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Summary. Egquational theories of an algebra, i.e. the equivalence relation closed un-
der translations and endomorphisms, are formalized. The correspondence between equational
theories and term rewriting systems is discussed in the paper. We get as the main result that
any pair of elements of an algebra belongs to the equational theory generated by af set
axioms iff the elements are convertible w.r.t. term rewriting reduction determinéd by

The theory is developed accordingto[[19].
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The articles([14],[[9],[[18],[[1],[120],[122],[121],[13],.16],.18],171,14],12], [1¥7],[15],011R],[[16],[110],
[11], [13], and [5] provide the notation and terminology for this paper.

1. ENDOMORPHISMS AND TRANSLATIONS

Let Sbe a non empty many sorted signature Adie an algebra ove®, and lets be a sort symbol
of S. An element ofj, sis an element of (the sorts 8i)(s).

Let| be a set, leA be a many sorted set indexed hyand leths, h, be many sorted functions
from Ainto A. Thenhy o h; is @ many sorted function frow into A.

One can prove the following propositions:

(1) LetSbe a non empty non void many sorted signatéxdye an algebra oveB, o be an
operation symbol 0§, anda be a set. Ifa € Args(o,A), thena s a function.

(2) LetShe anonempty non void many sorted signatdrbe an algebra oves, o be an oper-
ation symbol ofS, anda be a function. Supposec Args(o,A). Then dorma = dom Arity(0)
and for every seitsuch thaf € domArity(o) holdsa(i) € (the sorts ofA) (Arity (0);).

Let Sbe a non empty non void many sorted signature ané le¢ an algebra ove8. We say
thatA is feasible if and only if:

(Def. 1) For every operation symbolof Ssuch that Argéo, A) # 0 holds Resulip, A) # 0.

Next we state the proposition

(3) LetSbe a non empty non void many sorted signatorbe an operation symbol & and
A be an algebra ove® Then Arggo,A) = 0 if and only if for every natural numbersuch
thati € dom Arity(0) holds (the sorts of\)(Arity (0);) # 0.
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Let Sbe a non empty non void many sorted signature. One can verify that every algeb& over
which is non-empty is also feasible.

Let Sbe a non empty non void many sorted signature. One can check that there exists an algebra
overSwhich is non-empty.

Let Sbe a non empty non void many sorted signature ané le¢ an algebra ove3. A many
sorted function fronA into A is said to be an endomorphismAff:

(Def. 2) Itis a homomorphism ok into A.

In the sequeSis a non empty non void many sorted signature Ariglan algebra oves.
The following propositions are true:

(4) ide sorts ofa IS @an endomorphism aA.

(5) Lethy, hp be many sorted functions frofinto A, o be an operation symbol & anda be
an element of Arg®, A). If a € Args(o,A), thenhp#(hi#a) = (hpohp)#a.

(6) For all endomorphismig;, h, of A holdsh; o h; is an endomorphism d&.

Let Sbe a non empty non void many sorted signatureAlbe an algebra oves, and leths, hy
be endomorphisms &. Thenhy o hy is an endomorphism d&.

Let Sbe a non empty non void many sorted signature. The functor TrarfS)Rsla binary
relation on the carrier dband is defined by the condition (Def. 3).

(Def. 3) Lets;, s be sort symbols 08 Then(s;, s) € TransIRe(S) if and only if there exists an
operation symbob of Ssuch that the result sort of= s, and there exists a natural numlber
such thai € dom Arity(o) and Arity(0); = s1.

One can prove the following three propositions:

(7) LetSbe a non empty non void many sorted signatoree an operation symbol & A be
an algebra ove$, anda be a function. Supposec Args(o,A). Leti be a natural number and
x be an element oA, Arity (0);. Thena+- (i,x) € Args(o,A).

(8) LetAs, Ay be algebras ove®, h be a many sorted function frofy into Az, ando be an op-
eration symbol of. Suppose Arg®,A;) # 0 and Arggo,Ay) # 0. Leti be a natural number.
Suppose € dom Arity(0). Let x be an element oA, Arity (0);. Thenh(Arity (0);)(x) € (the
sorts ofAy) (Arity (0)i).

