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Summary. This paper contains properties of many sorted functions between two many
sorted sets. Other theorems describe trivial many sorted algebras. In the last section there are
theorems about many sorted congruences, which are defined on many sorted algebras. | have
also proved facts about natural epimorphism.
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1. PRELIMINARIES

In this papela, | denote sets anfidenotes a non empty non void many sorted signature.

The schem®MSSExDdeals with a non empty set and a binary predicat®@, and states that:

There exists a many sorted seindexed byA4 such that for every elementof 4
holds i, f(i)]

provided the following condition is met:

e For every elemernitof 4 there exists a sgtsuch that?[i, j].

Let| be a set and ld¥l be a many sorted set indexed bhyOne can check that there exists an
element of BodIM) which is locally-finite.

Let| be a set and le¥ be a non-empty many sorted set indexed bilote that there exists a
many sorted subset indexed Blywhich is non-empty and locally-finite.

Let Sbe a non empty non void many sorted signatureAlbe a non-empty algebra ovBrand
let 0 be an operation symbol & Note that every element of Ar¢is A) is finite sequence-like.

Let Sbe a non void non empty many sorted signature| le¢ a set, les be a sort symbol of
S, and letF be an algebra family of over S. Observe that every element @ORTSF))(s) is
function-like and relation-like.

Let Sbe a non void non empty many sorted signature anH le¢ a non-empty many sorted set
indexed by the carrier @& One can verify that FreeGenergpdy is free and non-empty.

Let Sbe a non void non empty many sorted signature an¥ le¢ a non-empty many sorted set
indexed by the carrier @. Observe that FréX) is free.

Let Sbe a non empty non void many sorted signature and,|&be non-empty algebras over
S. Note that: A, B] is non-empty.

The following propositions are true:
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(1) For all setsX, Y and for every functionf such thata € domf and f(a) € [ X, Y] holds
f(a) = (pri(f)(a), pr2(f)(a)).

(2) For every non empty s&t and for every seY and for every functiorf from X into {Y}
holds rngf = {Y}.

(3) Forevery non empty finite séithere exists a functiof from N into A such that rnd = A.
(4) Classefd) C{l}.

(5) Forevery non empty sétholds Classd$])) = {l}.

(6) There exists a many sorted geindexed byl such thafA} =1 +— {a}.

(7) For every many sorted sétindexed byl there exists a non-empty many sorted Bet
indexed byl such thatA C B.

(8) LetM be a non-empty many sorted set indexed layydB be a locally-finite many sorted
subset indexed b¥l. Then there exists a non-empty locally-finite many sorted subset
indexed byM such thaB C C.

(9) For all many sorted se#s B indexed byl and for all many sorted functioris, G from A
into {B} holdsF = G.

(10) For every non-empty many sorted getndexed byl and for every many sorted sBt
indexed byl holds every many sorted function frofninto {B} is onto.

(11) LetAbe a many sorted set indexed lbgndB be a non-empty many sorted set indexed by
I. Then every many sorted function frofA} into Bis “1-1".

(12) For every non-empty many sorted ¥etndexed by the carrier o8 holds ReversiX) is
“1-1".

(13) For every non-empty locally-finite many sortedA@tdexed byl holds there exists a many
sorted function from — N into A which is onto.

(14) LetSbe a non empty many sorted signatukehe a non-empty algebra ov€randf, g
be elements of](the sorts ofA). Suppose that for every seholds (proj(the sorts ofA,
i))(f) = (proj(the sorts oA, i))(g). Thenf =g.

(15) Letl be a non empty ses,be an element d, A be an algebra family df overS andf, g
be elements of ] Carriel(A,s). If for every element of | holds(proj(Carrie(A, s),a))(f) =
(proj(Carriel(A;s),a))(g), thenf =g.

(16) LetA, B be non-empty algebras ov&r C be a non-empty subalgebra Af andh; be a
many sorted function frorB into C. Supposd; is a homomorphism dB into C. Leth, be a
many sorted function frorB into A. If hy = hy, thenh; is a homomorphism dB into A.

(17) LetA, B be non-empty algebras ovBlandF be a many sorted function frodinto B. If
F is a monomorphism oA into B, thenA and ImF are isomorphic.

(18) LetA, B be non-empty algebras ov8randF be a many sorted function from into B.
Suppose- is onto. Leto be an operation symbol & andx be an element of Ards, B).
Then there exists an elemgnof Args(o,A) such thaF#y = x.

(19) LetA be a non-empty algebra ov8ro be an operation symbol & andx be an element
of Args(o,A). Then(Den(o,A))(X) € (the sorts ofA)(the result sort 0b).

(20) LetA, B, C be non-empty algebras ov&r F; be a many sorted function from into B,
andF; be a many sorted function frominto C. Supposéd-; is an epimorphism of\ onto B
andF; is a homomorphism of\ into C. Let G be a many sorted function froBinto C. If
GoF; =R, thenGis a homomorphism dB into C.
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In the sequeR, M denote many sorted sets indexed landB, C denote non-empty many sorted
sets indexed by.

