mis non zero.
The schemé®ef by Inddeals with a natural numbet, a binary functor# yielding a natural
number, and a binary predicafe and states that:
For everyk there exist1 such that?[k,n] and for allk, n, m such thatP[k, n] and
P[k,m| holdsn=m
provided the parameters meet the following requirement:
e For allk, n holds?[k,n] iff k=0 andn = A4 or there existn, | such thak=m+1
and?[m,I] andn= F(k,I).
We now state four propositions:

(26 Foralli, j suchthat < j+1holdsi < jori=j+1.
(27) Ifi<jandj<i+1,theni=jorj=i+1

(28) For alli, j such thai < j there existk such thatj =i +k.
(29) i<i+j.

Now we present three schemes. The sch@wmmp Indconcerns a unary predicafe and states
that:
For everyk holds?[K]
provided the parameters have the following property:
e For everyk such that for every such than < k holds?[n] holdsP[K].
The schemdin concerns a unary predicate and states that:
There existk such thatP[k] and for everyn such thatP[n] holdsk < n
provided the following requirement is met:
e There existk such thatP[K].
The schemélax deals with a natural numbet and a unary predicatg, and states that:
There existk such thatP[k] and for everyn such thatP[n] holdsn < k
provided the parameters meet the following requirements:
e For everyk such that?P[k] holdsk < 4, and
e There existk such thatP[K].
We now state three propositions:

(37f 1fi<j,theni<j+h.
(38) i<j+1iffi<]j.
(40F Ifi-j=1 theni=1andj=1.

The schem&egrconcerns a unary predicafe and states that:
P[0]
provided the parameters meet the following conditions:
e There existk such thatP[k], and
e For everyk such thak # 0 and?[K] there exists such than < kand?[n].
In the sequel denotes a natural number.
We now state two propositions:

3 The propositions (24) and (25) have been removed.
4 The propositions (30)—(36) have been removed.
5 The proposition (39) has been removed.
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(42@ For everym such that O< m and for everyn there exisk, t such thath = m-k+t and
t<m

(43) For all natural numberg m, k, ki, t, t; such thah=m-k+t andt <mandn=m-k; +1t;
andt; < mholdsk = k; andt =t;.

Letk, | be natural numbers. The functot-| yields a natural number and is defined by:
(Def. 1) There existssuch thak=1-(k=1)+t andt < | ork=|=0andl =0.
The functorkmodl yielding a natural number is defined by:
(Def. 2) There existssuch thak =1 -t 4 (kmodl) andkmod| < | orkmod| = 0 andl = 0.
We now state two propositions:
(46)] 150 <i,thenjmodi < .
(47) Ifo<i,thenj=i-(j=i)4(jmodi).
Letk, | be natural numbers. The predicétgl is defined as follows:
(Def. 3) There existssuch that =k-t.

Let us note that the predicake | is reflexive.
We now state several propositions:

@] jliiffi=j-Gi+j).

(51f] 1fi|jandj|h, theni|h.

(52) Ifi|jandj|i,theni=j.

(53) i|0andi.

(54) If0o<jandi|j,theni <j.

(55) Ifi|jandi|h,theni|j+h.

(56) Ifi|j,theni|j-h.

(57) Ifi|jandi]j+h,theni|h.

(58) Ifi|jandi|h,theni| jmodh.

Letk, n be natural numbers. The functor I¢kan) yields a natural number and is defined by:

(Def. 4) k|lem(k,n) andn | lcm(k, n) and for everym such thak | mandn | m holds lcrmk,n) | m.

Let us observe that the functor I¢kyn) is commutative and idempotent.
Let k, n be natural numbers. The functor dkcdh) yielding a natural number is defined as
follows:

(Def. 5) gcdk,n) | kand gedk,n) | nand for everym such tham| k andm | n holdsm | gcdk, n).

Let us observe that the functor d&dn) is commutative and idempotent.

The schemé&uklidesdeals with a unary functgf yielding a natural number and natural num-
bers4, B, and states that:

There exist® such that (n) = gcd 4, B) and ¥ (n+1) =0

provided the following conditions are satisfied:

e O<BandB< 4,

e F(0)=4and¥ (1) =3B, and

e Foreverynholds ¥ (n+2) = #(n)mod¥ (n+1).

One can check that every natural number is ordinal.

Let us observe that there exists a subsék efhich is non empty and ordinal.

6 The proposition (41) has been removed.
7 The propositions (44) and (45) have been removed.
8 The proposition (48) has been removed.
9 The proposition (50) has been removed.
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