(9) LetShbe a non empty non void many sorted signatorke an operation symbol & and
i be a natural number. Suppdse dom Arity(0). Let A;, A, be algebras oves, h be a many
sorted function fron®; into Ay, anda, b be elements of Argd®, A1). Supposea € Args(0,A;)
andh#a € Args(o,Ay). Let f, g1, g2 be functions. Supposke= aandg; = h#a andg, = h#b.
Let x be an element oA, Arity(0)i. If b= f +-(i,x), thengx(i) = h(Arity (0);)(x) and
hith = g1 +- (i, G2(i)).

Let Sbe a non empty non void many sorted signatureg le¢ an operation symbol & leti be
a natural number, lek be an algebra oves, and leta be a function. The functas®(a, —) yielding
a function is defined by the conditions (Def. 4).

(Def. 4)(i) don(of(a,—)) = (the sorts ofd) (Arity (0);), and
(i) for every setx such thatx € (the sorts ofA)(Arity (0);) holds o*(a,—)(x) = (Den(o,
A)(a+-(i,x)).

One can prove the following proposition

(10) LetSbe a non empty non void many sorted signatoree an operation symbol & andi
be a natural number. Suppdse dom Arity(0). Let A be a feasible algebra ovBranda be a
function. Suppose € Args(o,A). Theno’(a, —) is a function from (the sorts @) (Arity (0);)
into (the sorts of\)(the result sort 06).
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Let Sbe a non empty non void many sorted sighatureslet, be sort symbols of, let A be an
algebra ovef§ and letf be a function. We say thdtis an elementary translation A&afrom s; into
s, if and only if the condition (Def. 5) is satisfied.

(Def.5) There exists an operation symlbadf Ssuch that
(i) theresultsortob=-s,, and
(if) there exists a natural numbesuch thati € domArity(o) and Arity(o); = s; and there
exists a functiora such that € Args(o,A) and f = o*(a, —).

One can prove the following four propositions:

(11) LetSbe a non empty non void many sorted signatstes, be sort symbols 0§ A be a
feasible algebra oves, andf be a function. Supposkis an elementary translation Kfrom
s1 into . Then

(i) fisafunction from (the sorts &f)(s1) into (the sorts of)(s,),
(i) (the sorts ofA)(s;) # 0, and
(iii)  (the sorts ofA)(sp) # 0.

(12) LetShe a non empty non void many sorted signatsfes, be sort symbols of, A be an
algebra ovef5, andf be a function. Iff is an elementary translation Afrom s; into s, then
(s1, s2) € TransIRe(S).

(13) LetShe a non empty non void many sorted signateyes, be sort symbols of, andA be
a non-empty algebra ov& If (s1, sp) € TranslRe(S), then there exists a function which is
an elementary translation ffrom s; into s,.

(14) LetSbe a non empty non void many sorted signatéreg a feasible algebra ov&r and
s1, S be sort symbols o8 Suppose TransIRE) reducess; to s. Let g be a reduction
sequence w.r.t. TransIR&) andp be a function yielding finite sequence. Suppose that

(i) leng=lenp+1,
(i) si=q(1),
(i)  s»=q(lenq), and
(iv) for every natural numbeirand for every functionf and for all sort symbols;, s, of S

such that € domp and f = p(i) ands; = q(i) ands; = q(i + 1) holds f is an elementary
translation inA from s; into s;.

Then

(V) COMPOSGhe sorts omn)(sy) P IS @ function from (the sorts ok)(sy) into (the sorts of\)(sz),
and

(vi) if p=0,then (the sorts of)(s;) # 0 and (the sorts ab)(s) # 0.

Let Sbe a non empty non void many sorted signature Alde a non-empty algebra ov&r
and lets;, s, be sort symbols o8, Let us assume that TransIR8) reducess; to s,. A function
from (the sorts of\)(s;) into (the sorts ofA)(s,) is said to be a translation kifrom s; into s, if it
satisfies the condition (Def. 6).

(Def. 6) There exists a reduction sequeqaeer.t. TranslRelS) and there exists a function yielding
finite sequence such that

(i) it = COf’ﬂpOS@he sorts ofA)(s;) P,
(i) leng=lenp+1,
(i) s =q(1),
(v) s2=q(lenq), and

(v) for every natural numberand for every functionf and for all sort symbols;, s, of S
such that € domp and f = p(i) ands; = q(i) ands, = q(i + 1) holds f is an elementary
translation inA from s; into s,.
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We now state the proposition

(15) LetSbe a non empty non void many sorted signatdrée a non-empty algebra ov8r
ands;, s, be sort symbols 08 Suppose TransIRg) reducess; to s,. Let g be a reduction
sequence w.r.t. TransIR&) andp be a function yielding finite sequence. Suppose that

@) leng=lenp+1,
(i) s=q(2),
(i)  s»=q(lenq), and
(iv) for every natural numbeirand for every functionf and for all sort symbols;, s, of S

such that € domp and f = p(i) ands; = q(i) ands; = q(i + 1) holds f is an elementary
translation inA from s; into s;.