Let| be a set, leA be a many sorted set indexed hyet B, C be non-empty many sorted sets
indexed byl, and letF be a many sorted function frointo [B,C]. The functor Mpr1F) yielding
a many sorted function fror into B is defined by:

(Def. 1) For every satsuch that € | holds(Mpr1(F))(i) = pri(F(i)).
The functor Mpr2F) yielding a many sorted function frosinto C is defined as follows:
(Def. 2) For every seatsuch thai € | holds(Mpr2(F))(i) = pr2(F (i)).

We now state four propositions:

(21) For every many sorted functidhfrom A into | — {a},| — {a}]] holds MpriF) =
Mpr2(F).

(22) For every many sorted functidhfrom A into [B,C]| such thaf is onto holds MpriF) is
onto.

(23) For every many sorted functiéhfrom A into [B,CJ| such thaf is onto holds MprgF) is
onto.

(24) LetF be a many sorted function frosinto [B,C]. If M € domF(K), then for every set
i such that € | holds(F <P M) (i) = ((Mprl(F)) <P M)(i), (Mpr2(F)) «p M)(i)).

2. ON THE TRIVIAL MANY SORTED ALGEBRAS

Let Sbe a non empty many sorted signature. Observe that the sorts of the trivial algebig of
locally-finite and non-empty.

Let Sbe a non empty many sorted signature. Observe that the trivial algeBra lofcally-finite
and non-empty.

We now state three propositions:

(25) LetA be a non-empty algebra ovErF be a many sorted function fro into the trivial
algebra ofS, o be an operation symbol & andx be an element of Ardgs,A). ThenF (the
result sort ofo) ((Den(o,A))(x)) = 0 and(Den(o, the trivial algebra o)) (F#x) = 0.

(26) For every non-empty algebraover S holds every many sorted function frofinto the
trivial algebra ofSis an epimorphism of\ onto the trivial algebra o$.

(27) LetAbe an algebra ove® Given a many sorted s&tindexed by the carrier & such that
the sorts ofA = {X}. ThenA and the trivial algebra dbare isomorphic.

3. ON THE MANY SORTED CONGRUENCES
The following propositions are true:

(28) LetAbe a non-empty algebra ovBr Then every congruence #fis a many sorted subset
indexed by{the sorts ofA, the sorts of\].

(29) LetA be a non-empty algebra ov8f R be a subset of CongrL&#), andF be a family
of many sorted subsets indexed [fiie sorts ofA, the sorts ofA]. If R=F, then|:F:| is a
congruence oA.

(30) LetA be a non-empty algebra ovBrandC be a congruence @. Suppose€ = [the sorts
of A, the sorts ofA]. Then the sorts of\/C = {the sorts ofA}.

(31) LetA, Bbe non-empty algebras ov®andF be a many sorted function frofinto B. If F
is ahomomorphism dkinto B, then MSHomQudF ) oMSNatHom A, Congruencé-)) = F.
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(32) LetAbe a non-empty algebra ovBrC be a congruence @, sbe a sort symbol 0§, and

abe an element of (the sorts AfC)(s). Then there exists an elemeqdf (the sorts ofd)(s)
such that = [X|.

(833) LetA be an algebra ove8andCy, C, be equivalence many sorted relations indexedby

SupposeC; C Cy. Leti be an element dbandx, y be elements of (the sorts 8§(i). If (x,
y) € Ca(i), then[x| ) € [V (c,) and ifAis non-empty, theiy ¢, € [Xc,)-

(34) Let A be a non-empty algebra ov&;, C be a congruence of, s be a sort sym-

bol of S, andx, y be elements of (the sorts @&f)(s). Then (MSNatHom(A,C))(s)(x) =
(MSNatHom(A,C))(s)(y) if and only if {x, y} € C(s).

(35) LetAbe anon-empty algebra ovBrCy, C, be congruences &, andG be a many sorted

function fromA/C; into A/C,. Suppose that for every elemerif Sand for every element
of (the sorts ofA/Cy)(i) and for every element of (the sorts o) (i) such tha = [x1] ¢
holdsG(i)(x) = [x1](c,)- ThenGoMSNatHon(A,Cy) = MSNatHon(A, Cz).

(36) LetAbe a non-empty algebra ovBrC;, C; be congruences &, andG be a many sorted

function fromA/C; into A/C,. Suppose that for every elemérdf Sand for every element
of (the sorts ofA/Cy)(i) and for every element of (the sorts o) (i) such that = [x1] ¢,
holdsG(i)(x) = [x1] c,). ThenG is an epimorphism of/C; ontoA/Cy.

(37) LetA, B be non-empty algebras ov&and F be a many sorted function from into
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B. Supposd- is a homomorphism oA into B. Let C; be a congruence ok. Suppose
Ci C Congruencér). Then there exists a many sorted functiérirom A/C; into B such that
H is a homomorphism oA/C; into B andF = H o MSNatHom(A,C;).
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