Then Composge sorts ota)(s;) P IS @ translation irA from s, into s,.

In the sequeh is a non-empty algebra ov&r
We now state several propositions:

(16) For every sort symbalof Sholds ite sorts ofa)(s) IS @ translation irA from sinto s.

(17) Letsy, s be sort symbols o8and f be a function. Supposkis an elementary translation
in Afrom s; into s,. Then TransIR€B) reducess; to s, and f is a translation irA from s;
into sp.

(18) Letsy, s, s3 be sort symbols 08 Suppose TransIRE) reduces; to s, and TransIR€lS)
reducess, to s3. Lett; be a translation i\ from s; into s, andt, be a translation i\ from
S into s3. Thent, -t is a translation irA from s; into sz.

(19) Lets), s, s3 be sort symbols o6 Suppose TransIRgb) reducess; to s,. Lett be a
translation inAfrom s; into s, and f be a function. Supposkis an elementary translation in
Afrom sy into s3. Thenf -t is a translation ifA from s; into sz.

(20) Lets), s, s3 be sort symbols o6 Suppose TransIRE) reducess, to s3. Let f be a
function. Supposé is an elementary translation &from s; into s,. Lett be a translation in
Afrom sy into s3. Thent - f is a translation irA from s; into sz.

The schemd8ranslationinddeals with a non empty non void many sorted signatiiy@ non-
empty algebraB over 4, and a ternary predicatB, and states that:
Let s1, s, be sort symbols of. Suppose TransIReH) reducess; to s,. Lett be a
translation inB from s; into s,. Then?[t,s1, S
provided the following conditions are satisfied:
e For every sort symbd of 4 holdsPlid e sors of5)(s),S, S, and
e Lets, S, s3 be sort symbols off. Suppose TransIReR) reducess; to sp. Lett be
atranslation inB froms; into ;. SupposeP[t,s;, ). Let f be a function. Iff is an
elementary translation i from s, into sg, then®[f -t, 51, s3].
The following propositions are true:

(21) LetAq, A be non-empty algebras ovBandh be a many sorted function frody into A,.
Supposéh is a homomorphism of\; into A,. Let 0 be an operation symbol &andi be a
natural number. Supposec dom Arity(0). Let a be an element of Ards,A;). Thenh(the

result sort ofo) - oiAl(a, -)= oiAZ(h#a, —) - h(Arity (0);).

(22) Leth be an endomorphism &, o be an operation symbol & andi be a natural number.
Supposé € domArity(0). Let a be an element of Ards,A). Thenh(the result sort 0b) -
of\(a,—) = of¥(h#a, —) - h(Avrity (0);).

(23) LetAs, A; be non-empty algebras ov€randh be a many sorted function fromy, into
Ay. Supposéh is a homomorphism ofy; into Ay, Lets;, s be sort symbols of andt be
a function. Supposkis an elementary translation &y from s; into s,. Then there exists a
functionT from (the sorts ofA)(s1) into (the sorts ofAy)(s;) such thafT is an elementary
translation inA; from s into s, andT -h(s;) = h(sp) - t.



TRANSLATIONS, ENDOMORPHISMS AND STABLE ... 5

(24) Leth be an endomorphism &, s;, s, be sort symbols 0§, andt be a function. Suppose
t is an elementary translation sfrom s; into s,. Then there exists a functioh from (the
sorts ofA)(s1) into (the sorts ofA)(s;) such thafl is an elementary translation Afrom s;
intos; andT -h(s1) = h(sy) - t.

(25) LetAs, A; be non-empty algebras ov€randh be a many sorted function fromy, into
A,. Supposé is a homomorphism ofy; into Ay. Lets;, S be sort symbols o6 Suppose
TransIRe(S) reduces; to s,. Lett be a translation iy from s; into s,. Then there exists a
translationT in Ay from s; into s, such thafl - h(s;) = h(sp) - t.

(26) Leth be an endomorphism & ands;, s, be sort symbols 06 Suppose TransIRgD)
reducess; to s. Lett be a translation i\ from s; into s,. Then there exists a translatidn
in Afroms; into s, such thafl - h(s;) = h(sp) - t.

2. COMPATIBILITY, INVARIANTNESS, AND STABILITY

Let Sbe a non empty non void many sorted signatureAlbe an algebra oves, and letR be a
many sorted relation indexed By We say thaR is compatible if and only if the condition (Def. 7)
is satisfied.

(Def. 7) Leto be an operation symbol & anda, b be functions. Supposa € Args(o,A) and
b € Args(o,A) and for every natural numbarsuch thah € dom Arity(o) holds{a(n), b(n)) €
R(Arity (0)n). Then{(Den(o,A))(a), (Den(o,A))(b)) € R(the result sort 0b).

We say thaR is invariant if and only if the condition (Def. 8) is satisfied.

(Def. 8) Lets, s be sort symbols o6 andt be a function. Suppodes an elementary translation
in Afroms; intos,. Leta, b be sets. If{a, b) € R(s1), then(t(a), t(b)) € R(s,).

We say thaR s stable if and only if the condition (Def. 9) is satisfied.

(Def. 9) Leth be an endomorphism &, sbe a sort symbol o8, anda, b be sets. If{a, b) € R(s),
then{h(s)(a), h(s)(b)) € R(s).

The following propositions are true:

(27) LetR be an equivalence many sorted relation indexed\byhenR is compatible if and
only if Ris a congruence 4.

(28) LetRbe a many sorted relation indexed AyThenRis invariant if and only if for all sort
symbolss;, s, of Ssuch that TransIRéP) reducess; to s, and for every translatiori in A
from s; into s, and for all sets, b such that{a, b) € R(s;) holds(f(a), f(b)) € R(s.).

Let Sbe a non empty non void many sorted signature and leé¢ a non-empty algebra over
S. Observe that every equivalence many sorted relation indexed Wkiich is invariant is also
compatible and every equivalence many sorted relation indexedvialgich is compatible is also
invariant.
Let X be a non empty set. One can verify that id non empty.
Now we present two schemes. The schdW@RExistenceleals with a non empty set, a
non-empty many sorted s@tindexed by4, and a ternary predicat®, and states that:
There exists a many sorted relatiBrindexed byB such that for every elemenbf
A and for all elementa, b of B(i) holds(a, b) € R(i) if and only if 2]i,a,b]
for all values of the parameters.
The schem@éSRLambdaldleals with a sefl, a many sorted seB indexed by4, and a unary
functor ¥ yielding a set, and states that:
(i) There exists a many sorted relati®indexed byB such that for every set
such thai € 4 holdsR(i) = (i), and
(ii) for all many sorted relationB;, R, indexed by3 such that for every sésuch
thati € 4 holdsRy (i) = 7 (i) and for every setsuch thai € 4 holdsRy(i) = 7 (i)
holdsR; = Ry
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provided the parameters satisfy the following condition:

e For every set such thai € 4 holds 7 (i) is a relation betwee(i) andB(i).

Let| be a set and leA be a many sorted set indexed lbyThe functor idl,A) yielding a many
sorted relation indexed b4 is defined by:

(Def. 10)  For every sdtsuch that € | holds(id(1,A))(i) = ida)-

Let Sbe a non empty non void many sorted signature and ket a non-empty algebra ovBr
Observe that every many sorted relation indexedlwhich is equivalence is also non-empty.

Let Sbe a non empty non void many sorted signature and ket a non-empty algebra ovBr
One can verify that there exists a many sorted relation indexe&@lllich is invariant, stable, and
equivalence.

3. INVARIANT, STABLE, AND INVARIANT STABLE CLOSURE

In the sequeBis a non empty non void many sorted signatétés a non-empty algebra ov&rand
Ris a many sorted relation indexed by the sorté.of
The schem@SRelCldeals with a non empty non void many sorted signat@iy@ non-empty
algebra® over 4, many sorted relation®, © indexed byB, a unary predicat®, and a ternary
predicateP, and states that:
QD] andQ C D and for every many sorted relatiBhindexed byB such thaiQ [P)
andQ CPholdsD CP
provided the parameters satisfy the following conditions:
e Let Rbe a many sorted relation indexed By ThenQ[R] if and only if for all sort
symbolssy, s, of 4 and for every functiorf from (the sorts ofB)(s;) into (the sorts
of B)(s2) such thatP[f,s;,s,] and for all setsa, b such that{a, b) € R(s;) holds
(f(a), (b)) €R(),
e Lets, S, s3 be sort symbols of2, f; be a function from (the sorts @8)(s;) into
(the sorts ofB)(s;), and f» be a function from (the sorts @#)(s,) into (the sorts of
B)(ss). If P[f1,51,%] andP[fz, s, s3], thenP([f2- f1,s1,g],
e For every sort symbd of 4 holdsPlid e sors of5)(s),S,Sl» and
e Letsbe a sort symbol of2 anda, b be elements of8, s. Then(a, b) € D(s) if
and only if there exists a sort symhslof 2 and there exists a functiohfrom (the
sorts ofB)(s) into (the sorts ofB)(s) and there exist elementsy of B, s’ such that
P[f,d,9 and(x,y) € Q(s) anda= f(x) andb = f(y).
Let She a non empty non void many sorted signatureAlee a non-empty algebra ov8rand
let Rbe a many sorted relation indexed by the sort8.of he functor InvC(R) is an invariant many
sorted relation indexed b& and is defined by:

(Def. 11) RC InvCI(R) and for every invariant many sorted relatiQrindexed byA such thaR C Q
holds InvC[R) C Q.

Next we state two propositions:

(29) LetRbe a many sorted relation indexed by the sortd,af be a sort symbol of, anda, b
be elements o, s. Then(a, b) € (InvCI(R))(s) if and only if there exists a sort symbslof
Sand there exist elememntsy of A, s and there exists a translatibin A from s’ into s such
that TransIR€IS) reduces’ to sand(x, y) € R(s') anda=t(x) andb =t(y).

(30) For every stable many sorted relatRimdexed byA holds InvCI[R) is stable.

Let She a non empty non void many sorted signatureAlee a non-empty algebra ov8rand
let R be a many sorted relation indexed by the sorté.ofrhe functor StabQR) is a stable many
sorted relation indexed b& and is defined by:

(Def. 12) RC StabC[R) and for every stable many sorted relatiQrindexed byA such thaR C Q
holds StabQIR) C Q.

The following two propositions are true:
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(31) LetRbe a many sorted relation indexed by the sorté\.,aof be a sort symbol of, anda,
b be elements of, s. Then(a, b) € (StabC(R))(s) if and only if there exist elements y
of A, sand there exists an endomorphisrof A such thai(x, y) € R(s) anda = h(s)(x) and
b=h(s)(y)-

(32) InvCl(StabC(R)) is stable.

Let Sbe a non empty non void many sorted signatureAlbe a non-empty algebra ovBrand
let Rbe a many sorted relation indexed by the sort.of he functor TRER) is an invariant stable
many sorted relation indexed Byand is defined by:

(Def. 13) RC TRS(R) and for every invariant stable many sorted relat@mdexed byA such that
RC Qholds TRSR) C Q.

Let Sbe a non empty non void many sorted signatureAlbe a non-empty algebra ovBrand
let Rbe a non-empty many sorted relation indexeddbyone can check the following observations:

* InvCI(R) is non-empty,

x  StabC[R) is non-empty, and

x  TRS(R) is non-empty.

We now state several propositions:

(33) For every invariant many sorted relatiBindexed byA holds InvC[R) = R.
(34) For every stable many sorted relatRimdexed byA holds StabGR) = R
(35) For every invariant stable many sorted relafindexed byA holds TRSR) =R.
(36) StabC|R) C TRS(R) and InvCIR) C TRS(R) and StabQlinvCI(R)) C TRS(R).
(37) InvCI(StabC[R)) = TRSR).

(38) LetR be a many sorted relation indexed by the sorté,as be a sort symbol 0§, anda,
b be elements of, s. Then(a, b) € (TRS(R))(s) if and only if there exists a sort symbol
g of Ssuch that TransIRéP) reducess’ to s and there exist elementsr of A, s and there
exists an endomorphishof A and there exists a translatioim A from s’ into s such thatl,
ry € R(s) anda=t(h(s)(l)) andb =t(h(s)(r)).

4. EQUATIONAL THEORY
We now state four propositions:

(39) LetAbeasetan®, E be binary relations oA. Suppose that for all segsb such that e A
andb € A holds(a, b) € E iff a andb are convertible w.r.tR. ThenE is total, symmetric,
and transitive.

(40) LetAbe asetRbe a binary relation oA, andE be an equivalence relation &f Suppose
RCE. Leta, b be sets. Ifac A andb € A anda andb are convertible w.r.t.R, then(a,
b) € E.

(41) LetAbe anon empty seR be a binary relation oA, anda, b be elements of. Then(a,
b) € EqCI(R) if and only if aandb are convertible w.r.tR.

(42) LetSbe a non empty sefd be a non-empty many sorted set indexed$R be a many
sorted relation indexed b, s be an element o8, anda, b be elements oA(s). Then({a,
b) € (EqCI(R))(s) if and only if a andb are convertible w.r.tR(s).
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Let Sbe a non empty non void many sorted signature and ket a non-empty algebra ovBr
An equational theory oA is a stable invariant equivalence many sorted relation index&d bgt R
be a many sorted relation indexed AyThe functor EqQIR, A) yields an equivalence many sorted
relation indexed byA and is defined as follows:

(Def. 14) EQCIR,A) = EqCI(R).
We now state four propositions:
(43) For every many sorted relatiéhindexed byA holdsR C EqCI(R A).

(44) LetRbe amany sorted relation indexedAandE be an equivalence many sorted relation
indexed byA. If RC E, then EQC{R A) CE.

(45) LetRbe a stable many sorted relation indexed®s be a sort symbol o, anda, b be
elements ofA, s. Supposea andb are convertible w.r.tR(s). Leth be an endomorphism of
A. Thenh(s)(a) andh(s)(b) are convertible w.r.tR(s).

(46) For every stable many sorted relatRindexed byA holds EqQC(R, A) is stable.

Let us considelS, A and letR be a stable many sorted relation indexedAy Observe that
EqCI(R A) is stable.
We now state two propositions:

(47) LetRbe an invariant many sorted relation indexed&ys:, s, be sort symbols o§, and
a, b be elements oA, s;. Supposea andb are convertible w.r.tR(s1). Lett be a function.
Suppose is an elementary translation &from s; into s,. Thent(a) andt(b) are convertible
w.rt. R(sp).

(48) For every invariant many sorted relatiBindexed byA holds EqC[R,A) is invariant.

Let us considefS, A and letR be an invariant many sorted relation indexedAy Note that
EqCI(R,A) is invariant.
The following propositions are true:

(49) LetShe a non empty sefybe a non-empty many sorted set indexe®pgndR, E be many
sorted relations indexed By, Suppose that for every elemestf Sand for all elements, b
of A(s) holds(a, b) € E(s) iff aandb are convertible w.r.tR(s). ThenE is equivalence.

(50) LetR, E be many sorted relations indexed By Suppose that for every sort symtsol
of Sand for all elements, b of A, s holds (a, b) € E(s) iff a andb are convertible w.r.t.
(TRS(R))(s). ThenE is an equational theory &.

(51) LetSbe a non empty sefd be a non-empty many sorted set indexed$R be a many
sorted relation indexed b&, andE be an equivalence many sorted relation indexed\by
SupposeR C E. Let s be an element of anda, b be elements ofA(s). If a andb are
convertible w.r.tR(s), then{a, b) € E(s).

Let Sbe a non empty non void many sorted signatureflbe a non-empty algebra ovBrand
let R be a many sorted relation indexed by the sorté\ofThe functor EqTKR) is an equational
theory ofA and is defined by:

(Def. 15) RC EqThR) and for every equational theo€y of A such thaR C Q holds EqTHR) C Q.
One can prove the following propositions:

(52) For every many sorted relatioR indexed by A holds EqC(R,A) C EqQTHR) and
InvCI(R) C EqTh(R) and StabQIR) C EqTh(R) and TRSR) C EQTh(R).

(53) LetRbe a many sorted relation indexed Ays be a sort symbol o8, anda, b be elements
of A, s. Then(a, b) € (EQThR))(s) if and only if aandb are convertible w.r.tfTRS(R))(s).

(54) For every many sorted relatiétindexed byA holds EqTHR) = EQCI(TRS(R), A).
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